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Preface

—

‘Our Passion is for Lucidity. We don’t mean simple mindness.
If people can’t understand it, why write it.”

Dear students,

We are extremely happy to come out with this edition of “Engineering Mathematics - I” for you, the
First year engineering students of Dr. BATU. We are very glad for your overwhelming response of our
Engineering Mathematics-1/ll books from Previous syllabus. The purpose of this book is to introduce
Engineering Mathematics- | in a simple and easy way. This book has been designed for the use of Firstyear
engineering students to remove the fear of the subject. This text book has been written strictly as per the New
Syllabus prescribed by University of Dr. Babasaheb Ambedkar Technological University. During our twenty
years teaching experience, we had fully understood the need of the students and hence we had taken a great
care fo present the subject in the most clear, interesting and complete form, from the students point of view.

A large number of examples have been solved in simple and honest reasoning explained step by step
which anybody can understand easily with concentration. Generally, a student has difficulty to understand the
mathematical concepts only because, the author skips steps which he assumes the students to be familiar
with. We avoided such gaps and all the necessary and useful part has been arranged in a proper sequence.
Reading this book will give you a great satisfaction to understand the concepts of the subject. The example in
each article has been carefully graded. Attention is called to examples occurring where a slight variation i
statement changes the nature of problem. We hope that this book will serve as great introductions fo
engineering students. We discussed all kinds of problems. We had shown that how to solve problems in

simple way through this book.

We sincerely thank to Prof. S.L. Bhilare, Assistant Executive Director (JSPM's Tathawade campus)
Dr. R. K. Jain, Principal RSCOE, Pune, Dr. H. V. Vankudre, Principal BVCOEW, Pune , Prof. A.S. Devasthali
Vice-Principal RSCOE, Pune. and Prof. AM. Pawar, HOD, for continuous- support in all respect. We are

thankful to Mr. Sachin Shah for the encouragement and support that they have extended to us. We are alst
thankful to staff members of Tech-Neo Publications for their efforts to make this book as good itis.

The suggestions for improvement of the text will be thankfully welcome.

- Autho
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Matrices

UNITI S
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Inverse of a matrix by Gauss-Jordan Method; Rank of a matrix; Normal form of a matrix.

1.1 Introduction

In the engineering field matrix theory is used in
various areas. It has a special relationship with systems of
linear equations which occurs in many engineering
processes. Matrix theory occurs in many branches of applied
mathematics such as algebraic and differential equations,
mechanics, theory of electric circuits, nuclear physics,
aerodynamics and astronomy.

Matrix theory play a very vital role in
communication theory, network analysis, theory of
structures, quantum mechanics, biology, sociology,
economics, psychology, statistics etc.

1.2 Definition

An ordered set of mn bers (elements) arranged in

a rectangular array of m rows and n columns and enclosed
by a pair of brackets [ ] or parentheses () is called a matrix

of order m X n (read as m by n).
~ 4y ap —- —— Ay ]
a4 Ay - T A
T
L 3y 3y - T A
In short we can write it as,
,P.l.—m:._

Where, i=1,2,3,.....m ¢« Row index
=L 3 an & Column index

Example
o

] 7l Row [
A=
i

3 2 -3 Row II
¢ ¥ ¢
Column Colurm Column
| 1 o

Order of matrix is number of rows % number of
columns.

- Orderof A =2x3

m‘w..ﬂl
B= ({3}

Column Column Column
I I I

- Order of matrix is 3 X 3.
Matrices are denoted by capital letters A, B, C etc.

1.3 Types of Matrices

Matrices are in different forms. Following ace the
different types of matrices.

1.3.1 Rectangular Matrix

A matrix is said to be rectangular matrix if number of
rows of matrix is not equal to number of columns of matrix.
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1.3.13 Triangular Matrix

A square matrix is said to be triangular matrix if it is
either upper triangular matrix or lower triangular matrix.

1.3.14 Symmetric Matrix

A square matrix is said to be symmetric matrix if
A=A,

A" - Transpose of a matrix (Refer Section 1.3.5)

Examples : (i) wu_ﬂm J then

9 7
+_[2 ou_
=[5

Observe that B=B",

. B is symmetric matrix of order 2 x 2

a h g
(A=) h b
g [ ¢

and

sm
>4u _H_d w ; innﬁccgn_rm_bn}q
f c

~ A is symmetric matrix

1.3.15 Skew-Symmetric Matrix

A square matrix is said to be skew symmetric or
antisymmetric matrix if a; = - aj,

Examples
07 2
>Hﬁlw Nw4 m"_“!qclug
-2 3 0

Observe that, in a skew symmetric matrix leading
diagonal elements are zero.

Also, A= -A'
1.4 Algebra of Matrices

We shall study the algebraic operations such as

equality, addition, subtraction, multiplication of matrices.

are Same.

Examples

Since corresponding elements are same

s A=B
1 2 a 2
(A= |3 ¢ andB = | b 4
2 -3 2 -3

A = B if and only if corresponding elements of A and B are

equals.
1= a, 2=2 La=1
3=b c=4 b=13
2=2-3=-3 c=4

1.4.2 Properties of Equality of Matrices

If A, B and C are three matrices of same order then
these satisfies following properties :
(i)  Reflective property
A=A
(ii) Symmetric property
IfA=BthenB=A
(iii) Transitive property
IfA=BandB=Cthen A=C

1.5 Addition of Matrices

If A and B are two matrices of the same order, then
their addition A + B is defined as the matrix, obtained by
adding of the corresponding elements of A and B.

If order of A and order of B are same then only,
addition A + B is defined, otherwise it is not defined.

Observe that order of matrix A and matrix B is same.
o A+Bexist
: ﬁ 4 2 -5 g _H 5 -3 MH_
L B = +
iR 7 -3 2 10 3
445 2+(-3) -5+2 ﬁrn&nm ocnd%on&n&
Tl 741 -3+0 243 elements of A and B

T -1 -J
A+B =
g8 §

£ =1 23 5 -7 -8
mirA=| 1 -3 5 |amdB=|9 6 0
-3 9 4 1 2 -1
2 -7 2 5 -7 -8
L A+B=| 1 -3 5[4/ 9 6 0
-3 9 4 12 -1

245 =T7+(=7) 2+(-8)
149 -3+6 540
-3+1 9+2 4+(-1)

(adding corresponding elements of A and B)

7 -14 -6
A+B=| 10 3 5
-2 1 3

1.5.1 Properties of Matrix Addition

—m?wmrnnﬁagoanﬁnmmommnﬂnoaﬁﬁau
(i) Commutativelaw: A+B=B+A

. Matrix addition is commutative

(i) Associativelaw: A+ (B+C)=(A+B)+C
2. Matrix addition is associative

(iii) Existence of identity: A+O=0+A=A
[O is null matrix]
0 is additive identity.

(iv)  Existence of inverse
A+(-A) =(-A)+A=0 (Ois null matrix)

.. — A is additive inverse of matrix A.

1-4 Matrices E:mw;_ﬁ Mathematics - | (Dr. BATU) 1-5 Matrices
1.4.1 Equality of Two Matrices Examples (v)  Cancellation laws
It is lower triangular 4 2 -5 5 =32
matrix of order 4 x 4 Two matrices A and B of same order are said to be MmE A = _H ._ snd B — g A+B = A+C=>B=C (left cancellation)
equal if corresponding elements of matrix A and marrix B 7-3 2. L1 0 3

B+A C+A=>B=C

(Right cancellation)

1.6 Subtraction of Matrices

If A and B are two matrices of the same order then
their subtraction A — B is defined as the matrix obtained by
subtracting the elements of second matrix from the
corresponding elements of the first matrix.

Examples

a 7 9 2
m IfA=| 3 2 |,adB=| 5 -8
1 -3 -6 4

Order of matrix A and matrix B are same.

o A-—Bexist
5 7 9 2
A-B=| 3 2 |-| 5 -8
1 -3 ~6 4
A =% _Hm__c:ua.?m elements of niu_
= 3-5 2-(-8) matrix from corresponding
l-(-6) -3-4 elements of I* matrix
-4 5
A-Bi=] =2. 10 (Result)
T =7
5 17 9
@i A=| 1 -2 5 |and
3 -4 -6
117 -9 7
B=|-3 -8 13
7. 3, W =il
TS 7 9 71 -9
A-B=| 1 -2 s |-|-3 -8 1
L 3 -4 -6 L3 0 -12
s5-11 7-7 9-(-9)
=[1-63) -2-(-8) 5-13
3.3 -4-0 -6-(-12)
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1-8 Matrices

bz ‘..u ay, by 4 A by + 2y, by
—u.u_ =
¢,,= sum of products of elements of 1% row of A and

2™ column of B

HN: 12 _u”_

..
B
2 w 11Dyt Apby + 243Dy

bS]

]

¢, = sum of products of elements of 2" row of A and

s ..,”«.uan__u:+ ay by, + 2, by,

i
&
¥
7

sum of products of elements of 2™ row of A and
2" column of B

€z

n
3
f
£
ﬁc‘

sum of products of elements of 3 row of A and

Ca
1* column of B

Isu_ by, + mﬂvm_ + 2y, by

]
£
&3
g,
E\:r-

€y, = sum of products of elements of 3" row of A and
2" column of B

mﬁ :m ayby+ Aby, + ag by,

D.: v: .—-H_n U»- + ”—w eu_

AB = wn._u:+uﬂcn_+vau_

uu. w____n—rsunvn—.f NBV«__
o G
Cn ©Cn
€y Gy

-

P
[y 2y, 2

ﬁ: —u_m.—-N_n UB-T ﬂ._u —UB
UM-E-H-.PB?B-TNHG&
Bu_ U_»‘THHVN.—-”BFB

Y= dyy byt by + 8, by

()  Another useful notation to remember matrix
multiplication

Where, C,= 1%column; C,= 2" column

R, R,C, R,C
AB = R, | [C, Gl=| RC RG
| R, G, R G

1.8.1 Properties of Matrix Multiplication
If A, B, C, are three matrices.
(i)  Commutative Law
A-B = B-Aisnot always true
Multiplication of matrices is not commutative
Ingeneral, A-B#B-A
For two diagonal matrices A and B

AB = BA
(ii) Associative Law
A-(B-C) = (A-B)-C
(ili)  Distributive Law
A-B+C)= A-B+A-C
(B+C)-A= B-A+C:-A
Also, A-B-OC = A-B-A-C

(B-C)-A= B-A-C-A
Provided all required operations are exist.
Note that
If AB =AC thenB = C is not true always.

Note

() A and B are square matrices then AB and BA both
exist.

(1) Iforder of A is m x n and order of B is n x m then AB
and BA both exist.

() For square matrices A, B, | (I- unit matrix) then
) (A+B’=A°+AB+BA+B°
(i) (A-BY=A"-AB-BA+B’
(i) (A+B)(A-B)=A'-AB+BA-B’

@Q:o%nu Mathematics - | (Dr. BATU)

1.8.2 Power of Matrix

If A is any square matrix then
A= AA
A= A-A-A=AT A=A A
Similarly we can find other powers of square
matrix A.
Order of any power of matrix A is equal to order of
matrix A.

1.9 Examples on Multiplication

Example 1.9.1
[ 3 Jmee 2, 2]
Whe] § )™ oa i
Show that AB is null matrix
Solution :
Step I : Given matrices are,
Matrix Order
ﬁ 4 ug 2x%2 (1)
A= g 4
ﬁ 2 6 g 2x2 (2)
B=
-4 -12
same
.. Order ABis 2x2 ; 2x2 =2x2
Order of AB
- AB exist.
Step 11
AB= Ry
R,
G G
R C RG
= ... Standard form )]
R,C R G

Now,

wn:?xuv.lmxﬁlgl 8+(-8)=0
—— ——

8 -8
RiC=(4x6)+(2x(-12))=24+(-24) =0

gt N———t

24 -2
RC=(8x2)+(@x(-4)=16+(-16)=0
e
16 -16

= Matrices
R, Cy=(8x6)+(4x(-12))=48 +(-48)=0
e s e
48 -48

Substituting all these values in Equation (3)

e
>u .. .
m 00 .>_5

This shows that AB is null matrix.

1.10 Determinant of the Matrix

4, 3 32y
Determinant of a square matrix | 8y 8p 85 | is

a3 Ay Ay
iy 4 a3
ay ay an
3 A Ay

1.10.1 Non-singular matrix

A square matrix A is sa:d to be non singular matrix if
1Al # 0. Otherwise it is said to be singular matrix.

1.10.2 Examples on Determinant of Matrix

Example 1.10.1
01
-201
____h_u_H {2 uu__mu 2 ¥ | Show that the matrix AB
11
Is a non singular.
Solution : Given :
Matrix Order
»u_usu 0 _g 2x3
123
01 Ix2
B=| 23
11
same
.. Order of AB = (2x3) x(3x2)
I |
Orderof AB = 2x2
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By these values, IAl= -1+6-6=-1 -(2) By these values, U] OcB,i 1 at a;, by using any Eigumogcn
Cy Cn Cys -1 3-2 Al # 0 A exist. Cu Cz Cis o1 Ly (IT) O.._.”&% u._._nubBw below a,, using I" row and ro
sformations.
Matrix of cofactors=| Cy Cp Cp | =| 3-3 1 ; : Matrix of cofaciors=| Car Cz Co |=| -2 -4 -5|.(3) | (IO} Obtain | at a, by using row transformation but ¢
Cy Gy Gy -2 10 5 i = C1)M, Cy Cz Co -3 -5 -§ no:._,mn_gas. ,
_ a (=) = 7 1 0 u (IV) Obtain all zeros below and above a,,, using o™ ro
Adjoint of matrix A = Transpose of matrix of cofactors = (-1 Adjoint of matrix A = transpose of matrix of cofactors and row transformacions,
S = (3O -(-D(1D % SORC 1 -2 -3 (V) Obtain 1 at a;; by using row transformation but ¢
=0-1=-1= M, not use first two rows,
= 3-31 ~(3) % o e C0M | B Bt e (VI) Obtain all zeros below and above 2y, using I ro
-2 1 0 a,(=-3) = 7 _ 12 12 -3 -5 -6 and row transformacion.
2 0 =(-1)(2) . i (VII) Use similar steps for diagonal elements until we g
From Equations (1), (2), (3), ==)O0)-@) (1) = =3 From Equations (1), (2) and (3) unit matrix,
_ T < et = 042=2=M, Y 1.15.3 Gauss - Jordan Method
Al = — 3-3 1 = 3 = ' AT =Ty =% =4 =5
-1 . ay(=2) = _ 3 \ _ Y= 1) My 1 3 _5 _¢ Those elementary row transformations which redu
2 - = ()3 T 3§ a given square matrix A tc the unit matrix, when applied
1 -3 2 =(=3)(=1D-(2)(3) = -3=C, unit matrix [ give the inverse of A.
= | - -1 |v ..Ans, | [=3 -6=-3= =]l 2 45 |v
A ® 3 =l fny | | EREGEE SN, B ~+ADS. | 4 15.4 Working rule of Gauss~Jordan Method
2 -10 s 4 -3 2 * wie 1 356 to find A™
==
Example 1.14.2 =ko = D@ 1.15 Inverse of a Matrix StepI: Find the order of given square matrix A.
1-3 2 =(=3(O)-(-1)(2) = -2=0, order of matrix A is n then consider [A : I
Find the inverse of the matrixA=| -3 3 -1 =0+2=2=M, _ If A is a non-singular matrix then there exist a matrix Where I, is a unit matrix of order n.
2-1 0 — iy A'suchthat AA" =1 =A”'A, Step II: Reduce A into unit matrix by using elementas
Using adjoint matrix a(=3) = _ 7 S el A The matrix A™' is known as inverse of matrix A. row transformations.
Solution : %40 = (e Inverse of a matrix is unique. As A reduced into unit matrix I corresponding
H . -l
. o =(HO-2)@ = —4=0Cy 1.15.1 Inverse of a Matrix by using converted into A .
Given matrix is, =0 -4=-4=M,, Elementary Transformation Ex. 1.15.1
1-3 2 ay 2 H ; 1 -3 * ay = (- 1)" My If A is a nonsingular square matrix then A™ exist. Find the inverse of matrix
A= -3 3 -1 comparewith | 25 @y 8y afemlis 2 -1 = (=1)(5) ?}uwn I 213
Poeels 10 3 Ay By = ED-@ 3 = -5=Cy Using row transformation on L.H.S. matrix A can | *~ 1 0 1 by clementary transformations
— =—146=5=M, reduce into unit matrix, same transformation operate on =% 3
i T R.H.S. matrix I, it gives, Solution :
1 -3 2 ay = (1) M, 2 a Gi .
_.?._ = aﬂ_& A ) mu_ﬁﬂuu = 3 " IA"=B=A"=B 1ven matrix is,
= = (IH(-3 -
A e 1.15.2 Working Rule to Find A™ by Elementary 2 13 4 k3
=EED= = -3=Gy Row Transformation A=[ L O 1| 1= |101
=3-6=-3=M, /1 StepI: Find the order of given square matrix A. L1 L1
b _ ) _ a, = (1M, M“uBHaMM«wﬂﬂwEa?: By solving determinant,
Ay(=-1) = nsider, =
=130 =D EDI+3[=3)(0)-@2) (-1 2 -3-1 = '
Rw_ﬁlw E_ —m.l.l:v E_ = (=1 where I is a unit matrix of order n.
4 s 5 .2 =) (=D-=3)@2) = -5=Cy StepIl: Reduce LHS. A by using elementary row = 1 o
=—14+6=5=M, transformation into unit matrix.
+2[(=-3) (- D-2)(3)] = Same transformation operate on R.H.S. matrix L. 1 1 ]
; i o) * _rm_ 4y = (1) My As matrix A reduced into unit matrix I
J=0) =
-3 3 = (1)(-6) Corresponding R.H.S. reduced matrix B gives A™ as, _sul|¥ A _| e ERITT R _
=1[0-1]1+3[0+2]+2[(3-6]=1(-1)+3(2)+2(-3) =) B)=(=3)(=3) z Imuﬁu r?u_ - EUPL.HE 11 11 11
-1 2 -3 =3-9=-6=M, Note : To reduce A into unit matrix use mo__oiw_._.mms_uw. = 2x[0-1]-1x[1-1]+3x[1-0]
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2 : o . ) g2t
Solution : The order of given square matrix A is 3. oun::om R, (To obtain | at a;;) (i)  Find the inverse of matrix by ARSI - _H -4 5 3
Consider, __ 123 1-1-1
1
g 4 3110 0 1 0 -5 A=| 245 , , 1 2 4
" 2 3586 (v)  Find the invers= of the matix A=) =1 2 3
[aip] = 21 1010 9 L 1 -3 2 e
. | 4 . , [0 14 -2
1 2 1 "o 0 1 0 5 ] Ans.:A-'=| -3 3 -1 h.._a."b._ullmm 4 -3 -7
Where 2 -1 0 -6 -2 4
I, is unit matrix of order 3 0 2o
Target : Reduce (convert) matrix A into unit matrix | Operate R, +m Ryand Ry~ 5 Ry i st ik, G2 -2 1.16 Rank of Matrix
by using row transformation. ; ; g ! -
P (To obtain all zeros above ay;) 2-1 0 The matrix A, is s4id to be of rank r if.
Operate 7 R, (To obtain 1 at &
ey WMA\.M _"_ 4 m.__v— e 1 0 w'wl% 123 (i) At least one minor of order r is non-vanishi
W33 m ] ¢ 0 1 o2 Ans.:A™'=| 2 45 and
2 1 1i0 1 0 21 3 356 (ii)  Every minors of order (r + 1) vanishes.
0 0 u.._.a 0 3 -3 4 It means that the rank of matrix A is the highest ord
Lot % &G 9 4] - @) Findinverse of matrix| 2 -3 4 of its non-vanishing minot and it is denoted as p (A)
Operate R,~2R, and R, — R, (To obtain all zeros below a,;) L o0 o _ a0 o .wl 0 -1 1 ke
: - T ' 1-1 0 o oo .
1 3 1 ! i
1 T %13 0 0 0 1 c“|M i T L I [l T (i) If the order of matrix A is m x n, then p (A) < mir
N S -2 3 -3 (m.n)
{0 o W 1% 10 6 0 4l =l L (i) If there exist a non-vanishing minor of order r, the
i _n f4 4 4 2. Using Gauss Jordan Method, find the inverse of the | |
I TR - — p(A)2r
| 2 8% w3 | Aconverted  Corresponding matrix. (iii) If all minors of order (r + 1) are zero, then p (A) <.
) intounit  reduced matrix 1 (iv) Elementary transformation does not alter rank ¢
Operate R, ¢ R, (or Ry;) (Target : obtain 1 atay;) matrix Iy gives A" @ FndAT'ifA=| 11 -1 matrix.
— ] 7 i i 1-10 (v) The rank of a product of two matrices is not excee
P13 " 10 cul_ Here A reduced (converted) into I; (unit matrix) C1 s the rank of either matrix.
LI 5 i.e. p (AB) <p (A) and p (AB) <p (B).
e Ans.: A =7 i1 =2 g
03 U,=l o 1 1 w0 -1 5 5 g (vi) Rank of null matrix is zero i.e. p (Z) = 0.
2 8 "m n n 3 | (vii) Rank of non null matrix is greater than or equal to 1
00 71'-1 1 0 i i Find the inverse of matrix /| (i) If A is non singular matrix of order n then p (A) = .
- 1= -1 S =
4 1 4 ~AT= 21 2 3 |7 «.ADS, >1ﬁw M_w “ \\ (ix) If Ais singular matrix of order n then p(A) <n.
2 - I < § (x) Rank of the identity (unit) matrix is equal to order
Operate 3 R, (To obtain 1 at a,,) 5 3 matrix.
; - ] O | r_.u.;._uw*” 2 0 |L (i) The rank matrix A and its transpose is same.
L g=gtg & ° -5 2 1J || (xi)) The rank of matrix A and A" (if exist) is same
Oy L 2 i .
0 iz 3 ¥ Shw ienoram of e 1.17 Echelon or Cannonical form of
i g 1.  Find inverse by row elementary transformation. 1 1-2 Matrix
o 0 i b 0 A= 2 -1 1
1 28 3 11 The Echelon or Cannonical form of matrix A is r
. 1 (i)  Find the inverse of the matrix A= -1 3 0 Ans.: A1 2] mlw lm equivalent matrix C of rank r with the following propertie
-5 i ns.:A =—f% -
Operate R, 2 R, (To obtain all zeros below and above a) 0-21 515 2 -3 (i)  Atleast one element in each of the first r rows is n
£ 50001 1 Find th . zero and the elements in the remaining rows are 2
1 ﬂm__...!w .m i 0 -3 326 n M_Baaac_:._._mq_x il
o 1 U oL, 2 Ans.:A'=| 112 >u_H urm |M (i) In the first r rows the first non-zero element in e
- _.wm & ? 225 14 1 row is 1 and & appears in the column right to the f
0 mcw. 1 mlw 10 non-zero element of the preceding row.




e mo[aq SOIOZ [[E JO PR 8 | UFEIqO 0 J0U PIAN)"
S - ¥- 0

T €= 0 0.
€ 8- $- 0
0 € z 1
oy ae1ado

S
€
("e e 1 Apearry) g
0

(''e e mo[aq S0J9Z ([ UTEIGO OL)
o -y ¢ e - B ¢ g - Yy aesedp

thp  Erp  Ihp  Ifp ]
e fe T T yua Suuredwo)
gty Up It
Flp ilp ilg g 2]
s L 8 9]
E 1T £ -
i &t ¥ T W
0t T

g il

‘SI XLNBW UDAID) : UORNIOS

*y XLOEW JO ULIOJ UO[3YI3 SI SI| L

(Fe e | Apeasyy)™

(e e | urIqo OL) m~|| aesadg
2 A
- (0}
(i I
4
£

0
0
I

Lo B =]
- o o o
t

1-

(¥ 1o moJaq S019Z [[8 UIeIqO O1) *yg + MY awsadp
£

14

¥l
¢
<
e

0 0

W|.

I ...m._: 0 N
0 1 0
z el
(%m ye MO[2q SOIAZ [[B UTRIGO O] )
g -y Tge - By aeredg
& 5 0]
I € 0 -
o {1} 0
T -1

5 L ] 9 (1 Apeaae e ay)
€ 3 [4 € =
Z € v z [4 0
0 £ 4 b vl
. .8_.-?_ . -
S| PUY PUE W10} UOJSY3 O} Xpjew BUIMO|Io) o) 3Npay v8
€81} ajdwex3 | &= T
et S A p=(V) d =X jo yusy (e e s010z [z uigo o)) "y — “y aesd0
POy vyl wy By g g ]
Moy -
£ Moy S ia Sutredwo)
wp |
T Moy vy T Y
[ moy Ml Elg  Tlp g |
[ 0 I 07
—_1 smol v 1 ¢ 0.
hwE_.__B_._ou $MOJ 4 - Ta hEEnnw =(v)d= TM..“”.“_._M : o i Sl=Y
josoquiny ) 0L L
X|jeu Jo yuey ‘ST XUJEW UAAID) : UORNIOS
seoljep e

(NLva 10) | - SoNeWeEW mc.:sc_m:.u.!

z 0o 1 (]
v 8 £ 0
[ 0 I ¥
€= 2z 1= 1
“uuo} uojaya3 Aq xujew jo jued ay} puly
z'81'1 apdwex3

sy 4 £=(V)d =y xumep jo yuey ~

(s,0192 e
Buuremuo))
P Moy <+

soxz [ SMO01
hmin.ﬂmnu smol w ~ | 30 10qinu u =(y)d= ﬁ Xigeut

3o 9quinN oL A
‘S1 Y XuTew Jo uey
v XLRJA JO ULIOJ UOJRYDHT ST YITy A
00 0 0
{13 0 0 |~
= 9 1 0
- = - 1

(e 1e ] uriqo o) MM.SE&O

(e jo aqdnmu are e mojeq 212y AON)

0 @0 o]
w g 0
e 9 1

ol il o

(Efe v mo[aq S019Z ([ UTEIqo O) Ty — " awisdp
v 99 {03 0 ]
w e {g)
& 9 1
- =1 |

(%% 1 MO[oq S039Z [[¢ UTEIG0 OL)
N6 - " Ny - Sy oesedo
0

- o o o
1

[=T =

Lr 71 6
o 6 ¥
vl

o o

L
0 - 1- 1

(Fe1e [ urqo o) B -7y vesadp

LTl

or 6
L £

o

("'e 18 mo]aq 50192 [[E UTEIQO O1)

W9 -y ¢ e -5y ¢ g - Ty sesedo

L~ 0
- ¢

- I-

£ 9
T € |-
£ T

r - - @

"y Oy
vy iy
"
g flg
L= 0
- €
h= B
t= L=

("'eye 1 umIqo 01) g aresedo

Wy Wy ]
™ pia Suredwo)
iy I
iy My
£ 97
I -y .
- 1|V
€ [

‘ST XLIJEUI USAID) : uopnjos

L= 0 £ 9
Z- & b €
- - -}
- - & T

"o} uojayo3 Aq XHIBW SY) JO Hues 3y} puly

1'81°) ojdwex3

W10 [eojuouUE) 10
uojeyo3 Aq xpen
JO Yjuey ay} pujd o} uo sajdwex3 gL'l

‘50492 ||e Buiurequoo smod Jo sequunpy
=Y Xujew jo yuey (1)
“ULIO UOBLI8 S)I Ul SMOJ CUBZ-UoU
J0 Jequinu o} [enba s1 ™y xujew jo yues ayy (1))
“Ajiun SB SMOJ 1 1Sl BU) U JuBWw3|e 018z
uou Js1y uElqo o} Aiessedsu Jou Si §| Xujew
B Jo wuoj (uojayo3 o) [BJJUDULED BSN UBD
am suonenba Jeauy jo waishs au anos o) (1) :aloN

— SMOI JO SIBqUINU [0

0 0
I 0
§ T-
T 6~

0 0 0O
0O 0 0
1 0 0
L S

SeoUEN 8l

(nLva 1q) | - sonewayren m:__mm_.__m:um



mmzuimw:_ﬁ Mathematics - | (Dr. BATU) 1-20 Matrices @m@imm:ao Mathematics - | (Dr. BATU) 1-21 Matrices
Operate Ry — R, (To obtain all zeros below at a,,) Operate Ry - R, (iv) Make the element ay, position equal to 1 using row or | Operate C;-2C,;C,-C; ; (5 -4C,
[a b ¢ column transformation without using 1" row and | (To obtain all zeros on R.H.S. of a,,)
L2 3 0 - _.w ﬁ_w ﬁ_u ¥ column. 2
- 04 -8 3 Oﬁo_.wﬁm- (v)  Use steps (ii) and (iii) for second row and second 1 _%w ....@...d-..m.m.m_.
\J‘- 12 e
0 {0} -3 2 r1 1 1 colum. 0 2 -5 0-10
0 10} -3 2 s | & b ﬁ; (vi) If it is in normal form terminate this process 003 -1 2 =2
= LO 0 0 otherwise make element a,, position equal to 1 using - i
Operate R, - R, (To obtain all zeros below at a,,) Operate R, - aR, row or column transformation without using first two 2 Y @
1 2 3 0] [ ﬁ_v . 1 1 rows and first two columns. Operate Ry,
0 -4 -8 3 - Lo m = ® m % (vii) Continue this process till the normal form is obtained. 10 0 0 0
i 4 ¥: . . 0 3 -1 2 -2
o 0 3 2 S p{AIm2 1.20 Examples on to Find Rank of Matrix Tlo o2 -5 0 -10
0o o {0y o (I Inaboveifa= aunveou p(A)=1 by Normal Form 0 2 2 0 4
- a c X
R, R, -..(Target : Obtain 1 at a;;)
—3+ ~=(Toobtain 1 at d AE:mbnﬁE» mb En%i—_naa.amagw 20, 1
FUER mb ORISR |m o . ”““HH._._MJM_E& atrix to it ! form ana | OPF° Ra~Ry(Toobuain latay)
= : ng matrix to its normal form a s
1 = 3 0 :a_”y NME_. integers and a, b, ¢ not all equals. then ek 1 0 0 0 0.
0 {13 2 - Py 3 2 1 3 2 {2 1 4 2 :
~l o o D =2n Explanation : 1 0 2 1 4 0 2 -5 0 -10
~ R, Ry 2 3 3 4 s lo 2 2 o 4
| it
0 0 0 0 Operate 5~ 1 2 4 1 8 Operate R,-2R,;R,-2R,
Which is Echelon form of the matrix A. a ” ¢ Solution : (To obtain all zeros below at 1.,)
Rank of Total Number of B ” b M To find normal form we can use row and column 10 20 o0
ﬁ it wu p (A)=| number of | —| rows containing R:R.-R transformation. -
Tows all zeros Operate R,-R,;R,~R, : . 01 4 2 8
a b ¢ Given matrix, “ Py
& Row 1 ~ ﬁ 0 0 eu_ oop(a)=1 3 2 1 3 2 0 {0 -13 4 -26
: 0 0 o0 A= |l 0 2 1 4 010 -6 -4 -12
nos . T2 3 3 a4 6 RS
=[S ’ 1.19 Normal Form of a Matrix Lt 2 4 1 8
b8l Row 3 _ Operate C, -4C, ;C, - 2C, C, - 8C,
@ﬁ, — 1.19.1 Definition Ay ay Ay A (To obtain all zeros on R.H.S. of a,,)
e (Containing A matrix A_,, of rank r can be reduced by using !
all zero's) elementary row and column transformation in one of the CompnEawiih T w ..w w M N
p(A)= 4-1 following four forms : rOpRrng Wi =
G By Ay Ay Ay 0 0 -3 -4 -2
Rank of Matrix=p (A)=3 v ..Ans. o oo [g]. [& NH_ 0 0 -6 -4 -I2

Note :

a b c
(I) IfA=| a+m b+m c+m
atn b+n c+n
where a, b, ¢ not all zeros and not all equals. m, n are
any integers, then p (A) =2
Explanation:
Operate R, - R, ; Ry - R,

a b [
~ m m m
n n n

It is known as normal of a matrix A. Where I is a
unit matrix of order r.

Note: To find echelon form of a matrix we can use only
row transformations but to find normal form of a
matrix we can use both row and column
transformations.

1.19.2 Steps to Find Normal Form of a Matrix

(i)  Make the elements a,, position equal to 1 by using
row or column transformation.

(ii) Make all elements below a,, position equal to zero
using I* row and row transformation only.

(iii) Make all elements right of a,, position equal to all
zero using I" column and column transformation
only.

— Ay Ap Ay Ay ag
Operate Ry, (To obtain 1 at a,,)

1 0 2 1 4
13 2 1 3 2
2 3 3 4 ¢
L1 2 4 1 8
Operate R, - 3R, R, - 2R, R, - R,
(To obtain all zeros below at a,;)
1o 2 1 2
@2 s 0 -0
1083 -1 2 -2
w2 2 0 4

Operate R, - 2R,

= 2 o -

...(Target : Obtain 1 at a,,)
Operate,~ R, and, - R, (To obtain I at a,,)
0 0
0 0
1 -4
6 4 1

L= =]

1 0
0 1
0 0
0 0
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1-24 Matrices

Solution : To find normal form we can use both (Row and
Column) transformations.

Given matrix is,

A 8 A Ay
A Ap By Ay
Comparing with

a3 Ay Ay Ay

Ay Ay Ay Ay

Operate R, (To obtain [ at )

-1 -2 -4
2 03 -1 -1
- 31 3 =2
6 3 0 -7

Operate R, - 2R, ; Ry- 3R, ; R - 6R,
(To obtain all zeros below ata,,)
[ -1 2 -4

4]
W
-1

1

= o
S
o
—
=

|
1
'
:
1l
k%

Operate C; + C, ; C3+2C,; G4+ 4C
(To obtain all zeros on R.H.S. of a;,)

1 &0 0 O

0 s 3 7
-l 0o 4 910

0 9 12 17

10 0 0
0 {1} 6 -3
~ o 4 910
0 9 12 17

10 0 0
0 1 -6 -3
- 0 {0} 33 22
0 0} 66 44

Operate C, + 6C, ; C, + 3G,
(To obtain all zeros on R.H.S. of a;;)

1 0 0 0
0 1 €0 B
G 0 0 33 2
L 0 0 66 44
ORBSW. QH_MW
1 0 0 0]
01 0 0
= o o}
Lo 0o 2 2

(Target : Obtain 1 at a;,)
Operate R, — 2 R;(To obtain 1 at a;;)

0
1

o o
= o

(= — R —
1 —

0
0o {0} o

(=1
Fuas

Operate C,~ C; (To obtain all zeros on R.H.S. of a,3)

Which is normal form of a matrix A,

Hencerankis, p(A) =3 ¥ ...Ans.

Example 1.20.5 Jo[8=7RVEST- IR L]
Reducing the following matrix to normal form find the
rank of the given matrix.

L} 2 -1 2
1 -1 2 ._H_
2 2 -2 0

Engineering Mathematics - | (Dr. BATU)
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1-25 Matrices

Solution :
To find normal form we can use both (Row and Column)

transformations
Given matrix is,

4 2 -1 2
ial1 = 2 1
2 2 -2 0

ay  Ap A Ay

Comparing with| 3 dn 33 3y

2 @ B Ay
Operate R, (To obtain 1 ata,;)

1 -1 2 1
- 4 2 =i 2
2 2 -2 0

Operate R, - 4R, ; Ry — 2R,
(To obtain all zeros below at a;,)

1 -1 2 1
| @ 6 9 2
o 4 6

Operate C; +C; ;G5 -2G,;C-C
(To obtain all zeros on R.H.S. of a,))

0 6 -9 -2
0 4 =6 -2

1 -1 =1
O_K_.u_nmnuuqﬁuwlwln.

1 0 0 0]
~10 3 3 1
o 2 2 1

arget : Obtain 1 at a,,)
Operate R, - R, (To obtain 1 at ay,)

1 0 0 0]
~1 0 1 1 0
2

0 2 1]
Operate R, — 2R, (To obtain all zeros below at a,;)
1 0 0 0
= 0 1 1 0
0 {03 0 1
Operate C, -
(To obtain all zeros on R.H.S. of ay)
1 0 0 0
Tl o1 €00

0 0 0 1

Operate Cy, (To obtain 1 at a;;)
10 0 |

1

~l o1 0 !o

i

'

(=]

0 )
R 0.1

Unit Null
matrix I, matrix

- [L m 0]
Which is a normal forr of matrix A.
~ Rank of the matrix is,
pA)= 37
Example 1.20.6

Reduce the following matrix to normal form and hence
find its rank.

.. ADS.

Solution :
To find normal form we can use both (Row and Column,
transformations.

Given matrix is,

| 2 1 0
A= |-2 4 3 0

1 0 2 -

a,  ap  f3

Comparing with B By

3 Ay 8 Ay
Operate R, + 2R, ; R, — R, (T'o obtain all zeros below at a;,)

1 2 1 0
- 0 s s o
W02 1

(Note: Already 1 at a,

Operate C, - 2C,; C;-C,
(To obtain all zeros on RH.S. of a,;)

1 @008
~ o 8 5 o
0 -2 1 -8
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3 2 5 T 12

12. _“ 1 1 2 3 5

3 3 6 9 15
Ans.:p(A) =2

1.21 PAQ Form

Steps to find two non-singular matrices P and Q such
that PAQ is in normal form.
(i)  If A is matrix of order m X n.
(i) Consider, A, =, A I. Where I (pre-matrix) and
I, (post-matrix) are the unit matrices of order m and n
respectively.
Then obtain normal form of L.H.S. matrix A by
operating row and column transformations, same
transformations operate on R.H.S. matrices stepwise
as only row transformations operate on pre-matrix I,
and keep post matrix I, as it is and only column
transformations operate on post matrix [, and keep
pre-matrix I, as it is.

(iii)

(iv) Lastly we get L.H.S. is in normal form ie. RH.S.
PAQ also in normal form which gives matrices P and

Q.
B: = In A I
Fow and >

Normal P A

form of A

1-28 Matrices
Step II : Consider,
>wx; = —u_}—..
Unit matrix
Unit matrix I,
L v
M 10 00
1 11 2 100
01 0 0
3 -3 1 2|=010]A
00 10
2 1 -3 -6 001
00 01
' ¥ [<||\
Ere isirix Post matrix
Target : Obtain normal form of L.H.S. matrix
Operate, R; - 3R, and R3 - 2R,
(To obtain all zeros below a,, of L.H.5. Matrix)
1 0 0 0
1 4 0 2 100
01 0 0
@62 4|=|310]A
_g. 5 -10 2.0 1 ! % L3
Ea 0 0 0 1

(Same row transformations operate on prematrix of R.H.S.)

Operate C; - C, ; C3 - C, and C4 - 2C,
(To obtain all zeros on R.H.S. of a,, of L.H.S. matrix)

pmmzmne 1 -1 -1 -2
| i00. 3 100
@‘n ...... Hﬁ 0 1 0 0
0 6 -2 4|=|-310]|A
0 0 1 0
0 -1 -5-10 -2 01
o 0 0 1

(Same column transformations operate on post matrix of
RHS.)

Operate Ryy (Target : Obtain | at ay)

Note: (i) If A non-singular is square matrix, then
A'=aP.
(i) Forany matrix A, P and Q are not unique.

= 2

I o a @ 100

_.a 2 <8 -au_n_wlm 0 _w... “ w ¢ o
0o -6 -2 -4lLl-3 10 g :

1.22 Examples on PAQ Form :

(Same row transformations operate on prematrix of R.H.S.)
gonﬁan = pu and — ww

Example 1.22.1
Find non-singular matrices P and Q such that PAQ Is in
normal form hence find the rank of A where :

1 1 1 2
A=|3 -3 1 2
2 1 -3 -6

Solution :
Step I : Given Matrix is,

1 1 1 2
3 -3 1 2
2 1 -3 -6

The order of matrix A is 3 x 4

A=

100 0 1 0o 0
015 1W0|=]2 0 -1]A
0 6 2 4 3 -1 0

(Same row transformations operate on prematrix of R.H.S.

Operate R, - 6R;)
(To obtain all zeros below a,, of L.H.S. matrix)

1 -1 -1 -2
10 00 100
01 0 0
01 5 10]|=|20-1|A
0 0 0 0
0 {0} -28 -56 911
& 00 0 1

(Same row transformations operate on prematrix of R.H.8.)

l Engineering Mathematics - | (Dr. BATU)
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Operate, C; - 5C; and C, - 10 C,
(To obtain all zeros on R.H.S. of a,, of L.H.S. matrix)

1 -1 4 8
10 0 0 100
i . 0 1 -5-10
o 1 €0 =] 2 0-1(A
0o 0 1 0
0 0 -28-56 9-1 6
00 0 1

RHS.)

Ry
Operate, 7
i 0 0 i -1 4 B
fog o 2 0 -1 0 1 -5 -10
010 0]= A
001 2] |2 L 3 0 0 1 0
% % 14 o 0 0 1

(Same row transformations operate on prematrix of R.H.S.)
Operate, C, - 2C,
(To obtain all zeros on R.H.S. of a; of L.H.S. matrix)

Looo] [t Ot
1

0o 1 0 tol|=|20 -1 (A0 1-5 0
P 91 3

00 1 30 % lloo 1-2

00 0 1

(Same column transformations operate on post matrix of
R.HS.)

I -1 4 0
1 00} 1 0 o
| 0 1 -5 0
0 10! =2 0 -1]A 6 0 1 2
0 01} 9 13 )
—— 28 28 14 L0 0 0 1
y —_— =
Unit Null
matrix I, matrix P Q
[5:0] _paq
¢
Normal form
i.e. PAQ is in normal form.
1 0 0
2 0 -1
gwa—d. P= N P m-
28 28 14
1 -1 4 8
0 1 -5 0
and Q=19 o 1 -2
0 0 0 1
S Rankof A = p(A)=3 v . ARs.

Example 1.22.2

Find non-singular matrices P and Q such that PAQ is in
normal form where,

1 2 1 0
A=z|-2 4 3 0

1 0 2 -8
Solution : Order of given matrix A is 3 x 4
- Consider, A=L;Al,

Unit matrix
Unit matrix Iy
—u +
- - ¥ 10 00
I 21 0 100
01 00
2 4 3 0|=l0o1o0]|A
00 10
2 0 2 -8 00 1
- L ! 00 01
Pre matrix 3 g
Post matrix
12 1 01100 wmwm
-2 4 3 0f=/0 1 0A
10 2-8J]loo1) |0 010
- - 000 1

Target : Obtain normal form of L.H.S. matrix
Operate R, + 2R, R, =R,
(To obtain all zeros below a;, of L.H.S. matrix)

1 0 0 0
10 100

0 1 0 0
5 0]=l2129D]A

o 0 1 0
1 -8 -1 01

0 0 0 1

(Same row transformations operzte on prematrix of R.H.S.)
Operate C, -2C,; C,-C,
(To obtain all zeros on R.H.S. of a,, of L.H.S. matrix)

.......... 1 =2 -1 0
1 @0 100
.::-:::mw o 1 0 0
0 8 5 0]|=12110]A
0 0 1L 0
0 -2 1 -8 -1 01
00 0 1

(Same column transformations ogerate on post matrix of
RHS.)

Operate R,y (Target : Obtain | at a,, of L.H.S. matrix)

1 00 0J[1 0 0 m-w-mm
0 -2 1 -8|s|-1 0 1[al0 o 92
o 85 ollz2 1 ol]3 3 ¢ §

(Same row transformations operate on prematrix of R.H.S.)
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1.23 University Questions and Answers

System of Linear Equations

<

UNITI [ S

Syllabus

Consistency of non- homogeneous and homogeneous system of linear equations

21 Introduction

The solution of simultaneous linear equations is a
task frequently occurring in engineering. In engineering the
analysis gives the simultaneous equations for that we want
to study two things :

(a) how to represent large systems of linear equations
(b)  how to find the solution of such equations.

It is found that knowledge of the theory of matrices is
an essential mathematical tool in this area.

2.2  System of Linear Equation

< May 18
Find non-singular matrices P and Q such that PAQ I8 In
normal form, and find it's rank where, 1
Q.1 Find the rank of the matrix A = | 1
2 1 -3 -6 3
i =| 3 -3 1 2
O A 1 1 1 2 reducing it to normal form.
Ans. :
1 2 1 0 - -
i)y A=l -2 4 3 0 =11
1 o 2 -8
Here A = EE 1
3 -3 4
iy A=| 2 -3 4 L3 1 1 J
0 =1 1
(YR, -R;, Ry~ 3R))
1 -1 0 1 -1 -1
andhencefind A™'| Ans.:A™'=|-2 3 -4
RN ~ o2 2
[ 2 a 4 5
(iv) 4 3 @ L0 4 4
L 2 4 by C,+C, G+Cy)
M 2 3 -2 1007
(v) 2 =2 1 mH_ (Ans.:p(A)=2
L3 0 4 1 pl=1 -~ 022
[ 3 2 -1 5 L 0 4 4]
(vi) 5 1 4 -2
(1 -4 11 -19 R R
212
1 =1 1} = -
(vii) ﬁ 2 3 IL 100
-2 3 -3 _ 011
1+ 2 3 0
|2 4 3 2 Lo22]
(viii) 3 2 1 3 (Ans.:p(A)=3) R,-R,
Ls 8 7 5 s
[ 2 6 5
(ix) 2 5 4 (Ans.: p (A)=3) ~ 011
L 5 16 13
L0 00
[ 1 2 1
(x) 1 2 L G-G
L 0 -1 -1 1 007
[ 2 0 -1 1
5 4 -1 =2 4 010
(i) 3 2 3 -2 (Ans.:p (A)=4) oo
L 6 3 0 -5 - =
Which is of the normal form [[,]
Hence p(A) = 2.
Chapter Ends...

Consider system of m equations in n unknowns
Ay Xy A Xy Ay Xy b e X =y

Xy Ay Xy by Xyt Xy = by

By Xy + 8y Ky + 8 Xy + - g, Xy = by

This system can be written as in matrix form AX =B

@ By —= == Ay,

By Ay == -— Ay
Where A =| —— = = = _—_],

An By T 7T Ay,

This Matrix is known as matrix
of coefficient or coefficient
matrix

X 7]
X
) Matrix of unknown variables
o
= 6y
b, .
» Matrix of R.H.S. constants
and B= -
. T

Matrix ‘A’ is called coefficient matrix.
The matrix [A | B] is called augmented matrix.

Gy By == -= By | B
By 8 -- -- & | b
[A18] =
S e s - s augmented malrix
By B —- == B | by

AX =B, B = Z (Z - null matrix) then system of
equation is known as system of homogeneous equations
If AX # Z (null matrix), (i.e. B + Z) system of equation is
known as system of non-homogeneous equations.

If the system has solution (may be unique or infinite
many), it is said to be consistent. Otherwise system is
inconsistent.
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Ern R,C

1
= Wnn_
—ﬂu ﬁ.__

m_n_uﬁxmv.:amnx&;«:ox.:n_ml_mc+_uunw_

[ . Multiplication of two matrices]

nnn*nalmxsiuxw:ﬁ_xdu|aw+_o+q =-31
wuhuuﬁlmx@fnwx&.:l:xdnlwc+am...3

System of Linear Equations

...(Matrix of R.H.S. constants)

dx B o=

To check consistency : Find p(A) and p (A | B)
Step 11 : Consider, [AIB)

=-62
31
X H-I..ﬂm -31
-62
Iw_|_xw_
1 s
X = IﬂxTu: ...(by scalar multiplication)
1
-31%62)
-1
= M
2
I=x -1 x
sy =] 1 ...xuu._F
z 2 z

By equating corresponding elements of matrices of both
sides, it gives,

Lox==1, y=1 ,z2=2¢v
Which is required solution.

...Ans.

Example 2.3.2 :
Examine for consistency and solve, if consistence
X+y+2=3;2x-y+32=1;4x+y+52=2;
I=-2y+z=4
Soiution :

Step I

Ix+ly+1z=3;
I+ly+5z=2;

: Given system of equations is,

Ix-2y+1z=4

This system can be written as,

AX = B

x-Iy+3z=1;

1 1 1 . 3
2 -1 3001
4 1 5 2 -
3 -2 1 i4
Comparing with
3 33 Ay
a4 Ap 3y ay
Ay By 3y ay
4y B 8, 3y

Find Echelon form of matrix (1) : [Use only row

transformation]

Operate R, - 2R, ; R, - 4R, ; R, - 3R,
(To obtain all zeros below a,;)

2-4 System of Linear Equations_ 3
=1((-2) (6) - (-3) (5)]1 -3 [(3) (6) - (23] S
-12 -15 18 10 12 =12
. wiu-wur 3| €D
=(-1)(-1
+2[(3)=3)-2)(-2) =M 5)-3) Q) uﬁ_nﬂuﬁ )
_9 % =5-6=-1=M, ?
I+
S1[-12415]-3[18-10) +(2) [-9+4] xzusu_w -u_ = My =1
Nyt e o Nyt HI——Hnwu
3 8 -5 =(DH(2)-03)(3)
=1(3)-3(8)+2(-5)=3-24-10=-31 =-2-9=-11=My
1Al = 31 @) | By these values,
ie. 1A120 o A exist CiiCis €
Matrix of cofactors =| C;; Cpy Cy4
Ou__ n...uu Ouu
a,(=1)= HWM N__Nﬁl_v_o_z__ 3 -8 -5
= ()@ 5 | e
—CDO-CHE) nwwﬁnv - 24 2 9] .5
=-12415=3=M,, 4 19 1 11
»_iumvu_ w M_ an = - D1+2M,, Adjoint of matrix u}uwﬁ%a”oﬂam&acnoo?osa
=DE® :
=(3)(6)-(2) (5) - =| -8 2 1
=18-10=8=M, " -5 9 -1
R h,.nuu‘ﬂ_m _2 w:uT:_:Z;n::mu ...[Interchange rows and columns of matrix (5)]
1 2 =3 =-8=C, 3 =24 19
=3 =3)-2)(-2) AdjA =| -8 2 1 ...(6)
=-9+4=-5=M, -5 9 -1
f;uuvn_ w M ay = (- 1)""" My, = (= 1)(24) | | Substitute values from Equations (4) and (6) in
P ==24=C, L Equation (3)
= 6)-(-3)() 3 -4 19
=18+6=24=M,, 1
— ...>._u.|ﬂ -8 2 1
mE-=|) 2| |==ED T Mz=00 Q) -5 9 -1
A =2=Cyp Substitute this value in Equation (2), it gives,
B —— _ 3-24 19
=6-452aM, xuu|u_ -8 2 1 |xB
aE=9)=| 1 mu_ ay == 1My = (1) (-9) =5 9 -1
Hw"ﬁuu
=D E=3)-@)@3)
Hlulmﬂlwﬂ?na HWIH
=19=C,,
=HG)--2@
=15+4=19=M,,

where A =

—
— L e

(...Coefficient matrix : Coefficients of, x, y, z from
given equations)

...(Matrix of unknown variables)

1 11 3
~ _mc.... -3 1 -5
i H
c -3 1 i-10
_..L__ -5 -2 m
Onos_hwv“
1 1o 3
o -5 2 s
0 -3 1 -10 arget : Obtain 1 at a,,)
[ 0 -3 1 w5
Operate R, — 2R, (To obtain 1 at a,,)
[ o
1 I
-l o e
0 -3 1 ~10
0 -3 1 -5
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System of Linear Equations

Coefficient matrix : Coefficients of x, y, z from given
equations;

...(Matrix of unknown variables)

£ oMo A

8
=)
6

B

n

...(Matrix of RH.S. constants)

To check consistency : Find p(A) and p (A[B)

Step 11 : Consider, [AIB] .
21 -1 3% 8
11—t -2
32 -1 0} 6
04 3 ummlm

Comparing with

ay ap a3 3y s
ay By B A s
ay By Ay A By
Ay Ay By A A

(D

Find Echelon form of matrix e :

[Use only row transformation]
Operate Ry, (To obtain 1 at a;y)

TN T =2

2 1 -1 3% 8
s 2 -1 0oi 6

o 4 3 2 i-8

Operate Ry — 2R § Rs— 3R, (To obtain all zeros below a,;)

TR K
G -1 -3 sin
B m.cm 1 -4 u 12
o 4 3 2(-8
Operate— R, (To obtain 1 at a)
P11 =1 -2
o {1y -3 -5i-n
o 1 o-4 3iom
o 4 3 2 %-8

Operate Ry + Ry ; Ry~ 4Rz
(To obtain all zeros below a,;)

22|

S SR T O
o 1 3 -5i-12
"l o o -1 -2: 0
0o 0 -9 2140 xi
Operate Ry = 9Rs (To obtain all zeros below a,)
- : -
1ol 1 -1 -2
0o 1 3 -5i-12
o 0o -1 -21% 0
0o o0 ‘o0 40 i 40
b e H _

Operate (— Ra) and M_.c R, (To obtain 1 at a3 and a,,)

1 1 1 -1
0 1 3 -5 -12
o o 2 Lo )
0o 0o 0 ORERE
Step 111 :
We know,
Rank of _ m._,os_ _.EE?“J ) ﬁzc_“‘.“ﬂfchwwsd
matrix of rows o
From matrix (2),

p(A) = p(AB)=4 ....{condition of consistency)
(i.e. number of unknowns)
Sl e ....(condition of unique solution)

. The system have unique solution.

From last matrix,

Row 1: Ix+ly+lz—lw =-2;
Row2: Ox+y+3z-5w =-12;
Row3: Ox+0y+1z+2w=0;

Rowd: Ox+0y+0z+1+ w=1
e x+y+z-w =-2
y+3z-5w =-12

z+2w =0

w =1

~w= landz=-2w=-21) -~ z=-2

@ Engineering Mathemalics - | (Dr. BATU) 2-9 System of Linear Equations
y = -12-32+5w=-12-3(-2)+5(1) Operate, R, - 2R, ; R; — 4R,
= -12+4645 Ly=-1 (To obtain all zeros below a,,)
x = —2-y-z+w==2+1+42+1.x=2 1 9 | 2
Lx= 2 y==lz=-23w=1"Y ...Ans. E
: ik ~ o =5 -3 -2
Example 2.3.5: o -1 -9 ! -6
Examine for the consistency and if consistent. v _
Solve the system perate, R, - 3R,
2X-y-2=2;x+2y+2=2;4x-Ty-5z=2. (To obtain all zeros below ay,)
Solution : 1 2 1: 2
Step I : Given system of equation, .
2x-1y-Iz = 2; Ix+2y+I1=2; i B il B w2
dx-7y-52 =1 0 ‘o 0! o
It can be written as, 34 :
AX = B Step III :
ﬁ 3 A . We know,
Where A = 1 2 1
4 -7 -5 Rank of _ ﬁ.—dﬁ_ _._E.E.nJ z:Bvqu”Monw
) ) matrix of rows & CONAIMNgG
...(Coefficient matrix : Coefficients of x, y, z all zeros
from given equations) From matrix (2),
p(A) = p(AIB)=2 ...(condition of consistency

X
X=1y
z
s
B=|2
2
To check consistency : Find p(A) and p (AIB)
Step Il :

...(Matrix of unknown variables)

...(Matrix of R.H.S. constants)

2 -1 -1 i2
Consider, [AB] = 1 2 | . 2
4 -7 -5 i2

Comparing with
a, dp dy dy
Ay dp Ay Ay (D
8y By Ay Ay

Find Echelon form of matrix (I) : [Use only row
transformations)

Operate, R, (To obtain 1 at a,,)
Ry 2 1
B

4 -7 -5

(=]

ie. .. r = 2 ;n=numberof unknowns =3
o r < n ..(condition of infinite many solutions
Therefore the system have infinite many solutions,

From the last matrix,

Ix+2y+lz = 2

0x-5y-3z = -2
xA+2y+z = 2; -5y-3z=-2
Put z =t & -Sy=-2+3z
_ =243 2-32
Y= -5 = &
2-3t
o y = IIMUI and
x=2-2y-z= 2-12 ﬁul
S & ul.mﬁul_
. o 4.0
= 2-3+75-1
N ?FVAM u-m t
= LAE s TR
_ 146
. X = 5
146 2-3t
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System of Linear Equations

It can be written in matrix form as,
AX = B
3 2 4
where A = T 1 H_“

5 4 6

Coefficient matrix : Coefficients of x, y, z from
given equations;

L]
X = | %

X3

]

...(Matrix of unknown variables)

B

n

u
_H» E .:HZuEuamm.m.m.noEE:Q
15

To check consistency : Find p(A) and p (AIB)
Step Il : Consider,

[A1B] 111

A Ay Ay
Comparing with| a5 8y a5 A1)

a3 Ay Ay By
Find Echelon form of matrix (1) : [Use only row
transformation]
Operate R, (To obtain | ata,;)

-

vl

-

= 3 2 Wi a3
5 4

Operate R, -3 R, R;-5R,
(To obtain all zeros below a,;)

|
w

|
w
=

Operate R,~R,
(To obtain all zeros below a,;)

1 1 1

<l 0 -1 1 ien |l

Ty
0 0
Al

Step Il : We know, system of equations is consistent only
if p(A) =p (AIB)

Also,
Rank of [ Total number hiambee &. i
.= Sfick - containing
matrix il
Itis possible only if 12-2A=0 .. A=6

Now, we have to find solution

.. For A = 6 matrix (2) as,
0 -1 1! =15 (3)

Here p(A) = p(AIB)=2 andr<nwhere
n = number of unknowns = 3
- system have infinite number of solutions.
Z From matrix (3)

I, + 1x, +1x;= 6

0x; = Ix; + Ix;= =15
X +X+% = 6
X +% = =15

Since 3 unknowns and 2 equations.
SPutxy=t = x; = 154x; =x,= 15+t
and x;=6-X, ~x;=6-15-t-t = x=-9-2

SoX o= =9-Asx,=15+t5x,=tY  ...Ans,

Example 2.3.9:

Use matrix method to determine the values of A for
which the equations, X + 2y + 2 =3 ; X+ y + Z = A;
3x + y + 3z = A" are consistent and solve them for these
value of L.

Solution :

Step I : Given system of equations,
Ix+2y+1z =3; Ix+ly+lz=); Ixtly+3z =)

It can be written in matrix from as,
AX = B

I 2 1
[ |
310 3

...{Coefficient matrix : Coefficients of x, y, z from given
equations)

where, A

-3 LS L b -
n Engineering Mathematics - | (Dr. BATU) 2-13 System of Linear Equa
X x = l-k;y=1l;z=k
X = |y| ...(Matrix of unknown variables)
z StepV: ForA=3:
3
x+2y+z = 3 3
B =|A| ..(Matixof RH.S. constants) Y . uv ...From matrix

1

Step II : Consider,

12 13 I._
= : ...From
[A1B]= L1 m A i
301 3N
A A B3 Ay
Comparing with | 2y ap 23 ay ()

Ay Ap Ay Ay

Find Echelon form of matrix (1) : [Use only row
transformation]
Operate R, - R, ; R, - 3R,
(To obtain all zeros below a,,)
12 103
~| {0y -1 0} A-3 |..(Hereata, already1)
W0/ =5 0149
Operate R, - 5R, (To obtain all zeros below a,,)
o2 1i3

=l o -1 0}i A-3 (2)

0 %0} 0 :N-5h+6

Step III : The system is consistent only if,

p(A) = p(AIB)
Rank of ﬁ._.aE _Ea_ﬁu ﬁz._ag of ?J
e - containing
matrix of rows
all zeros
We know,

From above matrix (2) it is possible only if A -SA+6=0
S>A-3)A-2)=0=X =23

StepIV: Ford =2:
x+2y+z = 3
-y = -1 .. Frommatrix
=y =1
Put, z = k

Lx = 3-ly-z=>x=1-k

W— =
Lx+z=3 putz=k, = x=3-k
=3-ky y=0z=k ¥

Example 2.3.10 :
Show that the system 3x + 4y +5z=0 ; 4X + 5y + 6
5x + 6y + 7z =y s the consistence only when a, f
arithmetic progression ie. 2B =a +1.
Solution :
Note :
Arithmetic progression (A. P)

The numbers a, a + d, a + 2d, a + 3d, .... are k
as Arithmetic progression.

Where d is common difference.

Here, a, a +d, a + 2d we can write as,

(a) +(a+2d)
2

a+d=
Step I : Given system of equations,
Ix+dy+5z = o; dx+5y+6z=0;
Sx+6y+72 =y
It can be written in matrix form as,

AX = B

3 4 5
where, A = |4 5 6
6 7

Coefficient mairix : Coefficients of x, y, 2 from
equations;

P
]

X
_H_.H_ ...(Matrix of unknown vari

z

«
B ...(Matrix of R.H.S. cons
¥

To check consistency : Find p(A) and p (A 1B)
Step Il : Consider,

B

n

3 4 5 I
(ABl=| 4 5 6 B
5 6 7 Y
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System of Linear Equations

Example 2.3.13

Examine for non-trivial solution, the following set of

equations and solve them :

S5x+2y-3z=0,3x+y+2=0,2x+y+62=0

Solution :

Step I : Given system of equations,
Sx+2y-3z = 0; Ix+ly+lz = 0

2x+ly+6z = 0

It can be written as, AX = Z

5 2 -3
3 1 1
2 1 6

...(Coefficient matrix : Coefficients of
X, ¥, z from given equations)

Where A

X

x
ﬁ u.H_ :.Az_mﬁucm_._n_a_oi_._énmc_nzv
z

c
Nn _Hc_ ,,.A?—m&xo;,:.m.no:mg@
0

To check consistency : Since p(A) = p (AIZ) always,
.. Find p(A)

Step II : Consider,

S
I
e

Comparing with| a5, ap ay, (1)
Ay Ay Ay

Find Echelon form of matrix (1) : [Use only row
transformations]

Operate R, - 2R, (To obtain 1 ata,,)

-

0 -5
- 31 1
2 1 6

Operate R, - 3R, ;R,-2R,
(To obtain all zeros below a,,)

I 0 -15

0y 1 46

]
"
'
"
[
]
[

1 36

"

Operate R, - R,
(To obtain all zeros below a,,)

1 0 =15
-1 0 1 46 ~A2)
|00 -0
Step IIT :
We know,
Rankof _(Totl number) Homiber of Rows
matrix ~ \  ofrows J~ containing
all zeros

From Matrix (2),
MA)=r=3
Lr=n

-..(condition of unique solution)
Here number of unknown = n
- The system has only trivial solution.

x=0;y=0;2=0v ...Ans.

Example 2.3.14
Solve the system of equations :
X+2y+32=0;2x+3y+z=0;4x+5y+4z=0:
X+y-22=0
Solution :
Step I : Given system of equations,

Ix+2y+3z

0; x+3y+1z = 0;

dx+S5y+4z = 0; Ix+1ly-2z

1]
(=]

It can be written as, AX=2Z

2 3

3 1
Where A 5 4
1

-2

n
— R

...(Coefficient matrix : Coefficients of
X, ¥, z from given equations)

ks
(]

X
_H L --.(Matrix of unknown variables)

0

0
0 -..(Matrix of R.H.S. constants)

0

N
]

To check consistency : Since p(A) = p (AIZ) always.
~ Find p(A)

.
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Step II : Consider

1 2 3
A= 2 3 |
4 5 4
R

4 3y 4

5 . i Ay dp  dAp

mparing wi
. 2y dp Ay
ay Ay Ay

Operate - R, - 2R, ; R; - 4R, ; R, ~ R,
(To obtain all zeros below a,,)

1 2 3
ol -3 -8
4 JN
O_Ka_nw....":lm_.]_ﬂ.qn.o_uﬁn_wﬂfb
1 2 3
~lo s
0 3 8
0 15
(Operate R, — 3R, ; R, ~ R;)
(To obtain all zeros below a,,)
1 2 3
~10 1 5 352y
.-ﬂ. 0 -7
ol 0 o
Step I :
Rank of _ ( Total EBSJ -ﬁz,:h_oﬂm“_ﬁ%mw
matrix of rows Al 7eroe

We know, r=p(A)=p(AlZ)=3
Here n = number of unknowns =3
ie. r=n
.. The system has only trivial solution.
s x=0,y=0,z=0v

...(condition of unique solution)

(D

.Ans,

Example 2.3.15

Examine for non trivial solutions, the following set of
equations and solve them
X+3y+4z-6w=0;y+62:20;2x+2y+22z-3w=0;
X+y=-4z-4w=0.

Solution :
Step 1 : Given set of equations,
Ix+3y+dz-6w = 0;
Ox+1ly+0z+6z = 0,
2x+2y+22-3w = 0,
Ix+ly—-4z—4w = 0
It can be written as,
AX = Z
[1 3 4 -6
SRR
L1 1 -4 -4
...(Coefficient matrix : Coefficients of
X, ¥,  from given equations)
[ x
X = [ 7] ...Matrix of unknown variables)
L w
[0
Z = W ...(Matrix of R.H.S. constants)
L0

To check consistency : Since p(A) = p (AIZ) always,
find p(A)

Step II : Consider

Pk
Comparing with A1)
P Ay 8y 8y Ay

Ay Ay Ay Ay
Find Echelon form of matrix (1) : [Use only row

transformations] [diagonally 1 is not necessary.]
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3 3 3
—a-b-c+3abc = 0 S S g T
ba-c - w-bo ~ m-b K
Throughout multiply by (- 1)
33 X Y _ z
SLoa+b +c -3abc = 0 (1) ba—c bc-a . ac-b
3 Use factors of eqn. (1) anAnrlaJr“wuﬁ!iwwrunn?airwr
[la+b+c) EN+ b +o~|mc|mo|c3nm,+ au+ou|us_ﬁ e
F+v+n.?~+=~+n~|ma13rgu =0 Case (ii) : a=h=0c
a+b+c = 0 or a b c
a4b 4+ —ab—ac—bec=0 A = b ¢ a
The system has non trivial solutions only if c a b
a+b+c = 0 or a b c
a'+b’+c’—ab—ac-bc =0 Beca; el s
= b b-
Multiply throughout by 2 e A . ¢
a c
22" +2b7 + 2¢” — 2ab— 2ac — 2bc = 0
T T B Operate, R, -R,;R,-R, - | 0 0 0
Rearrange as:a +a +b +b"+c +c -2ab—-2ac-2bc=0 00 0

(a'=2ab+b") + (b* = 2bc + )+ (= 2ac +a)) =0
(a=b+(b-c)+(c-a)’ =0

This is possible only if
a-b=0,b-c=0,c-a=0

squares always positive

and addition of positive
is zero means all

terms are equal to zero

= a=b=c
Now we have to find solutions,

StepIll: Case (i):a+b+c=0

a b ¢
A = b ¢ a
c a b
Operate, Ry + (R, +R,)
a b c
b [ a

c+a+b a+b+c b+a+c

a b ¢
-~ b ¢ a (Ca+b+c=0)
0 0 0
Matrix gives equations as
soax+by+cz = 0; bx+cy+az = 0
By Cramer’s Rule :
X -y z
_c o_ = Ja n_ = _w _u_ur
c a b a b ¢

Matrix gives equations,
s oax+by+cz = 0

Since 3 unknowns and 1 Equation.

s Putz = k; and y =k
ax = -by-cz
—by-cz
X = =
—kb—ck,
B =
=x = -(k+k) (“a=b=c)
- Solutionis, x=-(k; +k);y=k;;z=k, ¥ ..Ans.

Example 2.3.18
For different values of k, discuss the following equations
iX+2y-z=0;3x+(k+T)y-3z=0;
2% + 4y + (k—-3)z=0.
Solution :
Step I : Given equations,
Ix+2y-1z = 0;

Ix+(k+7)y-32
2x+4y+(k-3)z
It can be written as,

AX = Z
1 2 -1

3 k+7 -3
2 4 k-3

n I
o o

lm:nm_._mm:_._m Mathematics - | (Dr. BATU) 2-21

5ystem of Linear Equations
T Coefficient matrix : Coefficients of x, y, z from given | (I) Fork=-1:
equations; — 0
X = “ ..(Matrix of unknown variables) [AIZ]= 00 0 . 0 | ...[from matrix (1)]
M 00 -2 0
= M ...(Matrix of R.H.S. constants) Matrix gives equations as,

To check consistency : Since p(A) = p (AIZ) always,
find p(A)
Step II : Consider,

A = 3 k+7 -3 (1)

Find Echelon form of matrix (1) : [Use only row
transformations
Operate, R, - 3R, and R, - 2R,
(To obtain all zeros below a,)

= 0 k+1 0 (2)

0 0 k-1

Step 111 : .~ The system have infinite number of solutions if
r<nie p(A)<3
(number of unknowns =n = 3)

Rank of matrix = (Total number of rows) — (Number
of Rows containing all zeros)

We know,

From the last matrix it is possible only if

k+1=0 ork-1=0ie k=-1l,ork=1
I Fork=1:

A12)= 02 0 ...[from matrix (1) ]

Matrix gives equations as,
x+2y-z = 0
2y = 0

ie x = k,y=0,z=k

x+2y-z =0
-2z =0

= z=10

x =-2y put y=k; = x=-2k,

ie x = -2k, y=k;, z=0 ¥ ...Ans.

Example 2.3.19

Show that the system of equations ;

2 - 2%y + X3 = My 3 2%, - 3y, + 2y = AXp
- X, + 2%, = Ax, can posesses i non trivial solution only
if L =1 ;A =-3. Obtain the general solution in each case

Solution :
Step I : Given system of Equations,
(2= x, -2, +1x,
2%, - (3 + A)xy + 2x,
—Ix, 4+ 2%,-Ax; = 0

[} 1
(=R ]

It can be written as,
AX = Z

23 =2 1
NE | g oz 2
-1 2 -

Coefficient matrix : Coetficients of x, y, z from given .
equations;

X=1|x ...(Matrix of unknown variables)

Z=10
LO

Step 11 : This system has a non trivial solution only if r <n

...(Matrix of R.H.5. constants)

r = rank of [A | Z] and n = number of unknowns r < 3
only iffAl=0 (Heren=3)
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2-24 System of Linear Equations
Operate R, - 3R, (To obtain all zeros below ay) Put, z = Kk
| 1o | ~y+3k = 0=y= -3k
; x4 (3k)+k = 1=x-2Kk= 1= x=14+2k
-f o v 3 Al -A2) fox o= 142k;  y = -3k 2=k,
0 ..m_. 0 _ Gy 1 StepV: Ford=2:
i _ x+y+z = 1 * ;
Step I11 : The system is consistent only if, . -..From matrix
P(A) = p (AIB) Put, z = k
fR ' = =1-
Rank of h._,g_& :::..cnqu Hzcﬂwﬂ.ﬂazwad =y +3k 1=y =1-3k,
atiix = - : < = ~ %= =2k
matrix of rows e S o x+(133k)+k = I=2x+1-2k=1=x 3
fox = 2kjyy=1-3k;z=k,Y ...Ans
We know,

From above matrix (2) it is possible only if A3 +2=0
SA-DA-2)=0=A = 1,2

StepIV: Ford =1:

X+y+2z |

...From matrix
y+3z = 0

Chapter Ends...
aooa

8 s 4
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e
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Eigen Values and
Eigen Vectors

Unitl [ S

Syllabus

Eigen values and eigen vectors; Properties of eigen values and eigen vectors (without proofs); Cayley-Hamilton's
theorem (without proof) and its applications.

3.1 Introduction

The concept of eigen value and eigen vector have a considerable theoretical interest and wide-ranging application.
This concept is crucial in solving systems of differential equations, analyzing population growth models, and calculating
powers of matrices (in order to define the exponential matrix). Other areas such as physics, sociology, biology, econcmics
and statistics have focused considerable attention on “eigenvalues” and “eigenvectors” their applications and computations.
Eigen values and eigen vectors also plays an important role in the study of vibration of beams, probability (Markov process),
quantum mechanism etc.

3.2  Prerequisite

pomutes

[11 Cramer’s Rule : Consider two different equations,
0

apX+a,y+apz

1

ayXx+apy+ayz = 0

then by Cramer’s rule,

(] Synthetic Division :
In the process of finding roots of polynomial equation f(D) = 0 by synthetic division method, the first root is obtained
by trial and error method.
eg.D'-2D’ 3D’ +4D +4=0

-2 =3 4 4 These are the coefficients. Write down the
coefficient of the power of D in order. [Adding the

% 1 = 2N missing power of D by zero)

If we get here zero then D = 1 is one of the root of
equation and if not zero then try for next.
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Eigen Values and Egen Vectors

. To find Eigen vectors corresponding to
repeated Eigen values A, =A,.

. First find the rank of matrix [A — AlI] after
substituting A,.

. If rank = r and ‘n’ - number of unknowns then
(n - r) number of linearly independent Eigen
vectors are possible.

. If only one vector is possible then find it by
above method given in (A)

. If two lincarly independent vectors are
possible.

+  Find First Eigen vector X, corresponding to
A,=A, by above method given in (A)

« To find third Eigen wvector X, consider

n
«  From the equations from X, X, = 0 and X,
an 0, find values I, m, n. It gives X
To find Eigen vectors

Eigen vector X =

i

HA#A"
It gives only one 35_.9..

Fig. 3.3.1

e i

Type | : Non-Repeated Eigen Values for
Unsymmetric Matrix

Example 3.3.1
Find the Eigen values and Eigen vectors of the matrix.

14 -10

A=) ¢ -1

Solution : Given matrix is,
14 - 10
A ﬁ 5 ,H_

The characteristic equation is,

|A-a1l

Y

< Using Scalar multiplication
-10 A 0
R B

it v

Since,

I_“:_
SR

<» Using subtraction of Matrices

14 -2\ -10
[a=Hl) = ﬁ 5 |TL
.. Characteristic equations is,
14-A -10
4 L) =

By solving determinant

(4= (=1-D+(=5(-10) = 0

(L+)(A-14)+50 =0
No13A-14450 = 027 13A+36=0
Which is a quadratic equation,
L=-4)(h-9) = Factors : (-4) + (- 9)=— 13
A-d4=andA-9= 0 | (-4)x(-9)=36
S A=49

Hence Eigen valuesare A, =4, ,,=9 v ..Ans.

{verification : A, + A, =a,, +ajand IAl= A, - M.}

Eigen Values and Eigen Vector

Eigen vectors : To find Eigen vector X = T“_

corresponding to Eigen values A, =4, A,=9
Consider [A -A1] X=0
= =10
_HK A _ ﬁ L -0
5 -1-AdLly

For A;= 4 PutA=4in Equation (1), it gives,

= Using Matrix Multiplication
RiC,
R.Cy
(10) (x) = (= 10) (y) = 10x = 10y

R,C, (5) (x) = (=5) (y)=5x + 5y
10x - 10y

R\C,

]
=

5x -5y

10x — 10y
5x-5y = O=x=y

0

*. For Eigen value A, = 4, Eigen vector X, uﬁ “ H_

dchoosex=1)
9, Put A =9 in Equation (1), it gives,
Sx—10y =
10

S5x-10y = 0=5x=10y=>x=7%y

For A, =

x = 2y

For Eigen value A,=9 Eigen vector X, uﬁ w H_

+s(Choose y=1)
Hence Eigen vectors are

S P ) A gt

Ex.3.3.2

Find Eigen values and corresponding Eigen vectors for
the matrix

4 2 -2
A=| -5 3 2
-2 4 1

Soln. : Given Matrix is,

4 2 -2
A=1|-35 3 2
-2 4 1
The characteristic equation is,
IA-Al = 0
Since,
100
4 2 =2
A-AM=1]-5 3 2f -2l 010
-2 4 |
001
<» Using Scalar Multiplication
A00
4 2 -2
=|=-5 3 2. 0AO
-2 4 1
00A

= Using Subtraction of matrices

4-) 2 -2
[A=M] = | -5 3-A 2
-2 4 1-2
.. Characteristic equations is,
4-) 2 -2
-5 3I-A b =0
-2 4 1--A

< Using Standard formula
Nospesh-lal =0 it
Where S, and S, are sum of the minors of order 1 ¢
2 along the principal diagonal respectively.

S =

§, = Sum of Diago

elements

= 443+1=8
(Addition of diagonal Elemen!
S, = [Minorof 4] + [Minor of 3] +[ Minor of 1]

= 4 -2 4 2 -

+ + |33
-2 1 g —

(Sum of Minors of diagonal eleme
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Eigen Values and Eigen Vectors

38
2 1
N- = 1 “Kn =1 ;
4 1y=a 2 1y=2
0
X; = 1 3 «.Ans,
1day=5
Example 3.3.3
Find Eigen values and Eigen vector corresponding to
lowest Eigen value for the matrix.
0 2 o
A=| 3 -2 3
0 3 0
Solution :
Step I : The characteristic equation of matrix A is,
IA-All = 0
Since,
0 2 0 100
A-A = 3 -2 3|-A|l010
0 3 0 001

= Using Scalar Multiplication
0 2 0 ALOO

[A-A) =] 3 -2 3 |-
L0 3 0

0rO

00X
= Using Subtraction of Matrices
[0-A 2 0

[A-M] = 3 -2-2 3
L 0 3 0-2
.~ Characteristic equations is, '
0-2 2 0
3 <2-h 3 | =9
0 3 0-A

= Using Standard formula
V-8 AT+ 8,h-1Al = 0 (1)

Where 8, and S, are sum of minors of order one and
two along diagonal elements respectively.

§; = Sum of Diagonal
elements

= 0-2+0
= 2

(Addition of diagonal Elements)
Minor of 0 + Minor of (- 2) + Minor of 0
o o 2
+ 13 =2
0
0 2
il -2

00
00

+

(Sum of Minors of diagonal elements)

= (LD O-G) B+ 0)-©0) )
i R R
0 9 0 0

+[(0) (-2)-(3) (2)]

o
-2 6

= 0-9+0+(0-6)=-9-6=-15
-15

=
I

= 0 [Minor of 0] - (2) x [Minor of 2]
+0 x [Minor of 0]

= —(2)x[Minorof2]=2x

*umx:u:c_lﬁc:wv_nmxcuo
{ {
0 0

3 3
00

=AM

1Al = 0
Substitute values of S, S, and IAl in Equation (1)
ANE-15) = 0

M +20-15) = 0
A=0; M4+20-15 = 0 Which is quadratic equation,
A=0;(A+5RA-3) = 0

A=0;X1+5 = 0andA-3=0

A=0,A=-5X1 = 3
Eigen values for matrix A.
LA = =50,3v

...Ans.

-

39

M. en Values and mﬁ: Vectors

(Verification : &, - &, - A, = (- 5) (0) (3) = 0 = IAl and

Mth+h=-54043=-2=a
Step 11 : Eigen vectors :

Consider Eigen vector X =

0-% 2 0 X

+ 2y, +ay]

X
y |and [A-AT) X =0
z

3 -2-% 3 vi=10
0 3 0-A z
0
s0=|0 (0
0
For A = - 5 (lowest Eigen value),
Put A = -5 in Equation (1), it gives,
0-(-35) 2 0 b 0
3 —2-(-5) 3 = o
0 3 0-(=5) 0
Bty R, =] o
R, 0

R, C

0

R,C, | = |0

R,C, 0
Sx+2y+0z o1
Ix+3y+3z | = —.a._

Ox +3y + 5z ?

By equating corresponding elements of both sides matrices.

SSx+2y+0z = 0

Ix+3y+3z = 0
Ox+3y+35z = 0
> Using Cramer's rule
b3 o =VE . z o
3 3 3 3 3 3
P FH
X =¥

@AG-3)3)"

() (3)-0)(3)

z

“BH®-00) -k

X = Z

= e

5- 9-0

-

@
|
b=l

1
=)

-

X
6 15
6k ,y=-15k,z=9k

===k

L

| .
Choose k = 7 to get smallest integer

2
2~ X =] -5 is Eigen vector. v ...Ans.
3 Ja==s
Example 3.3.4
Find Eigen values and Eigen vector corresponding to
highest Eigen value for the matrix.
1 1 -2
A=| -1 2 1
0o 1 -1
Solution :
StepI:  The characteristic of given matrix A is
IA-ALl = 0
Since,
| 1 -2 100
A=A = -1 2 1 -A|l 010
0 I -1 001
< Using Scalar Multiplication
| ¢ o LOoO
= -1 2 1 -l 0oXx0
L 0 1 -1 001
= Using subtraction of matrices
[ 1-A 1 -2
[A-AD) = ] R 1
L 0 1 -1-A
2. Characteristic equations is,
1-A | -2
-1 2= 1 =0
0 1 -1-A
< Using Standard formula
S-S A4S, 1Al = 0 k1)

Where S, and S, are sum of minors of order one and
two along diagonal elements respectively.
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= 4x[-9+48]-6%[-3+2]+6x[-4+3]
4-D-6(-D+6(-1)
= —4+6-6=—-4

Substitute values of §,, S, and IAl in equation (1),
Mol -h4d = 0227 -4)-(A-4)=0
A=A =1 = 0= A= A-DA+1)=0

< Using standard formula : il at- b= {fa=b)(a+b)]
= A=4,1,-1
Hence Eigen values are Ay =1, A,=—1, A;=4 ¥ ...Ans.

{ Verification : S,= A, + A, + A,

S, = 4+1-1=4
and Al = A;-A,-A,
1Al = 4x(l)x(~1)=-4)
X
Eigen vectors : To find Eigen vector X = |y
z
corresponding to Eigen values A, = 1, A, =- 1, A, =4
Consider, [A-AI]X = 0
4% 6 677 x
1 3-a 2yl =0
i ~4  -3-allz
0
0=(0 A2)
0
For A, = 1, Put A = | in Equation (2), it gives,
[ 4-1 6
= :
0
= 0
0
< Using matrix multiplication
R\C, 0
RC, | = |0 ...(Standard form)
R,C, 0

i

R,C,

R,C,

(3)(x) + (6)(y) + (6)(z) = 3x + 6y + 6z

(1D(x) + (2)(y) + (2)(z) = 1x +2y + 22

RiC, = (-1)x)+(-4(y)+ (-4 (z)=-1x -4y -4z
3x + 6y + 62 ﬁo
lx+2y + 2z =10

—1x—-4y-4z Lo

By equating corresponding elements of both sides matrices

Ix + 6y + 62
X+2y+2z
-x-dy-4dz

=0
= 0
=0

=< Using Cramer's rule

X

s -y z

B

X

R N ERE
~1 = -1 -

=2 (-9H-)@2)

=y
T MEN-ED@

S B e
= eH-cn@ -k

X =Y __z _
-8+8 7 4427 -4+2 7
Lo S¥0T
6 = gk
x=0; y=2k; z=-2k
. Foreigen value A, = 1,

Eigen vectoris X,

1 . ;
ﬁn_._oomo_ =7 to get lowest __.__nmnau

0
= H
-1

For A, == 1, Put & = - | in Equation (2), it gives,

4-(=1) 6 6 Iz To
1 I-=D 2 y|=|0
L -1 -4 -3_(p Jtzd 10
R, 0
R, =| 0
R, 0
R,C, 0
RC | = |0
R,C, 0

313
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R,C, = (5)(x)+6(y) + (6)(z) = 5x + by + 6z
R,C, = (N (x)+(4)y)+(2)(z)=Ix+4y +2z
RiC, = (=D (X)+(=4)y) +(-2)z) =~ Ix—dy -2z
Sx+6y+6z 0
Ix+4y+2z | = |0
—lx-4y-2z 0

By equating corresponding elements of both sides matrices
Sx+by+6z = 0

x+4y+2z 0

I

x-dy-2z = 0

< Using Cramer’s rule
X _ bl R 5
_m J - T m_n_m m_l
1 2 1 4

(*." Last two equations are identical)

X =Y
©)(2)-@)6) ~ (5)2)-(1)(6)

— i
= 5)@-mE T

. S I
12-24 = 10-6 206 -

.5 =¥ ik
-12

"

Foy
I

=
1]
-

x = -12Z; y ==4k; z = 14k

.:ﬁn:cowo k uw. to get lowest m_._awﬁ.av

6
For Eigen value A, =~ 1, Eigen vectoris X, = | 2
-7
For A; =4, Put A = 4 in Equation (2), it gives,
[ 4-4 6 6 % 0
13-4 2 y| =|o
-4 3.4 JL2 0

]
= o

< Using matrix multiplication

_ﬂ_.n_._ ([
RC, | = |C ..(Standard form)
R,C, J 0.

RC; = (0)(x)+(6)(y) +(6)(z) = Ox + by + 6z

R,C, = (D) +(-D(y)+ (z)=Ix-ly+2z

RC, = (-DX)+ =DV +(-Tz)=-1x-4y-Tz
Ox + 6y + 6z 0
Ix-1ly+2z | = |0
~Ix-dy-Tz 0

By equating corresponding elements of both sides matrices
Ox+6y+6z = 0
x-y+2z = 0
-x-d4y-Tz = 0

= Using Cramer’s rule

X _ =¥ i€ F4 i
3 N_ = _ 1 mi |_ T -] =%
ol s sl % -

X

EDED - 492)

N y
T (== (=1)2)

SN S
T(EH-EDEDT

—r
B8 T -T742 7 -4-1

b
.
I

=k

-~
+-

Gl
n
ke
"
ol
1
~

15k ; y = 5k;

3
~. For Eigen value A, = 4 Eigen vectoris X, =| 1
-1

1

mﬂéﬂ& k= 7 toget lowest ?_nwo_.uu

Hence Eigen vectors are

- 0
X, = 1 3
L -1 Ja=1
- 67
X; = 2 H
L=T day=-1
- 3
Nm = 1 v «.Ans.
L-11da,=4
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The characteristic equation is, = [I5-1]+[9-1]+[15-1] For A, = 2, Put A = 2 in Equation (1), it gives, Example 3.3.8 IR
- = 14+8+14=36 )
A=Al = 0 By Equating corresponding elements of both sides matrices | Find the Eigen values and corresponding vectors for the
100 following matrix A ;
31 i = X=y+z =0 1 0 -4
Since, A= Al = | -1 5 -1|-aflo010 = - g A=l o 5 4
I B 3 x+3y-z ; wgh o 3
Ro L=l 8 EpsE=0 Solution : Given matrix s,
= Using Scalar Multiplication > Using Cramer's Rule 1 0 -4
) 578 = 3 x [Minor of 3] - (- 1) x [Minor of (- 1)] . y s k 0 s 4
3 -l 1 + (1) x [Minor of 1] 3 r;u7|w 1;n_|_ u_u_n -4 4 3
A= = |M |w |W =) 9:4.9 -1 1 Il 1 -1 The characteristic equation is,
00K S o =% y=0z=-2% lA=AIl =0
= Using Subtraction of Matrices 1 { i@ 4 100
o e i =2, Ei I = 0 -
3-2 -1 1 For eigen values A, = 2, Eigen vector is X, i Since, A Al = 0 5 4|-2lo1o0
[A-Al = -1 5-A -1 s - i & -4 4 3
L 1 -1 3= = - - A =3,Putd=3i tion (1), it gives, 001
B o g S +i For A, A =3 in Equation (1), it gives
<+ Characteristic equations is, -1 3 13 I-1 By Equating corresponding elements of both sides matrices ARG e atar AN el
I -1 1 =3[ ) == =D+ 1x[= 13- (1) (-1 ; : A 00
-1 s-a -1 =0 It meEn Ox-y+z=0,-x42y-2=0,x-y+0z=0 r 1 0 -4
1 -1 3-X 15 1 -3 -1 = Using Cramer’s Rule = 0 5 4|l 0xro0O
3 L-4 4 3
M-S M +8,1-1A1 = 0 +HIX[ED =D =) (9] TR MO S 00 A
Where 8, and S, are sum of the minors of order | and 2 1 5 7 m |A_u _ _ 1“ |o _ ; = “ 2 _ 2 Using Substraction of Matrices
along the principal diagonal respectively. - - -
along the principal diagonal respectively = 3x[I5-1+1x[-3+1]+1x[1-5] K. =¥ & _mw mow |M_
T R T g =- B - = A~ = -
S 3441241 (4) 17 =7 k=x=-ky=-k,z=-k [A A1) | % z 5.3
g = =42-2-4=36 1 i _— o
s For eigen values 4, =2, Eigen vectoris X,=| 1  Chspediaic equations I,
3 Using Synthetic division 1 j Py 0 -4
. 3 2 - 4 =
SN =1IA7 +36M-36 211 =11 36 -36 For A, =6, Put A = 6 in Equation (1), it gives, ca maw 3% ¢
8, = sum of diagonal elements A=2, (P-9%+18) T B E =
’ By Equating corresponding elements of both sides matrices P S By S,A-1A1 = 0
) o A-6(h-3) = 0 EEEN . .
= 3+543 =11 (Addition of diagonal Elements) “3x-y+z=0; Where S, and S, are sum of the minors of order 1 and 2
S, = [Minor of 3] + [Minor of 5] + [Minor of 3] A =236 LgyE along the principal diagonal respectively.
i = = =6v..
Hence the Eigen values are \; = 2,4, =3,13=6 v ...Ans. X-y-3z=0 §z 5
s {Verification , S, = A+ +2s; 1Al = A Ay hs) 2 Using Cramer's Rule 0 3
1 = e z
Eigen vectors : . -y . §u
x 7_ -1 u_l_ | u_l_ T . i
To find Eigen vector X = | y | corresponding to Eigen -1 =3 1 -3 1 -1
ul_ ku__ m|‘ % S, = sum of diagonal
= R = gonal elements
- si*leaf*lar s valuesh = 2, X, =3; Ay=6 wnl.%uw"wuv x=2k, y= -4k, z =2 _
(Sum of Minors of diagonal elements) Consider, [A-AIIX = 0 : S, = 145+3 =9 (Addition of diagonal Elements)
= [OO-CHEN+B -0 O] 3-4 -1 1 T« . For Eigen values ), =3, Eigen vectorisX,=| ~2 | | Sz = [Minorof 1]+ {Minorof 5] + [Minor of 3]
Y I -1 5-A -1 vl=0 . 1 v i G
15 1 9 1 1 -1 3-A z . 2 ; !
Hence Eigen vectors corresponding to Eigen values are ; - 5 4 05
+B) &)~ () (- 1) ) ‘. 1 1 1 ¥ €
ot e . “[3 (D) 0 1 -2 v LAnms 82 & ?
-1 1hiss Tz (Sum of Minors of diagonal elements)
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_— = s

=821 - 16)+6x [- 18 +8] +2x[24 - 14]
= 8(5)+06(-10)+2(10) =
W M-8R HA5A-0 =0 = Ao 18AT+45h=0
AN -18h+45) = 0= A(A-15)(A-3)=
=A=0,315
Hence Eigen valuesare A, =0,4,=3,1,= 15¥  _ Ans.
[Verification : §; =&, + &, + A, and 1Al = }, Ay Mgl
Eigen vectors
X

Y| comresponding to Eigen
Zz

To find Eigen vectors X =

values A, A, A,

Consider, [A=A] X = 0
8-L -6 2 X
-6 7-1 -4 yl=10
2 -4 3-A z
0
0= |0 (D
0

Ford, =0,PutA=0in Equation (1), it gives,

By Equating corresponding elements of both sides matrices
8x-6y+2z = 0;
—6x+Ty-4dz = 0
x-dy+3z2 =0

> Using Cramer's Rule

X =¥ 7

BENEEINEER

X -y z
w = -Id“.ﬂlrnvx Sk, y=10k, z= 10k,

- For Eigen value A, =0, Eigen vectoris X, =| 2

2
For A =3, Put A = 3 in Equation (1), it gives,

By Equating corresponding elements of both sides matrices

Sx-6y+2z = 0
—6x+dy-4z = 0
2X-4y+0z = 0

3-20 Eigen Values and Eigen Vectors
¥ Using Cramer's Rule
X _ -y Z
4 —4["[-6 -4 -i ;
-4 0l 2 0 2 -4
Ly SLooiE
T R T
= x=-16k, y=-8k, z= 16k
2
For Eigen values A = 3, Eigen vector is X, = 1
2]

For A = 15, Put . =15 in Equation (1), it gives,

By Equating corresponding elements of both sides matrices
-Tx-6y+2z=0;
-6x-8y-4z = 0;
2x-4y-122 = 0

=¥ Using Cramer's Rule

X -y Z
* _ I — ”_A_ B R
-4 |G = 2 -4
o S 5
80=80 =20 =K = x = 80k, y = —80k, z= 40k
2
For Eigen values A = 15, Eigen vectoris X,=| -2
1
Hence Eigen vectors are;
1 2 2
2 1 -2 v ..Ans.
20-0 -2 1a-3 1laess

Type Il : Examples on Repeated Eigen
values for Non-Symmetric Matrix

Exampie 3.3.10

Find Eigen values and Eigen vectors for the following
matrix :

-9 4 4
A=| -8 3 4
-16 8 7
Solution : Given matrix is,
-9 4 4
A = -8 3 4
-6 8 7

The characteristic equation is,

TA-All = 0

321
. = [21-32] +[-63 + 64] + [- 27 + 32]
S = —114145=-5
. 1 0o
I -y 4 4
A-Al = -8 3 4]-x[ 010 P
-16 8 7l - o=
¢ %1 -6 8 7
= Using Scalar Multiplication = (= 9) x [Minor of (~9) ;- 4 X [Minor of 4]
F -9 4 47 o 1. + 4 x [Minor of 4]
= -8 3 4|10 XD
L-16 8 7]
00 A

= Using Subtraction of Matrices
[ -9-A 4 4
[A-A) = -8
L - 16 8

.. Characteristic equations is,
-9-A 4 4
-8 3-A 4

-16 8 T-A

A5, +8,h-14Al

n
(=

0

Where S, and S, are sum of the minors of order 1 and 2

along the principal diagonal respectively.

§, = Sum of Diagonal
elements

-9+3+7 =1 (Addition of diagonal Elements)
S; = [Minor of (-~ 9)] + [Mincr of 3] + [Minor of 7]

-9 4
-8 3

(Sum of Minors of diagonal elements)

_ -9 4

Heie |7 5
=g 71*l-16 71*

-8 3

= B -@) DI +1-9) () -(-16) @]

—_—— e e e
21 32 -63 - 64
+{(-9) (3)- (- 8) ()]
e gt
27 -32

-9 -9 4
=(-9)x| g 3 4 | 4x -8 3
-6 8 7 -16

3 4 -8 4 -8 3

~-4x
27 -16 7 -16 8

(=9) % [(3)(7) = (8) (4)] -4 x [(~ B) (7) - (16) (4)]
+ 4x[(-8)(8)-(-16) (3)]
(=9)[21-32] -4 x[-56 4 64] + 4 x [- 64 + 48]
= =9(-11)-4(8)+4(-1€) =
= Using Synthetic Division

(-9)x +4x

M-a-5h-3= =L =1, =5 <3

p S I - -1 2 3

A-3)(r+1) = 0 I -2 -3 o
Ao=-1-1,3

Hence Eigen value are Ay =3, 0=~ L, iy ==1v .. Ans.
(Verification : S, =&, + Jy+ Ayend | Al = A Ay As)
Eigen vectors :
X
To find Eigen vector X = | ¥
z
values, A, = 3, h=k=1
Consider, [A-Al]X =
o, 4 4 X:,

-w ulp.u_ _.u._
-16 8 7-A z.

corresponding to Eigen

0 =10 (1)

For A; =3, Put A = 3 in Equation (1), it gives,

By Equating corresponding elements of both sides matrices
—12x+4y+4z = 0;
-8x+0y+4z=0;

—16x+8y+4z=0
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Type IV : Examples on Repeated Eigen =3+3+3=9 A= 1,44 Put z =0; 2 =Y;
Values for Symmetric Matrix (Addition of diagonal Elements) Eigen value are A = 1, A, =4, M=d4v ..Ans. 1 !
; - . ) } 2 =11 d sider X;=| m
Example 3.3.12 S = [Minor of 3] + [Minor of 3] + [Minor of 3] (Verification : S, =hi +A;+2s and |Al=hikahs ] w5l T ML
: i . .
Find Eigen :mw.._m» and Eigen vectors for the following d 1 1 Eigen vectors: a R K, D and X, Xy =0
1 1 = + - + X
i A= I 3= - s
matrix: A=| 1 3 -1 To find Eigen vector X = | ¥ Hence Eigen vectors are,
1 -1 3 -l 3 z -1 1
Solution : Given matrix is, (Sum of Minors of diagonal elements) corresponding to Eigen values, A, = 1, A= A;=4 L|lmn}=0  and H_u {fmn] =0
I
3 L e Tvu ; T __ Consider, [A-M]X = O
A=]1 3 1 = 3 1 3 1 3 335 i _ _l+m+n=0and [+m=0 =[=-m, Putm=k
-1 3 = X
s | =-k and n=l-m=-k-k=-2k
The characteristic equation is, _A__u:uv__l T.: (= D1 +[3)3) - (1] 1 3-A -1 H =0 y
A=Al = 0 9 1 9 1 ! -1 3-2 R
Since 0 2
. - [(3)3) - (1) o =o] ,
) L0 o0 ok W kel 0 Hence Eigen vectors are,
3 _ : J 2 For A; =1, Put A = 1 in Equation (1), it gives =1 : :
=1, =11 5 . i
[A-A] =] I 3 -1{-Al 010 = [9-1]+[9-1]+[9—-1]=8+8+8=24 : X,= 1 s X=| 1 i X,=| -1 v
£ =l 3 —— By equating corresponding elements of both sides matrices 11y=1 0 1yp=4 2 D=4
0:8.1 : i 2 +z=10 ~Ans.
= Using Scalar Multiplication al =| 1 3 4 wa++qu.. |M M . . =
% 0 0 x—y+2z =0 Example 3.3.13
3 Lo -1 3 3 Using Cramer's Rule Find Eigen values and independent Eigen for the
o 3o~ 0oRo0 following matrix :
-1 3 X _ e LA z —k 6 -2 2
Lo o2 ulélf-f‘;_ j- A=l -2 3 -1
- Using Subtraction of matrices = 2 1 2 1 & 2 -1 3
I-h 1 1 x =3k, y =-3k, z =-3k Solution : The given matrix is,
BN _ 3=A =l . ForEigenvalue A, =1, 6 -2 2
I R - we| =g g e
-~ Charactenstic equation 3 : ; Eigen vectoris, X, = | ) = 3
[ 3-2 1 L ] LLL I uT_xv_ rw_ ! . The characteristic equation is,
I 3-A -1]=0 Fori, = b= —4i o0 (1), it g
g = Ay =4, Put k. = 4 in Equation (1), it gives, A=Al =0
_ 1 -1 3-A _ =3x[3)3) - (= D (= DI = 1x[(1)(3) - (1)~ 1)] 5 ,
Vo Al 1 5 - e Here Eigen value are repeated. First find rank of 6-% -
=S, A+SA ~1Al = 0 9 1 3 -1 [A-Aath,=4 =) 3-h -1 | =0
=MD -3 -1 (I 2 u 3-1
Where S, and S, are sum of the minors of order 1 and o \ ~(A-M) = ” - u_ - __ M-S K +SA-1A1 =0
2 along principal diagonal respecti -1 3 - =
9 pectively. S I B | “Where S; and S, are sum of the minors of order | an
te Rg+Ry;Ry+Ri=| 0 0 0 2 along principal diagonal respectively.
= 3x[-1-1XB+1]+1x [-1-3] Ope SRR 2 & 8 G il St oopes
5 = = 3@)-1@+1(-4)=24-4-4=16 + Rank =r = | and n = number of unknowns =3
" Using Synthetic division s on-r = 3-1=2,ie Two Eigen vectors are § =
A -9 4240 -16=0 11 -9 24 _16 possible.
S, = sum of diagonal elements A=l A—8h+16= 0 - £ Here, matrix A is symmetric, therefore Eigen vectors
_ 16 are orthogonal. S, = sum of diagonal elements
2 . oo
A-4"=0 * 1 -8 16| o Es_aﬁ_awar -x+y+z = 0 S, = 6+3+3=12
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Eigen Values and Eigen Vectors

Consider, [A-AIl X=0

4-3 6 6 X 0 0
1 3-1 2 yl={ 0p0=|0}. (I}
-1 -5 -2-2 z 0 0

For Ay =1, Put A = 1 in Equation (1), it gives,

By equating corresponding elements of both sides matrices

Ix+6y+6z =0
x+2y+2z = 0
-x=-5y-32 =0
< Using Cramer's Rule
X -y z
_ 2 iu_ I Jn__ u_l
-5 - -1 -3 -1 -
x_ Y =z _
e e b

x=4k, y=k, z=-=3k
. For Eigen value . = 1,

4
Eigen vector is X, = 1
-3

For A, = A3 = 2 : For repeated Eigen value A, = A, =2,
Put 2 = 2 in Equation (1), it gives,

Here A # AT ie. A is non-symmetric matrix.

First find rank of matrix [A - Al) for A =2

2 6 6
[A-Al] = 1 12
I S
1 1 2
Operate Ry; — 2 6 6
-1 -5 -4
1 | 2
Operate, R; - 2R, ; R +R,=| 0 4 2
0 -4 -2
1 1 2
Operate R, +R, ~| 0 4 2
0 0 o0

S p(A=Al) = 2ie r= 2and
Number of unknowns=n =3

S n—r = 3-2=1iec. only one Eigen vector is possible.

K+y+2z
From matrix
dy+2z
2 Using Cramer's Rule
x =¥ zZ
__ Ju __ u_u__ ;n_ﬂ
4 2 0 2 0 4

6 nqnmnrnv X =-06k,

y =-2k, 7 = 4k

I

. Foreigen value A = 2
3
Eigenvalueis X, =| |
2

Hence Eigen vectors are,
4 3
X, = 1 i X=[ 1 ¥ ..Aps.
=3 = 2 la=2

Type VI : Examples.on Matrix Involving
any One Eigen Vector

Example 3.3.15

Find the characteristic roots and the corresponding
characteristic vectors for the following matrix.

_.___ 1 0
A=| 0 0 1
L1 -3 3
Solution : The given matrix is,
0 10
A= 0 0 |
I -3 3
The characteristic equation is,
IA-MI =0
< Using scalar multiplication
100
0 10
[A-Al) =] 0O 0O 1|-Al 010
Il -3 3
c o1
=2 Using subtraction of matrices
A OO
0 10
=0 0 1|-]10x0
I -3 3
00 A
-A 1 0
[A-AI] =] O -4 |
1 -3 3-}
. Characteristic equations is,
- 1 0
0 -A 1 =0
1 -3 3-A

Kos K +8,h-1A1 = 0

Where S, and S; are sum of the minors of order 1 and
2 along principal diagonal respectively.

Engineering Mathematics - | (Dr. BATU) 3-29 Eigen Values and Eigen Vectors
8§, =0+0+3=3 Hence, Eigen vector,
(Addition of diagonal Elements) 1
X =1 v ..Ans.
m|io___oo__o_ 1
7 |1-3 3 1 3 0 0
= 3+0+40=3
labie D=t _uu md ) Find Eigen values and Eigen vectors
e < e w =0 (A)  Non-Symmetric and Non repeated
= Q.I : =0 0 2 0
=k=1,11 (i) 3 -2 3
. i 0 30
Eigen valuesare A, =M= A3 =1v w.ADS, i 5 §
Eigen vectors Ans.:XP+22-18A=0;| 0| ;[ 3| ; -5
" =115 L3152 35
To find Eigen vector X = | ¥ -2 -8 -12
& 7 (i) 1 4 4
0 0 1

corresponding to Eigen values, A, =}, = A;=1
[A-A]X = 0
For repeated Eigen values A, = A, = A, =1

Consider,

Here A2AT  ie. Als non-symmetric matrix.

First find the rank of matrix [A-Al] at A =1

-1 10

(A-A]=| 0 -1 1

1 -3 2
-1 10
Operate R;+R, ~| 0 -1 1
o0 -2 2
-1 10
Operate R;—2R; ~| 0 -1 1
] 0 0

LplA-Al) =2

ie. r=2 and  Number of unknowns=n=3
n-r=3-2=1
- There is only one Eigen vector is possible.
From above matrix,
-x=-y+0z = 0
Ox-y+z =10
= Using Cramer's Rule

2 1 1
(i) 2 3 L
-2

-1 -1
1 0 -2
Ans.:h=1,-1,3and| -1 A | -3
0dyer L =113 1153
1 1 =27
(iv) -1 2 1
0 1 =14
[ 1 3 1
Ans.:A=2,1,-1and | 3 i 2 0

L i b A hat Lldacy
(B) MNon-symmetric and repeated

1 -6 -4
i) 0 4. 2

0 -6 -3
) 1 2
Ans,: A2+ 202 =0;( -1 | -2 | -2
2130 L 34,4 35
2 2 1
@ |1 3 1
1 2 2
1 -2 1
Ans.: A+ a-1a-5=0;| 1| | 1] | o
15 0300 L=1d;.
1 [V ]
@ |2 o 1
3 1 0
0 0
Ans.: A 4+A2-A+1=0;A=1,1,1,] 1 HI!
I._ as=-1 .* asl
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22 -21 21 Example 3.4.2
= -21 2 -21
21 =21 22 Verify Cayley-Hamilton theorem for A and hence
-1
22 -2 21 find A"
L AT -6AT+9A-41 = | -21 22 -21 1 0 -2
21 -21 22 A= 2 2 4
§ =5 5 % i ¥ & &
-6 -5 6 -5]+9| -1 2 -1 Solution : Given matrix is,
5 -5 6 l. ==k 2 1 0 -2
1 0 0 A=|2 2 4
-4/ 0 1 0 0 0 2
0 0 1
0 0 o Step I : The characteristics equation of matrix A is,
A-6A%+9A-41 =| 0 0 0 A=Al = 0
0 0 0 100
s AT -6ATH9A-41 = 0 X)) . M 0 -2
: . A-Al = 2 4|l-pxl o010
Hence Caley-Hamilton Theorem verified, 0 0 2
Step III : To find A™' 001
Now, Equation (1) multiply by A™' Al seee. mgication ——
AT-6A+91-4A"" = 0 1 0 -2
4A") = AT =| 2 2 41-1 0 A 0
A A’-6A +91 o b 3
_ 6 -5 5 00 A
4A =| -5 6 -5 2 Using subtraction of matrices
5 -5 6 1), 0 -2
2: =l ] [A-Al = 2 2-a 4
-6 -1 2 -1 0 0 2-i
-1 - .. Characteristic equations is,
1 0 0
#9101 0 TW nlm -w =0
0 01 0 0 2-2
1 31 -1 ;&% 2
P | I LN -SA S -IAl = 0
-1 1 3 Where S, and S, are sum of minors of order 1 and 2
StepIV:Tofind A* along principal diagonal elements respectively.
Since A~ 6A"+9A-41 = 0
Multiply by A A'-6A’+9A74A = 0
o A = 6A -9A 444
2 =21 3
At =6 -21 2 =7
21 -21 2
6 s s 8, = sum of diagonal elements
_g| -5 6 -5 =1+2+2
5 =5 6 =5 (Addition of diagonal Elements)
AR | 1 S,=[minor of 1] + [Minor of 2] + [Minor of - 2]
+4| -1 2 -1
1 -1 2 1 0-
86 -8 85 - 2 4], + |2 2
At =] -85 86 -85
85 -85 86 ¢ 2

(Sum of Minors of diagonal elements)
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|_M J i =% *_c_
Zhao 20tk mliElke 2

= 1(2)(2) = (0) @] + (2 - (O (- 2]+ [(D (2) - (2) (0)]
= [4-0]+(2-0)+[2-0]

=4+2+2=8
1 0 -2
1Al= | 2 2 4
0 0 2
=1 % [Minor of 1] - (0) x [Minor of 0] + (- 2) x [Minor of (- 2)]
lelI\
0

= 1 x [Minor of 1]+ (- 2) x [Minor of (- 2)]

2 2

0 0

2 2 7
0

0

4| y-2
2

)%
_ 2 ai _
|_x_o 2 -2%

= 1x[(2)(2) - (0) (H] - 2 x [(2)(0) - (0)(2)]
= 1x[4-0]-2x[0-0]

2
0

=1(4)-0-2(0)=4
H N-sKe8h-4 = 0
This is characteristics equation.

Step I1 : We have to verify Cayley-Hamilton theorem

i.e. we have to prove,

A'-5A248A -4l = 0

R,C, R,C, R,C, ]

= R,C, R, G, R,C, |. Standard form
R,C, R,C, R,C, |
1 0 -6

= 6 4 12
0o 0 4

R,C, R,C,
R.Ci R, G
Wuﬁ_ W«ﬁa

1

s

B

C GG

0 -14

14 8 28

0 o0 8

A -5AT+8A-4] = 0

Hence Caylay Hamilton theorem verified.

Step 111 : To find
Mutip

4A

_?lu

A

_mwa-.amau:;miu_

s AT-5A+81-4A"' = 0
A -5A+81= A"

1

N_>N|§+m=

4 0 4
-8|v

...Standard form

(1)

- ADS.

Example 3.4.3 LRI VEETRIIP

Find the characteristic equation of the matrix

show that the equation is satisfied by A

and hence obtain the inverse of the given matrix A.

137
A=| 423
121
Solution :
Step1:
We know
IA =All =

0

The characteristic equation of the matrix A is,
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= [4-2]+[2+42]+[2-0)=2+4+2=8

'
T

-
L

I 42 0
-1

Bk W
e —

L]
b
I
L

c__ ‘ou'
-1 2|*ex| o2

= 1x[(2)D) - @] -2x[(0) (2)- (= 1))

7 |
= 1x 2 L|mx

+2x[(0)2) - (- 1)(2) ]
= Ix[4-2]-2x[0+1]+2x[0+2]
= 12)-2)+2(2)=4
L M-S +8h-4 =0
This is characteristic equation.
Step II : We have to verify Cayley Hamilton theorem
i.e. We have to prove,

Now, A> =A-A

" R C R RG
= R,C, R,C, R,C, ...Standard form
L RC, RG RG
[ -1 10 8
=| -1 64
L-3 64

R

e RS
= [ RG RG RG
RC RG RyG

...Standard form

-9 34 24
12
-7 14 8

"
|

w
%

9 34 24
A'-5AT+8A-4l =| -5 18 12
7 14 8

ie. A'-SAT4BA-4l = 0 ..(1)
Hence Cayley-Hamilton theorem verified.
Step IT1: To find A™"
Multiply Equation (1) by A™'

L AT-5A481-4A"'=0

% & 1
A = AT-SA+BI= A =7 [AT-5A+8]]
I 2 0 -2
A & 7l -1 4 -1|v ..Ans.
2 -4 2
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Example 3.4.5
Verify Cayley Hamilton theorem for the matiix

2
>u_”a 1 L._.aaz;.{.an.lm%;p

1 1 2
Solution :
2 1 1
Given matrixis, A =| 0 1 0
1 1 2
Step I : The characteristic equation of matrix A is,
A=Al =0
100
2 1 1
[A-AM]=[0 1 ofl-a]l 010
1 1 2
001
< Using scalar multiplication
AOO
2 1 1
=| 0 I 0= 0 A 0
1 1 2
00 A
= Using subtraction of matrices
‘2-A 1 1
[A-AL] = 0 1-X 0
1 1 2-A
.. Characteristic equations is,
2-2 1 1
0 1-A 0}l =0
1 1 2-)

A -8, A4S -1Al =0
Where S, S, are sum of the minors of order | and 2
along principal diagonal elements respectively.

S, = sum of diagonal
elements

= 2+41+2=5 (Addition of diagonal Elements)
[Minor of 2] + [Minor of 1] + [Minor of 2]

2
2 2 1
= I s0 1
12 ]

(Sum of Minors of diagonal ¢lements)

S

[}

E<§mw§nm.mg<mnsa
i j _u __ 2 1

to20Fle 20t o

[(1)(2) = (1)0)] + [(2)2) - (1YC1)] + [(2)X1) - (0)(1)]

= 2-0)+@-1)+2-0)

[}

=2+43+42=7
A=1] 0 1 0
11 2

R

=2 X [Minor of 2] — 1 x [Minor of 1] + 1 x [Minor of 1]

-+
=2% 1 0| 1% 0 0] 41 0 1
1 2 1 2 11

wcad TR BT Y RYEY
=2x[(1)(a) - (1X0)] - 1 x [(0)(2) - (1)(0)]

+ 1 [0)(1) - (1)(1)]
=2X[2-0]-1x[0-0]+1[0-1]
=22)-(0)+(-1)=4-0-1=3

2 A= 52% + 74— 3 = 0 This is a characteristic equation.
StepIl: We have to verify Cayley Hamilton theorem,
i.e. we have to prove,
A'-SAT+TA-31 =0
Now, A’ =A-A

...Standard form

]
o=
—
(=]
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2 ] 2 e ——e =
= AYAT-3AT-9A- 5D + (A’ - 3A-9A _5p) A | 2 2 1 3.5  University Questions and Answers
+(AT-A41) w m Ex10 A=| 1 -2 0 |andfindA™" 5
o st 2 =4, = Oct 17
= A0 +(O)+A - A+ [ From Equation (1] T I O 3=l 8
= ATA+ —I =1 _ ; 2 w w :u[m Q1 Find the eigen values and the corresponding
9 8 8 12 2 1o A 3 5 0 1
0 i 2 -1 -1
A = — I A=l 0 -2 0
= 898 (- 21240010 Ans.: A 7 7 7 Do
-5 -8 6
EER % 0 0 4 } 2 o F 5 3 (Reter Section 3.3.4) (6 Marks)
966 Ex.5 A= 2 -1 o and find A™' find A™2 g
A*-3A'-8A - 7A’_10A—41=] 6 9 6 |v ..Ans. 2 wiE -1 > Dec 17
669 I 2 Ex.11 A=| -1 0 3|andfindA .
5 5 0 31 -2 Q.2 Find the eigen values and the corresponding eigen
Ans.:A'=| 2 _jy -3 8 6 vectors for the matrix
5 5 0 7 7T 7 1 0 -4
Verify Caylay-Hamilton theorem 0 0 -1 Ans.:A'=| 1 -2 -4 A=| 0 £ 4
101 3 -3 4 =t 5 2 -4 4 3
= T 7 Refer Ex. 3.3.8) (6 Marks)
Ex1: A=| 0 1 0| and finga~' X6 A=l 2 -3 4landfing A" 2 1 -2 e
00 1 0 -1 1 - )
10 —1 Ex.12 A=| 1 -1  1|andfinda™’ > May 18
- 1 -1 017 r
Ans.:A™'=| 0 1 g Ans.:a'z| —o g 4 8 -1 2 1 1 Q.3 Using Cayley-Hamiltor: theorem, find A™" where the
R - Jd L 1237
00 1 -2 3 -3 5 0 35
1 4 matrixA=| 2 4 5 (6 Marks)
112 2o Ans.:A'=l T -2 3 356.
Ex.7 A= 2 -3 -1 |andfingA™" A
Ex.2: A=| 3 1 | Q:Qm_._n_)l_ 1 2 i m -1 m Ans. :
2 31 5 5 The characteristic equation of the matrix A is given by,
=2 5 - -1 3 o 10~ -A 2 3
nouw T Ans.:A'=l g 4 4 Ex13 A=| 0 5 4|andfinda”’
- g lA-MI= | 2 4-2 5 | =p
Ang.:pA's| = Z3 5 7 -5 —11 -4 4 3
RS [T IET] 1 16 -20 § % e
0 10 1 E =
z =i =2 Ans.:A ' =— 16 13 4 3 )
T 7T Ex8 A=l 0 0 1 |andfinga’ 81 o u SV -dh+1=0
1 -3 3 2 2 ¢ The cayley Hamilton theorem is verified if A
2 11 3 -3 1 Ex 14 A= R [ satisfies the above characteristic equation i.c.
Ex.3 A=[ 3 -1 2|andfindA™’ Ans.:A”'=[ 1 0 o -7 2 -3 A~ 11AT-4A +1=0 (1)
P 1 1 01 0 5 -6 -2 We have,
X -3 = i 3
2 5 T T 1 3 Ans.:A'=5| 1 6 2 1237123
o _ -1 =
ansiatal 1 =2 g Ex8 A=l 1 3 -3|andfindA "1 2 el aas|l2as
A= 2 5 10 -2 -4 _4 1 2 .
P ; Ex. 15 )M—H 1 _H___:ﬁ_» 356 .356
- 0 = 3 -
2 2 3 1 3 -1 B [ 14 25 31
2 -1 -1 Ans.: A H_H 1 ._“_
g =5 -1 - - il
Ex.4 A=| 0 1 2 and find A™' Ans.: A" = bl qm € 9 =| 25 45 56
PE s =1 =1 =1 Ex.16 A=| 1 2 3|andA™’ - 31 56 70
4 4 4 1409 (1425317 [123
J B =8 4 A=A’ A =| 25 45 56 245
>=u.">._um -6 8 -2
5 —3 1 L315670) L3sse
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Linear Algebra - Matrices

Short Questions and Answers

Soln. : Given Matrix

2 3 4
Ex. 1:Find the rank of amatrix A= | 7 8 9
1112 13
Soln, : Given matrix,
2 3 4
A = 7 8 9
11 12 13
2 3 4
Operate R, - 3R, ~ 1 -1-3
1112 13
1 -1 -3
Operate R, &R, (orR;;) ~| 2 3 4
11 12 13
-1 -3
Operate R, - 2R, Ry= 11 R, ~| 0 5 10
0 23 46
I-1-3
Onﬂﬂn.mn. and Ww ~ 01 2
01 21
1 -1 -3
Operate R,- R, ~ 01 2
00 0
Which is echelon form Matrix A
Total Number o
- Rank of A =p(A) = z,m%.ma 2 S_was,w”am
all zero
S p(A) = 3-1-2
SOpA) =2 v
123
Ex. 2 :Find the rank of amarix A= | 4 5 6
789

1 23
A = 456
T80
1 2 3
Operate R, -4R,and R,~7R, ~| 0-3 -6
0-6 —12
123
oﬁas._.ﬁlwgnwwp ~ 012
012
123
Operate Ry~ R, ~| 012
coo
which is echelon form of matrix A
Total Number o
. Rank of A =p(A) = Z.,M“_W{oho___ @ Szmnﬁ_m:w
’ all zero
Sp(A) = 3-1=2
= plA)=2v
1 3 5
Ex.3:Find the rankof A= | 1 2 1
103
Soln.: Given Matrix
1 35
A= 1 21
103
13 5
By R,-R;Ry-R,~ | 0 -1 -4
Oiruidiig
1 3 5
By Ri-3R, -| 0 -1 -4
0 0 10
S pl(A) = 3V
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Fill in the Blanks / Multiple Choice Questions

Q.1 If A is a matrix of order m % n then rank of the

matrix A is

(a) 2 max, (m, n) (b) 2 min (m, n)

{c) = max (m, n) (d) < min (m, n) Ans. : (d)

Q.2 If A is a matrix and there is a non-vanishing (non-
zero) minor of order r then rank of matrix A
is,

(@=2r (b)=r ()<r (d)r+1l Ans, : (a)

Q.3 If A is a matrix and all minors of order > r + 1 are
zero then rank of matrix A is

(@=2r M<r (©=r (dr+! Ans. : (b)

Q.4 If a square matrix of order n with |Al = O then rank of
matrix A is

(@>n (b)=n (c)0 (d)<n Ans, : (d)

Q.5 If a square matrix A of order n with | A Iz 0 then rank
of matrix A is
(@>n (b)=n ()0 (d)<n Ans. : (b)

Q. 6 The rank of null matrix is
(a) Notdefined (b)0 (c)1 d) Order of matrix

Ans. : (b)
Q.7 1If A is a square matrix of order n with
p(Ay=nthenmatrix Ais
(a) Null matrix (b) Singular
(c) Non singular (d) orthogonal Ans. : (¢)

Q.8 If A is a square matrix of order n with p (A) <n
then matrix A is
(a2) Null matrix

(b) Singular

(c) Non singular (d) As above

Ans. : (b)

Q.9 Rank of the identify (unit) matrix is
(@) T (b) 0 (c) Orderof matrix (d) None of these
Ans. : (¢)

O _e :. A is a matrix Eon 3. n_nan_._.ma. transformation
operating on A, rank of matrix is
(a) Same (not alter) (b) Reduced by |

(c) Reduced by 2 (d) None of these Ans. : (a)

Q.11 Which of the following is not elementary
transformation ?

(a) kR; k#0 (b) R, - R,

() R+kR, k#0 ()R +k k#0 Ans. : (d)

Q.12 Which of the following is not elementary
transformation ?

@C-C k=#0 (b) G- k20

(©) kC, k=0 (d) C+kC, k=0 Ans. : (b)

Q.13 If A is a matrix with rank r then the rank of its
transpose matrix A" (OR A”) is

(ayr—=1 (b)r+1 (c)r  (d) None of above Ans. : (c)

Q. 14 The rank of the identity (unit) matrix is
equal to

(a) Zero (b) 1

(c) Order of a matrix  (d) None of these Ans. : (c)

Q.15 If A is a matrix and PAQ is in normal form then

(@) P=Q. ®) P2Q’
(c) P and Q are unique. (d) Pand Q are not unique.
Ans. : (d)

Q.16 If A is a square matrix and PAQ is in normal form
with two non-singular matrices P and Q then

A=
-1 -1 -1 =1
(@ PQ BP Q (©QF @Q P
Ans. : (¢)
Q.17 From the following matrices which is not normal
form of a matrix .
0010 1000
( 0100 dice
Yl 0000 |®
0000
1000
100 1000
(c) 010 @ 0100 Ans. : (a)
001 0010

@ m:m....am::m ,___m_,:mamuom -1 _U— m_»._.E_ z_._ .m

Q. 18 Which of the 3:25_.6 matrices is not a ne_._._._a _.E.E

of a matrix
0 Lo
LT e ol2]]

Ans. : (d)

Q. 19 Which of the following matrices is uE.Ew_ ?nB ofa
matrix

Linear Algebra - Matrices

ﬁ I c“_ ) :.
(a) 00 (b 3
L0
(c) 01 (d) All above Ans. : (a)
222
Q.20 Therank of the matrix A=| 3 3 3 |is
4 4 4
@0 M1 ©2 @3 Ans. : (b)
12 3
Q.21 Rankofamatrix| 3 6 9 [is____.
4 8 12
(a)0 b1 (c)2 {d)3 Ans. : (b)
100
Q.22 Therankof the matrix A= 0 1 0 |is
001
@3 ®2 @0 (@1 Ans. : (a)
100
Q.23 The rank of the matrix A= | 1 0 0 |is
£ 001
(a)0 (by1 (c)2 (d)3
Ans. : (¢)
Q.24 The normal for of matrix A is [L] then rank of matrix
Als
(a) 1 ®2 (©3 (4 Ans. : (d)
Q.25 If A is a matrix of order 3 x 4 reduces into normal
form [I, 0] then rank of matrix A is
(@3 (4 ©2 (@1 Ans. : (a)
Q.26 If matrix A reduces by using elementary
transformation into
;H_ o J then normal form of matrix A is
01 o]
1
@L] O ©@L @ E Ass.: (¢)

1000
00
ttansformation inzo WM_ 00 then norm form of
000
Bsixb.mm
. c
o[l wono o) om as:o
100 |
.Qv«ﬁﬁﬂﬁoﬁmawﬂabrﬁo 11 jis__
(@0 ®m1 (2 (@3 Ans. : (¢)

Q.29 Which of the fallowing is a normal form a matrix

[43]
Soln.: A= [ 3

Operate R, - 2R, ~ ﬁ

2

5

%l

. Rank of matrix is 2.

_H I QH_ _H I ou_
@102 ®f 90
Lo 010
A&_chu_ | 001
001
Ans. : (b
257, |
Q.3 ._,_uonwnro-.w_ﬂw&a?u_H i is
(@0  (b)1 (e)2 (d)None of these
Anps.: (c

-

(©)

(b)

(@

-

1
o o o oo o 9 o

form of matrix ____.
120 57
0032
0015
. 000 9
105 77
0012
0003
ﬁooocl

o o w oo o -9

P—T B — Tl T — =

0
4
3
1.
2
0

Q.31 Which of the following is a echelon (cannonica

Anps. : (
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4y dp
Q.56 If A=| % 3p 2y
Ay dy Ay

then trace of A is equal

to,
(a) Ay + ), +A; Where A, A, A, are Eigen values.
(b) IAl i.e. determinant of A

(chay +ay+ay

(d) Eigen vectors X, X;, X4 Ans. : (c)

Q.63 If A,, Ay Ay...,A, are the Eigen values of a square
matrix A then
(@) A=A, Ay Ryt Ay
B A +h+ b v A =a +aytag+.. +a,
EF.LI.F.::.F
AT AT A
{d) All above

the Eigen values of A™'

Ans. : (d)

Q.57 If Ay, Ay, A are the Eigen values of a square matrix A
then the Eigen values of a matrix A" are ;

S S e O
(@) A g Ay (b) B P A
mo.m o.m ) S O | .
(€ A Ay A E|w.“:|y“:.|».. Ans. : (c)

k]

Q. 64 Every square matrix satisfiés its own :

(a) Inverse

(c) Characteristic Equation

(b) Transpose
(d) None of above Ams. : (c)

Q. 58 If X;, X,, X; are the Eigen vectors of a square matrix
A then X, X,, X, are

(a) Always equal
(c) Linearly independent

(b) Linearly dependent
(d) None of these
Ans. : (c)

Q.65 If X is a Eigen value of matrix A then the matrix

[A-Allis
{a) Singular (b) Noa singular
(c) Orthogonal (d) Symmetrical Ans. : (a)
Q.66 For an identity matrix [ which of the following is true
(a) Rank < trace (b) Rank > trace
(c) Rank = trace (d) Rank + trace = 1 Ans. : (c)

Q.59 If A is a square matrix and A = A" then the Eigen
vectors of matrix A are

(a) Equals (b) Linearly dependent
(c) Zeros (d) Orthogonal

Ans. : (d)

Q.60 If A is a orthogonal matrix and A, A,, A, are Eigen
values of matrix A then Eigen values of matrix AT
are

BT B ERG O T &
@A, Ay Ay ?;_ wp rw (c) WS W (d) Zeros
Ans. : (c)
Soln. : maaoncomﬂﬁﬂs&agau:o. A'=AT

Q.61 If A is a non-singular square matrix then __.
(a) At least one Eigen value is zero

(b) All Eigen values are zero

(c) All Eigen values are non-zero

(d) All above Ans. : (c)

Q. 62 If A is a singular matrixthen _____ .
(a) At least one Eigen value is zero

(b) All Eigen values are non-zero

(c) All Eigen values always zero

(d) All above Ans. : (a)

Q.67 The characteristic equation of a matrix A is
2’ — 1807 + 450 =0 then

(a) A" exist (b) A~ does not exist

(c) A" =18A7 = 45A DA '=A Ans. : (b)

Son. : Since A’ — 1837 + 45X = 0 is characteristic equation
of matrix A.

We have, characteristics equation as
K-SAt+SA—IAl= 0
1Al = 0 = A" does not exist.

Q. 68 The degree of characteristic equation of the matrix A
is equal to

(a) <3 (b)=3 (c) Order of matrix (d) Depend on 1Al
Ans. : (c)

020
3 -23
0 3 0

Q. 69 The trace of a matrix A = is equal

to -
®15 ©-2 (@2 Ans. : (¢)
Trace of matrix A = sum of the diagonal elements
=0-2+0=-2

(a) 0
Soln. :

ﬂm:nmzcw;:m Mathematics - | (Dr. BATU)

M1-9 Linear Algebra - Matrice:
. 14 -10 . 2007
Q. J0 o et ﬁ 5 -1 _ the FIBRO:YOUOS | oo T s il o i kg A u— 120 |an
e Li2esia
@102 (®9%4 (75 (@84 Ans.:(b)

Soln. : Sum of the Eigen values is equal to sum of the

diagonal elements.
Here, 14-1=13

In all above only in (b) addition is 13.

4 6 6
Q.71 For a matrix A = 1 3 2 | wo Eigen
S s T
values are 1, — 1. Then third Eigen value is,
(a) 4 M3 ©0 (d) 2 Ans. : (a)

Soln. : Sum of the Eigen values is equal to the sum of the
diagonal elements.

whyo= 4

4 21 -2
-53 2
-2 4 1

Q.72 For a matrix A = Eigen values

are .
(a) 43,1 (0)1,2,5
Soln. :

(i)  Sum of the Eigen values is equal to sum of the
diagonal elements.

(c) 2,2,4 (d)-2,5,5Ans.:(b)

a+ay+a,; = 4+3+1=8

(i)  Product of eigen value is equal to determinant of

matrix A
AL = 10
Here, (a) 4+3+1=38, 4x3Ixl=12
(b) 1+2+5=8, 1x2x5=10
() 2+2+4=8, 2x2x4=16
(d-2+54+5=8, -2x5x5=-50
Ans. : (b)
100
Q.73 If matrix A =| 0 2 0 | then Eigen values are
003
(a) 0,5,1 ®) ,2,3 (¢)-1,25 (42,22

(a) 4, 1,0 (b)2,2,1 (¢) 5.0,0 (d)1, 1,3 Ans.: (b)
2107
01 2] ar
003

Q.75 The eigen values of the matrix

(a) 2,2,2 (b) 4,2,0 (c) 3,3,0 (d)1,2,3 Ans.:(d

Q.76 If eigen values of matrix A are 1, 2, 5 then the value
of 1Al is equal to

(@1l (b)8 (c)10 d) 2
Soln. : Since 1Al = product of the eigen values.

Ans. : (c]

Q.77 If eigen values of matrix A are 1, 2, 2 then trace

matrix Ais _____
(a)2 (b) 4 ()1 d) 5 Ans.:(d
Soln. : Trace of A = sum of diagonal elemer
= sum of eigen values

(.78 If eigen values of matrix A are 1, - 1, 2 then trace ¢
matrix A is
®) 2

(a) 1 c) -2
Soln. : Trace of A = sum of diagonal element = sum
eigen values

(d)y -1 Ans. : (b

Q.79 X,, X, are the Eigen vectors of the matrix A the
X, and X, are orthogonalif

{a) A is symimetric

(b) A is non-symmetric

(c) A is singular (d) A is non-singular Ans. : (a

Ans. : (b)

Q. 80 The sum and product of the Eigen values of a matr

2 3 -2
A=| -2 1 1 |isequalto ,
10 2
@521 ®)2L,5 ©51 (@L5

Ans. : (

Soln. : We know, If A, A,, A, are Eigen values of matrix
then.

M+A+h=a,+ay+a,;=2+1+2=5
and A, A A =IAI=2(2)-3(=5)-2(-1)=21

Qal



‘se|qeueA jo abueyn 'saaneausp (€10 (sjooid yim) SS|GEURA 38U puB OM)
BuILIEIU0D SUOROUNY JOj WBIoaY] s e|jng — suonouny snoausbowoy 'siepJo Jeybiy pue is1y jo SeANBALSP [BLEY

: snqaejifs <«




w%ﬂv

Y, O

@)

Partial Differentiation

UNITII | S

Syllabus

Partial derivatives of first and higher orders; Homogeneous functions — Euler's Theorem for functions containing two
and three variables (with proofs); Total derivatives; Change of variables.

4.1 Introduction

As we know real world problems can be expressed in
mathematical language by using parametric equations and
functions. The differential calculus is very effective tool in
engineering and technology. The problems in heat transfer,
wave equations, multiple integrals, maxima, minima,
dynamics, economics, electricity, statistics and probability,
etc. deals with functions of two or more independent
variables. In this chapter we will see the partial derivatives
of functions of several variables, Euler's theorem for
homogeneous function, total ~derivatives, composite
functions.

4.2 Functions of Several Variables

In many applications, the values of the function
depends upon more than one variable.

The area of an ellipse is mab ;

s~ A= f(ab)

Area of a rectangle depends upon length and breadth,
A=f(b);

Volume of right circular cylinder depends upon
radius and height (V = e h), V=£f(r,h).

If the rod is insulated then the temperature u of the
rod depends on distance and time. .. u=f(x, t)

In these examples, the function value depends upon
two variables.

The volume of cube depends on length, breadth and
height; V = f(J, b, h).

The surface area of a rectangular parallolepiped

depends upon three variables x, y, Z.
S, = f(x,y.2).

Triple integration dépends upon thrée variables.
I = fi(r, 8, ¢). The velocity of fluid particle in space depends
uponx,y,z,t ie. V =f(x,¥,2,t)andsoon.

So, the functions of two or more variables are very
important in mathematics.

If u = f (x, y) then the variables x and y are called
“independent” variables or “arguments” and u is called
“dependent” variable or “value” of the function. It is same
for functions of several variables.

43 Domain of Dependent Variable

If the function u = f(x, y) defined for the anuoa pair
(x, y) within a certain area in x-y plane, then that area is the

domain of dependent variable u.

Here, for every x and y, the dependent variable u
possess unique value.

4.4 Partial Derivatives

A partial derivative of a function of several variables
is the ordinary derivative of the function with respect to one
of the variables, keeping remaining all variables as constant.

Let u = f(x, y) be a function of two independent
variables x and y.
1. The partial derivative of u = f (x, y) w.rt x is the
ordinary derivative of u v.r.tx, keeping variable y as
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Example 4.6.2
==|_uunB.._:E:__.Zn:u_Sn:!oﬁ:E-

Jdu
a..-n:w.z...um.._nqm*.mw—:ﬁmn
Solution :
Stepl:
Given : u = log(tan x +tany +tanz) A1)

Here, u is function of X, ¥, 2
Differentiate Equation (1) partially w.r.t. x, keeping y
and z as constants.

3 Using standard results :

ﬁ& llog f (x)] = :5 & :xL
...f(x) = log (tan x + tan y +tan z)

i | d
= {anx +tany +tanz) “gx(lanx +tany +tanz)

!|||j\|l|..\

sect x

h.. use %:EZG w@%uu

du | 2
ﬂ = :E_x+s=u__+§5?on XD
Similarly, we get
wo_ =y ;
dy ﬁ.&.xiﬁ&iﬁs «3)
m . use &..AE_..E sec wu
du sec’z
and 3 = Tanx+tany +tanz) ~(4)
h.. use mnf._..wuumnn uv
Step 1l :
sin 2x % Equation (2) + sin 2y X Equation (3) X sin 2z X
Equation (4)
du du

sin 2x - mx:_: 2y- M.q sin MN.M

|h sin 2x - sec X uh sin 2y - sec’ y v
fnx+tany+tanz)” \tanx +tany+tanz
h sin2z-sec’ z w
¥ tan X +tan y +tan z
Hence,
du du

sin 2x wn+$= 2y wg o+ sin 2z % .

s 2
mﬁma sec’ x +sin 2 .sec’y+sin2z-sec z
(tan x + tan y +tan z)

mn__.; cosx-sec?x+2siny-cosy -sec’y+2sinz-cosz- momN
{tan x +1any + tan 2)

T._: N T el & gy ey T s&I“—
ftanx+tany + @nz)

2 (tan x +tan y +tan z)

= T(tan x +tany + tan z) 52
Hence,
du du
=2 "
sin 2x - wx+m_=mw $+msmn % 2 wAns
Example 4.6.3 m»
1 w_._ u
Hu= then find the value of —
).__nu+¢_+uu Fa 3.
L2
pe
Solution :
Step1:
Given : o= : n? + ..:._a (1D
’ ¢au+wu+un 4
Here, u is a function of X, y, 2
Y ou = xy,zor U4
AN
y
Step 11 : Differentiating Equation (1) partially w.r.t. x,

keeping y, z as a constant

2 Using standard result : ...T_w:a:.ua 0! .W:&

r 3 =11
B T

du -1 _ap d
el hqu?;ﬂ&.%uS.ﬂ?u+mp+u~v
r||<|||\
2x
-1 r
.Wm = nNI?~+q~+nJ X x)
- d
ﬁ. cwnmﬁwnuxu
= |u_“x~+u.u+u~,_,wa
—— . du ;
Again differentiate 5= W.rl. X, keeping y, z as
constant.
& 3 () 2 :
gy _ ﬂmﬂuuﬂ_la?»+um+~uu )

...(Using sin 2x = 2 sin X - 08 X)
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= Using standard result

HI_HAC%MQM+w~+u~u.5+9n+u.u+u~vu

T&ﬁ uuc— +y e R

=— _H M.\Iuw.w {x +v.p+uwv|
_3x?

d d
[ 1= gre 0+ 00510
Or
4 d g
e 0 =1 @+ 150

Qu.:m w2 }
M
d
. MQL

I u
{
1

Q +u__ +NV

Jl\
2x

+o.. +y +:.S ”—

i |

A+ 4T

1
+
? + u.u +~.Jua Q.n +u.u + NJSH_

Multiply and divide second term by (x* +y +2°)

u|- -3z . C+y +2)
[ P4y 42y (Y ) ey )"
[ _3x (+y +2)
== +
L ?~+u_u+~~v£ Q~+w~+ 2"
1
et ﬁxu+u.n+nnvu__u_Iwuu+?~+%m+~.u:
% _H |Nx~+u.m+n~
i - (2)
' Qn + u_.u + NJS (
- wnu|wu.,n~
=l ﬁf?&i
Similarly we get,
d_ [ente?
..&_.u i cm + u.u +n~u5 -(3)
and ﬁ _ [ |au|w~+w~»
7 L (F+y+DH” -4

Step II : Now, adding Equations (2), (3) and (4), we get,

du

B P, (B
&p mum Aam+u..u+~»u$

u._.h Ianlu__u.._.m,u.u u
:u+u.~+u»u$

+h |n»+uu__u|ﬂ~
qu+qu+~uv.$

Partial Differentiation
Fu v P 1
o wwn oz ?u:_:mu%n
(=26 -2 + 26 -of +2F ]
=0
Hence,
du o P
..m“s+.wv.|+..m.Mu=\ Ans.
Example 4.6.4
Hf u = ¢ (x + ay) + y (a - ay), then show that
e»_._ b».@
' ’
Solution :
Stepl: Given:u=¢(x+ay)+ (a-ay) (1)

Here, u is a function of ¢ and Wy

Also, ¢ is a function of x, y and y is a function

of x, ¥
u—-s ¢, Yy or u
N K
L b v
I %
X y x ¥
Step I1 : Differentiating Equation (1) partially, w.r.t. y,

keeping x as a constant
4 d d
.:_Hax [I+11] uﬂntaﬂASg

LI=0(x +ay);

= Using standard result :

=y (x—ay)

du  du d
ﬂ = ﬂa?.ﬁ«f%&?rmé

; d
= ¢ ?+m3.M?+w5 +V' (x - ay) .Wcﬁlwi

e —— {
a -a

¢ (x+ay)-a+y (x-ay) (-a)

44

g G . du
Again, differentiate wlw w.rt. y, keeping x as a

constant
3(3)- (3ewem)e

* hw,ﬁ?r&;u (-a)
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Partial Differentiation

Example 4.6.7
H u=ztan" A.wv , then prove that

Pu P P
wtyta?
Solution :

O._<n=”=HN§Lﬁwu

Step1: y

Here, u is a function of x, y and z

U—=xyz or \nq/
Xy i
StepII: Differentiating Equation (1), partially w.r.t. x,

keeping y and z as constants.
2 -2 )
x - ra Ll \y
= Using standard result

_ﬁ% tan”' (f(x)) = I_J. !8&

+[f(x)7] dx
;)
@
5)G)

m_._

Again, differentiate 7~ F w.r.l. x, keeping y and z as

=g
TA&

constant

- 240

X X +y

d |
PRt T. 0= [T dx S g

= Using

t9)
{

-1
A &Hu

r}

2
Wﬁ - R 2)

Differentiating Equation (1), partially w.rt y
keeping x and z as constant.

< Using standard resuft :

%W ™ () = e (1) s £X) = @&

1+ [f(x)]

R O J
)
(&)

- (#5) ()

. du .
Again, differentiating M w.r.t. y, keeping x and z as

constant
_._ - 9 (ou) _ @ﬁ X v
ay \3y) =7y (F+y?
ﬁw 1 1
> Using standard rule :| 57 MUH ﬂ”_
- Lwavﬁu:.. ? +v)
2y
Fu ey
o - ru :_UZE.L Ty O

And differentiating equation (1) partially w.rt. z,
keeping x and y as constants.

W E-A U&E

(4

Step 1l : By adding Bcnnoum (2), (3) and (4), we get
du du

oy el uﬁ Ayt “+_;u+c”_
du du Fu 6.7

-w....ad.v.wl.wu.‘.mluu. = . ADs.

r
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Partial Differentiation
Example 4.6.8 i mw.m - _uu+m~+~$._ra,mu
==u_an2xu+mu+nv.:.s:uaﬁ__..s" mw (x +y +2)
RS- du du @ du +Z 4% 5
c_::JTx &mJ«uA %q-k_IJJQJ.Z £2)
Solution : Similarly, we get
StepI: Given,u=log (X" +y +7) (1) Wm_m 2 muhm..ml.v{lw._w )
X +y
Here, u is a function of x, y, z R T .
ie. u—xyz and T ?u.;_.u...nu -(4)
StepII: Differentiate equation (i) w.rt. x partially, | Sgep ITI :
keeping y and z as constants. )
Adding Equations (2), (3) and (4) we get,
2 Using standard result : %_._ mu_._ muc xu.:._.».aun 1
FATTI+ T = =1 T 1
ﬁ log (W) = Aul &,:S n& Oy 9z (XY +2) X4y +Z

d M n-

..WEE =nf(x) _.ﬁm&m?u: +y+d)”
du o 1 .him‘.f&@au
ax .L» +y +2z ox * ax

f-IIJ\IalI'I\
1

n;\uu+w~+u~.ﬁt

Loa ! L u.ﬁd
B SR u~+w.~+nn

[...Here, Using standard result d((\f(x)) = Z.&m d(f(x))]
X
T
. ., oa 3
Differentiate T WL, keeping y and z as constants.
= Using standard result :
d d
n mﬁ ) _Hmcc g f®) = f(x) - mo&
x)J= gx)’
or
d d
dfI ? "ax -E‘mu_&
-9 ey B "J|
ol —
%-18-10
W T\ T Ky +z
F)
QN:?&.%M, M=) -3 (7 +y +2)
{ {
1 2x

3 T
f.+<~+~nu

Multiplying both sides by (x” +y* +z°), we get,
du du 2w a

e +w +27)- _Hlu+$u+ma

|
e +7)
Hence,
2
Q +m ...: w~=+w|u.m+m& =1v ...Ans.

Type Il : Examples on verification of

Example 4.6.9
2
Hu= xuq +o.$,=..n: prove that %qun %”_.m.x
Solution :
Stepi: Given:u |xv.+n.uu (D

Here, u us a function of x, y

u
S U= XYy or \/
x y

StepII: Differentiating Equation (1) partially w.r.t. x
keeping y as constant

I d 4
3 Using standard resutt : ;.ﬁm?ﬂnﬂc:ﬂﬁs“_
hw €=c®. 4 so”_

]

du 2 3 d a.uv

Lt Mm:. N+30 (e
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it S =Ae - —gx)- i —
ma+3+w. °e |IAH..Iu.|H.MU,m ¥ «+.Ans. a cos (nt - gx) - (~£) (- g) + Ae"® sin (nt - gx) % Using standard results : Partial Differentiation
o é
47 Tofi . i (i) ﬁ =5 ¢ ﬁ Wyp e ®
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Solution : 2
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ax o et =gn): E x) % ~a et e ™
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; r - ta® a-1
Now, Differentiate Equati du : . at = 3
P on (1 i L. m ——— t
R e g (1) partially wrt x, = M2 i m__w T 2
2 u i L ﬁﬂv .3
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_ s ?I.E%Iﬁ_ne.zmg.:
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Partial Differentiation

Ex.6 If w = Axn * Y o+ 2y then prove that

SEGEGE

v oy
Ex.7 If v=xthen show that ay = Sxayon
Ex.8 If u(x vy, z)=cos3x Sm 4y sinh 5z  then find the
Pu du m_.._
valueof =S+ 5+~ 3
i 3 a7
Ex.9 |If = [ - 2xy + y1'% then prove that

Ex.10 If x=e ™. cos (rsin 8) and y = ' “* - sin (r sin ),
_sm:uaé__:&
& 13y oy 1o

ar=rTae A roe
Ex.11 If u=yx"+y +2" then show that
TR h?% h?v
(i) — |+ |+ 1
ﬁ&u ay 9z
@ Lu du du 2
o Y
Ex.12 If u=(¢ +< +N_ ?n.:mqm_:mo_;ir_nz

satisfies the equation ——

4.8 Variables to be Treated as
Constants

Let us consider the implicit functions,
f,(u, v, 1, 0) 0 and fyu,v,r,0)=0

[}

Let, x = rcos®; y = rsin@ ..(48.1)
F=xs q»munm

)

and we have to find 20 We need a function which

has a relation between r and 8. But in above equations, one
more variable x or y is extra i.e. there are four variables x, y,
1, 0. So, we have to eliminate only one variable out of four
variables from Equation (4.8.1). We get two possible
relations :

r xsec B

..(482)

r = ycosecB ...(4.8.3)

Now, we can find very easily w either from
Equation (4.8.2) or from Equation (4.8.3). But, we get two
ot s x L

different values of % To avoid this, as to which variable is

consider as constant, we use the following method

= TWV = Means, first write u as a function of 8
¥

and y and then differentiate u partially w.r.t. 6, keeping v
as constant.

s AWV = Means, first write u as a function of r
x

and x and then differentiate u partially, w.r.tr, keeping x as
constant.

= hww.v = Means, first write x as a function of y
f

and r and then differentiate x w.r.t. y, keeping r as constant.

Example 4.8.1
|noao _8ing
W =g T ou !
Y (du oy m|=v

evaluate ﬁm.._u hwuu +m ;
OR If x= y= ..!q.m then find the value of

ax wl &y

S @06
Solution :
Stepl: Given: x = no_wm“ y = w_”m

Differentiate x w.r.t. u, keeping 0 as constant and y

w.r.t. u, keeping 0 as constant.
1 1
¥ Using standard result :,Thiun1|~u_
X %X

d 8
dy — sind
2, - =
Step I : Now to find u as a function of x and y

Squaring x and y and then add, we get,

2 o 7 -
2, 2_ cos® sin'® sin'B+cos’® 1
S XKty =T +T = 2 =
u u u u

‘v

5 sin” @ +cos” 0= 1)
2 1

= u = "3 3
N-—-u-

(Here, we get u is a function of x and y)
u—=f(x,y)
Step LIl : Differentiate u w.r.t. x, keeping y as constant
=¥ Using standard result :

ﬁ %m::

P =}
(f(x))? &:L
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mr— _. h- 2 2 2 s _
u:ﬁmxu = ||?»+«J..tmu (x +y) = u = %.J_m
y Here, u is function of x and y.
@ StepII: Now, differentiate x w.rt u keeping 6 as
du 1 ~Zx constant.
Zu| == S S A & )
ox Jy (X" +y") X" +y") 1 !
au " = Using standard formula : n_h:uu -
n) T T aRyy (3)
4 ﬁl& _ cos@
Now, differentiate u* w.r.t. y, keeping x as constant du /e |=~.
m:ﬁw w, = = % w 4y and differentiate u w.r.t x keeping y as constants
e n(@), - T E
(2y) ¥ —
and m:h@hw == 1 Dy -2y (2x)
)T Wy T /ey & Q._L = (.
. AEU = - 4 B R O
Gy T T ud+y?) wih) h%u _ —x
Step 1V : By using Equations (1), (2), (3), (4) we get, axJy u (& +y")
\@v mEv h&.w hﬁ, Step 11T : Multiplting ,
m_:.&ﬂr?e%_, =) (du cos B (__—x
. B3, - B =5
|ﬁ|8w¢uﬁ -x u+ﬁ|m_=dﬁ -y v ou e\ ax )y —uJ\ u(x +y)
U u( +y'Y o’ u(x +y") xcos x cos 044"

xeomw 5 MmE__w
T (x +u__~u~ v +< y
1
= "3.131 2.:2° in B
TRy [x cos B +y sin 6]
= ks _”nol_,q.m o2m+E w__._mu_ ..Given
3 1)z u
@-(3

s Towum + miui
= \MH o

_ cos'0 + mwnmi e
= | U=

Hence,

=G+ GE). -

_._ucnn + U.JN = A

St

0s 0

Example 4.8.2
f x="5" ;¥ ==, then prove that

w0y (35),=eor®

Solution :

Stepl: Given:x =

2 .2
244 cos B sin'B
x S50

u u

= xucos® == = - ucos B=cos’®
...(From given)
Hence,
ﬁWue .thwn cos’ v . ADS,
Example 4.8.3

nm e +eY “qum (¢°--e™% then prove that
or

ﬁuouﬁwuu.‘

Solution :

Step1: Qm§_xawmoo+n.uv =rcosh® and

u.uw Anelarevn_.umur@

Squaring and subtracting
and aulﬂ = rcosh’® - sinh’®
= 1 [cosh™® - sinh’6]
1
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Solution :

4-24 Partial Differentiation
um.&lc...-ué‘ﬂ umﬁl-u.(“lr.. w a9
du ax 2y W) = 0- c.m:_ ﬁ
where a, b are constants, *_zn_hﬂu‘ Ju k u \ y
124 v
Stepl: Given: x = ayJu+bv 5 AN b
* = anfu-byv ’ \% v B 24
ave 1o find u as function of x hnmlv.. _ (©
We have to find u as funci X ¥ . =3 - h:t% (C
ie. We have to find u=f(x,y) and x =1(u v)

(given)
Since, x* =

Step 11 :

< Using standard result :

(%)
2x FR ;i =

ax
el =) =

du

Step 1L : To find v =

i.e. to find v as function of x, y

=

Adding x” and y*

Step IV :  Differentiate Equation (2), w.r.L. X, keeping v as
constant.
I m:w 1
2+Ju L dx un 2a mx? +y)
{
(2x)
N 1 X
T = Tidx==
m/.__l._ dx ) 2a a
du
—| - 2w .(B)
ox a
¥
Step V: From Equation (A) and (B)
2 AW = ﬁwﬁ ;vﬁ & v-w 3)
ox S, \ou ) T\ a axqfu) 2
Step VI: Alsowe haveto findv = f(x,y)andy =1 (u, v)
Since, Vm = mﬁL, v

ayus b ()

Differentiate  Equation (1) partially. w.rt. u,
keeping v as constant..

| hw a A
_._mlz__..lc = o . 4xafu A

fooo]

=% Zﬂu+c
{
)

f{x,y)

.(2)

and for v=1(x,y)

73 2
X -y

K

(afu+ bf¥) - (anfu-tfv)
2+ v

1 2
TR

Step VII : Differentiate v w.r.t. y, keeping x constant.
v I y
3 e B BEW=-7
dv 294V
W)= v )
Step VIII :  From Equation (C) and (D).
dv mm_ s v —-b |
) o) (G -
Hence,from Equation (3) and (4), we get
du ox 1 av ay
ﬂw.ﬂ.umnﬂ.ﬂe\ ...Ans.

Example 4.8.7

2
If x* =au+bv vy

() (&).s

=au - bv ; then find the value of

).,

Solution :

Step I : Given : X' = an+hv : D
i.e. Vm = au-bv w(2)
We have to find u and v are functions of x, y
ie.wehavetofind v= f(x,y) = f(x,y)

x=fwv) ; y="fv

Given, x and y are functions of u, v

From Equation (1), differentiate (1) w.r.t. u, keeping

v as constant

dx
2x Mm_.
ww
2x s

KA
30 (au +bv)

f|<|\

a

1}

U
¥y

1]
2w

Engineering Mathematics - | (Dr. BATU)

4-25

From Equation (2), differentiate (2) w.r.. v, keeping
u as constant,

dy B
2y .mﬂ = o (au - bv)
..IJ\l\
(-b)
By . ) _ b
2 av ), == v ), "2
StepII:  Adding Equations (1) and (2), we get
x~+u..” = (au + b)) + (au - b¥)
|
= 2au = u = MQNJ&
and subtracting (1) and (2), xm|u_ = (au + bv) - (au - bv)
= ?R+319&+a£

= M_ZU,.lm_u? LL

Differentiate u w.r.t. X, keeping y as constant

d
r|<|\
% (2x)
%) = A=
And differentiate v ‘w.r.L. y, keeping x as constant
v 12
P Fox )
—
(0-2u)
m - 5 0-2) =
Hence,
-HE)EE-E® B
= 4 mu ...Ans.
2%
Example 4.8.8

If x =utanv;y =usec v, then prove that
Solution :

Stepl:Given: x = utanv ; y=usecv

We have to find v, v are functions of x, y

ie.wehavetofindu=f(x,y);v="F(x,v)

StepII:  Squaring x, y and subtracting,

7 2 2. 2 2
¥y -X = utan v-u sec v

Partial Differentiation
= _._p:cou_.._._m__ui =
—
1
u__»|xu = e | sec’ X — lan” X = 1)
Differentiate u” w.r.L. x, keeping y as constant
.._N i u__mlxm
m_._ 4 2
mx T ox =3
—
(- 2x)
du du zuy
ol 5] wm Sdeslias) =
dx J, ax , U
_ |ﬁls=¢.4
N A
du
), = —tanv Al
Differentiate u” w.r.t. y. keeping x as constant
du 2
oy )= '
{
2y)
du _x du y Ysecv
and Zal =] Py sy i e —
)T T TN Ty
du
Im.m. = secv .(2)
Step 111 : Now, to eliminate u, from x and y,
xka.r_:—._ sin v o
y=ysecv ‘ﬁ | =sinv
7 Leop,
w =sinv {A)
Step IV : Differentiate Equation (A) w.r.t. x, keeping y
as constant.
10
y 9 (x) = mx 5 (sinv)

{
&
1 cos v h mqug

ﬁmmJ
cos vV )

dv 1
= TvMU = yecosv (3
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dy ] h_il,__u
2wl

"

ORI

Step IV : Tofind v —f(y,uk
~. From Equation (1) ;
n
X = — put in Equation (2)
u-ny
vo= | T |-my
Differentiate v w.r.t. y, keeping u as constant
dv d 0
hm&, * R 0)
(-n) 1
2
dv n _ @
G-
ﬁuu i} -_..EH_ i
dy J, m

StepV: Tofind x— flu, v)
Eliminate y from Equations (1) and @
Therefore,
m % Equation (1) + n x Equation (2)

mu = —.—.—ux + mny

nv = n_.nxlq_._._.;__
—mu+ny = 3~x+=&u__+au»|3%
mu+nv = H:._»._.aug.k
M + nv

X TR
m+n

Differentiate x w.r.t. y, keeping v as constant

ax B (R
(&), - 7 qotmem

—

m

ax m
beql T 2 ..(D)
h du u. mi+n’

Step VI: ... From Equations (A), (B), (C) and (D), we get

du) (9 Wu ov
Hence, Imﬁu w|< “\ou ), \dy :

= (i) mw_& : hlﬁ_ﬂu APG._\W_HDW =1Y  .Ans

m +

Ex.1 lfu=x +M =rcos B y=
(2):(2)

(505

Ex. 2 :cu__x+§__._,__u3x|_:._,wum=w:osn:m_

0] ﬁmx« au Jy ___M+_._._

2 2
Lo () () _Lim
o h%u. ?L._ g
49 Composite Function (Function of
Function)

[fu=Ff(x,y)andx=¢ (r,0);y
is called composite function of independent variable r and 0.

%/ xn\ /<

u—sxy—sn0 o

N A

Fig. 4.9.1

r sin 0, then find

=, (r,0) thenu

Chain rule for partial derivative
du du  dx L du dy
or = ax o tay o’
du du mx du dy
and 35 = 5 0 Ty 96"
Similarly, Ifu = (x, y, z) and x = ¢y (s.t),
y = Oyfsit), z=ds(s0) thenuisa composite function
of independent variable s and t.

u

\q,.
U—s Xy Z—=sst or o (g 5
% ./Amf\

Fig. 4.9.2

Chain rule for partial derivative
du_ du 9x  du w.,.. du oz

ds _ ox 0s mv.. ENRS
du du dx du dy du dz

and 0= 3 3 *oy ata a

S

Fig. 4.9.3

dt
/ 1\
U—aX,y—»T7, 0,4 or i
'
r,0,94)
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Partial Differentiation

Also, If u = f (x, y) and x, y are functions of three
variables r, 8, ¢ then u is a composite function of three
variables r, 8, ¢.

and d o +

dp T dx  do
Also, we can find the chain rule for composile
function of several variables.

dy
dar
9y
"0
Iy
d

The function of the from f (x, y)=corf(x,y)=0is
called an implicit function, where c is any arbitrary constant.

In implicit function f (x, y) = ¢, y is a function of x, and

mno
Therefore,
df _ af dx  of dy
dx T 9x dx dy dx
But, f(x.y) = ¢ = mﬂc
T odx T dy  dx
AN -\\/
f—XYy—>mx or X Yy
W
Fig. 4.9.4
"o
dy _ x| _[&
or dx = - | == T, 3 f#0
m.

2. Explicit function

If one variable can be expressed in tems of other
variable or variables then that function is called
explicit function.

y = f(x) isan explicit function.

For implicit function,

dy P a af

dx |N_£:n3_uamx. mw
I o o't

s=T—— I=

! dyox ' |ww1|~

dy

Differentiating P

w.r.l. x, we get

HF g»TNu.h_u:u»_

e ]

dx n.
r sp
1
= 7| stql; au #0
[t
_ pqo
Example 4.9.1
If ulqnomm.qlqw._..a then show that
mqu mqu
ay
Solution :
Stepl:  Given, x=rcos®; y=rsin®

Squaring x and y and then add we get,

1,2 2 : . 2 .
4y’ = Feost 0+ sin*0=r (cos’ B +sin’ B)

1
xu+_._~ - H.N
r= Wy
Here, ris a function of x and y 1)

F =Xy or !
R
X ¥

Step I :  Differentiate r w.r.t. x, keeping y as constant

2 Using standard result :
dWTRD) == (1)
2Jf(x) 9x

d T
mh mxﬁx+vmx?+u.;
{

(2x)
P "
X T _rx +y"
Squaring, we get
ar Y X
&)~ ¢
. w—- 2 '
Step I1L : Similarly, hlu =%
P tmilarty dy 2
Hence, by adding we get
(&) (222
2l dy) = 2t AT
2
= \xw = 1v ...Ans.
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L9z 0z ox 9z dy x = e'+e’ (1)
and 5y = v dy dv k) W v
y = ¢ -e ...(2)
Step 11 :  Difterentiate (1) and (2) w.r.tuand v
Db =a x_ 07
X3y “qu by = T 2 I—* Xy — UV
Y @pll\l\
a
uxwh % aisinsk = ﬁw|z _ .uh Step 11:  Differentiate z partially by chain rule,
v v oV X
dz dz  dx mw el
BT 1L . oy
14 u = ax ooy du @)
oy L ks B
i m._ (au-bv)=a = 3 =3 o vl R i i - (4)
a Step Il : Differentiate Equation (1) and (2), we get
wa;___ n-m. el = dy _ -b = Using standard result
v v du ~ 2y i)
Jrl\ _H e )= ™ n_x 3&
d
Step I11:  Equation G, becomes, _”3 ngln.B.L

mw m._w.
mu = & w =-¢"
Multiplying both sides by u cu Oy W
= -g; =-e
e _wd awd - o
"ou T 2xax 2y By "7 | StepIV: .. Equations (3) and (4) becomes
and Equation (4) becomes dz WOz Ly 0z
_ — ® e aT =8 nT (5
o ﬁh& whh hu du ox dy
v T ok 2/ Ty Ty t N AR
o ) and i —e o o<m| ...(6)
Multiplying both sides by v ¥ % Y
_ %. _ by ﬁﬁu by h.mluu 6 Step V: By subtracting Equations (5) and (6)
Vo T o \ax ) T2y oy iy imm..|imW|_H__ oz m.._ﬁu_ Tl o wmu_
StepIV: Adding Equations (5) and (6), du By xC By "%y
.h+<mn [au mw au wnH_ _”.z dz bu dz| & _qm,..rm,:mlmL.v.__ln:..mlu
Yot Yoy T ax Y2y oyl T2 ax 2y Cayd e S
|m§+adﬁ m_._l_:.uw x y
U 2 Jox 2y Joy dz dz
= X5 -Y 5o
H_wawul ._..I».wnu_ . ax 7 dy
s B . ...(By using (1) and (2))
2L ox " ¥ oy y using ... By using Equation (1) and (2)
dz oz dz oz dz dz
_H wx:__mL ~ aaT o= Xap ¥ wlw v ...Ans.
L.HS= RHS ¥ ...Ans,
Example 4.9.7
Example 4.9.6 If u=f(r)and r=+/x"+y +2 then prove that:

If z=1(x,y) where,x=e"+e"
9z 9z gz oz
that; 50 - 55 = X3y ~Y3y

Solution :

Step: Given: z = fixy)

; y=e "—e', then prove

:§+=Q+cuu__‘3+.w ' (r)
Solution :

StepI:Given: u =f{r) and qu.,__x +y +2

Partial Differentiation
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u
AN !
u—= 7 - XY,z oor T
(\\/\ >
Xy I
Step I+ Differentiate u part
o
ax - droax
Given, r = )T +“__u+mu

Differentiate r w.r.t. x keeping y and z as constant.

< Using standard, rule :

4 o b,
..,sz__‘mlxlua v ao_

Here, f(x) = X+ V.N +7

dr | 4 2 1 2

& 2 X +y+z _me ks
{

2x
dr _ ﬂmﬂf _x
dx 1\\ X +y+z T
Similarly, we get,
dor _ ¥ dy _z

wlv. =7 and e

Differentiate u w.r.t X, keeping y and z as constant

du dr X
. _— = |ﬁ. -
T :: a (-7
; R 11
Step Il : Again, differentiating oy WX remember

that ris a function of x, y, 2.

< Using standard rule :

d d
S w5012 1) g+ 31

Or
d
:_H%:.En_.mma::.mn_m:m_
Pu Ao X EXES
m = ma_H::Ln::mxhb oK :3
et gt []\
11 )

f Ewuﬁ g+ i S ma

2 Using standard rule :

ax ) - 1) - 3¢ mc@
(g0’

_:
iy =

i o
s T ,9 o ﬁ ar mv
= r e e T =
& r\r ax
a2 ]
Fu 00 x o8 K py
dx L r rog
= }:nJ +w% )
r r
and

Step IV :  Adding the above equations
2 2

Pu du o X X
S (gt e
: 2
. ¥ ¥
H1'm= +PHE|.ﬂ.S
r r
.hu .—._. Hu
+ _J:lm +IMD-|1\S
r r
PR T A [ ?u+u__~+~.~vm.3
(X" +y +~.,+.m [ (r) - 3

R

” \‘\
e
%f%f%; o+ hw _u o
¥ T — 5 = q T L
o r
(|<1.L
2
r
.fl(lu
u\ i
= :._+| r v ...Ans.
Example 4.9.8
If _..»Auu+ +n_ 1; prove that u, + u, +u,=0,

given, P «n s =r

Solution :
Step I : Given : Wii=l o o= ot (1)
and F=xX+y'+d (2)

Here, u is a function of r and r is a function of x, y, 2

AT

Uu——r —= %Y. 2 or

|
A TN
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436 Partial Differentiation

w

%w n J

II,umI.+|\
oy T v

...from Eguation (2)

...Ans,

Example 4.9.11
If ulnx. ¥) s__:nax..;amm Ml-m__..m then shown

?AL @b @b gil- u

Solution :
Step1: Given: z=f(x,y) and x=rcosf; y=rsinb

SN

z— X, y—> 1,0

L

By chain rule, differentiate z partially, w.r.L. ¢t and 6.
9z 0z o9x dz Oy

Stepll: 5 = 50 o Toy or G
and 35 = x 90 dy 0 -++(B)
Since, x=rcos®; y=rsinf
Differentiating x and y w.r.trand 8, we get

)
Ww = cosB @w.. =sin b
W = —rsinf WW =rcos0
Equation (A) and (B) becomes
w” mh?saim?ga ()
and Mm mun :Em:m” (reos®)  ...(2)

Step I :  Now squaring Equation (1),
=» Using standard formula la+ Su =a' +b' + 2ab]

ﬁW% = #HWNHV (cos 8) +®|w (sin SH
ﬁ@» cos’ 0 + @wu -sin’ 0
+25in 6 cos 0 - ﬁ L @u 3

And squaring Equation (2),
= Using standard formula fl-at b= '+ b’ - 2ab)

(&) - (o]
@ o)

dz 0z
—2FsinBcosh = 5 E..

Multiplying both sides by W
1 dz a2 PG 2
Mﬁ J T\A:._ aﬁmx\__ +47 cos :rmb
Nm\v_: B-cost QU AM“VH_
= sin” whwu 4008 mhwu

~2sinfcosB hwu ﬁwu ]

Step IV :  Adding Equations (3) and (4),

Q) - @ ey

hmwv 75 B+ noﬁ 8]+0

ay/) \ i
1

- oG o-G@)
e, (2 (2 = (2] + H(B) o

.

Example 4.9.12

Y

If uu:_._.su _..n_ou?u+q»_“ v= then show that

Solution :
2 2, w__
=log(x +y). <uﬂ

Step I : Given : = flu, v);

AR

7 —U,V— XY
%
By chain rule differentiate z partially w.r.t. x and y
dz dz du  dz dv

Step 11 : wﬂ = mc N +m.<.mx L AA)
dz oz E dz dv
and N m_._ wu__ w: « 3 ...(B)

Since, u= log 4y v = m
Differentiate u w.r.t. x Differentiate v w.r.t. x
keeping y as constant keeping y as constant

du L 2x & _ ¥

ox " X+ ____u cm + 3 ax X

and and
du 2y av 1
dy X+ v,u dy X

ﬂ Engineering Mathematics - | (Dr. BATU)

Step 111 :  From Equation (A),
B (2, 2

~ ()

ax mr._. ..A +y d
Multiplying both sides by y
% _ mu 2x Y oz
Yox T Y .%+w@|mu. v
_d (v r$
= 5 ﬁxdi._unx. T (1)

and from Equation (B)

L TR0
dy wchx;wu v

Multiply both sides by x

mn 2y dz 1 oz
oy T T +y =+x m<H_
() (E)2
- ﬁx~+v__wv, )ty ()

Step IV : m.“_cm___n.s (2)- mbcn__o_.. _:
dz  dz _
y T Yox T Tt
E
v
%
c+ﬁ_+ Nu?

{
WV

]

Hence,

k. u
xwwlwmx = A+¢J¢

Hv__m m:

3 0z
=(1+v Jq

...Ans.

Example 4.9.13

if z=1fu,v) and :ux~|<»"<|m5_ then show that :

Amrw@» st ey (2)
Solution :
StepI:

since u =

Given: z=f(u,v), u

x |V.~.. v=2xy

KN

2 2
=X =Y.

(3]

v =2xy

A

Z—UV—seX,y or u

=50 S

/\

4-37 Partial Differentiation
Step II : Differentiate u and v
W,
x TR | T
and and
du dv
= = =2yl o=
a 1 ay

Differentiate z, partially w.r... x, use chain rule :

dz dz du dz dv

% = Tk .m|x+;ﬂ.m» (A)
And differentiate z w.r.t. y
& _nd i
il 3 +ﬁ_<.mv. ...(B)
From Equation (A), W,M 1.wm Bau + mq (2y)

Squaring
2

d oz
Tx T + 3 ML
) az\ 9z
o ﬁ.%w ¥ ﬁmb w8y ﬁmb FU 1)

“(-2y) + Ec

=

45

S
n

From Equation (B), ﬁmw _

Senit
AN o oz 3’
&) = [orae e

= &.H@ +ax" ﬁ&p..mé@u @ (2)

Step 111 ;. Adding Equations (1) and (2),
qmvp ¥ @.wu = ﬁmum (4’ +4y' ]+ ﬁmup [4y" +4x]+0
oG] 39 ]
weor 8691

aee@-@] .o

2
=) +axly
= x'4 uu - uxumm + nnw.m

Step IV : Since, u” +V' =

4
xeyteady

v = Q.u + u&p

Equation (3) becomes,

& oo [ G )

..ADs.
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Partial Differentiation

Differentiate z, w.r.L. u, partially

B X nh
m_n_...:“:mc i +mMk

Differentiate x and y w.r.t. u and v, partially

Ww = % (' cosv)=¢" cos v
mw._.- 2 .%mﬁo_. sinv)=e"sin v
d
Wﬁ. = w” (e" cos v) + w” ? sin v)
Multiplying both sides by y

= y- e cosv hw”u+ y-e mE,.hwnv.u,::v

Differentiate z w.r.t. v, partially, by chain rule,
ok x N
v dx odv  dy ov
Differentiate x and y w.r.L. v, keeping u as constant

mw = % (e"cosv)= ¢"- (=sinv)

d 2

= = Mﬂ?_..mm:,oun._.nom,..

Wlm = w” (- e m=._5+wu.ﬁ cos v)

EdE g

Multiplying both sides by x

w“ = -x (e"sinv) WNM 4+ x-¢ cosv- WH (2)

Step Il : Adding Equations (1) and (2) we get,

oz dz u u "
Y 2at X3y = 2 :o cosv—x e sinv]

mu

+ [ye'sinv+xe'cosy]

LY gty = g _%._u_:__ﬁw.ﬁtmywsﬁsmi
+m<_msa_=u<+o§no%i

... ( by putting the values of x and y )

o+nu._mw5»<+n8~<vw

{

¥
+

el
n

v ...ADs.

(™
ol
+
v|¥
]

410 By Substitution : Examples based
on Composite Function

Example 4.10.1
i u=fpi-y,y -7, Z=x"), then prove that
13u 1du 19u

xxtyoaytzoz T
Solution :
Step 1: Given: :n:a,fu__....;.”lwu. uunxJ
Let, x-y =1

: 2

y-z =m

2-x =n

Hence, u is function of I, m, n and [, m, n are

functions of %, ¥, z.

AN

u—= iimn—=XY,Z or E

Differentiate u partially, w.r.t. x, y and z by chain

u

rule,
Sloqp: o _ W A dm g
PI: =50 =9 " " om ox Tondx
.(A)
A w o
dyTa ey Tom 9y Ty
Sl A % m oo
and 3 =% "% *om % ‘o o O
Step I :
Since, 1=~y | m=y¥-2 | n=2-#
al am n
AL S |
al am an (use standard result of
Fr T e
a am o _
u- Pt b
StepIV: .. From Equation (A),
du g du
S =5 @+ O+ IA 2)
Multiplying both sides by W
1 du du -23du
12020, (3) 0
From Equation (B)
du du

ﬂ = - 2y) +(2y) + &@

Multiplying both sides eww

ﬁ Engineering Mathematics - | (Dr. BATU) 4-41

Partial Differentiatior

13w % ,du
S5 = 2% *%m 2)
and from Equation (C),
W . O+ 5 s TMHT?HE
Multiplying both sides by W
1w 0w o
z 0 - 3m +2 5 w3

Step V:  Adding Equations (1), (2) and (3), we gt

1ou 1du 13u_
manaﬁama Nxwu.+uw_h|=.\ ...Ans.

Example 4.10.2
Hu=f(e"", &, &™) then show that
du du du

T ay Hingd ]

Solution :

StepI: Given:u = f (7', ¢ ")

Let, l=¢"7 ;m=¢"";n=¢

u— [;mn—XYZ

- \e2

Differentiate u w.r.t. X, y, Z respectively, by chain

rule.
o 0w du 9l dm du dn
StepIl: =5 =% % *om o ‘on ox
(A
W W dm ok "
o oy tom oy tondy &
, B _nd nodmw ok
S =y %tm atwm k ©

Step ITI : Differentiate [, m,n wrtx,y,z
3 Using standard rule

...,ﬂ%ﬁa; =™ % EL

Since, I=¢"™";, [m =¢"* n=¢ "
A _ o _ o
x-° o x-C
o ey om on _
wv.l.w (=1 wuﬁ =€ wu.‘o

mh- w =L -1
s Eehen |G

Step IV : From m::»:osm (A), (B) and (C) we get,

T T
mx um._ N+ am (0% (SRR

du d x- du du
% u% CEN I @5 O )

& BV +

and CRE nn :?? ) (3)

Adding macmsgm (1), (2) and (3), we get
du du du _H (I 1}
AU

Lerer e s ss

Example 4.10.3
_-Zx___u. z - 2x) = 0 then prove that x W

m-s
é’la"

=

Solution :
StepI: Given: f(xy’, z-2x)=0

Let, xvmnf z~-2% =
f(l,m) =

_.II.-:_..lv x;__n or
x__._u
X _.__

StepI1: Differentiate f w.rt. x partially, keeping y
constant and note that z is a function of x and y
da of dl ma dm

Fr i T T T oax (A
A _ o ﬁ om
and wv.u __.m@._.w..:.mu. ...{B
Step Il : Since, f=0 = muo and Wuo
and __uua,u“ m=z-2x

Differentiate [ and m w.r.t. x, keeping y as consta
and note that z is a function of X, y.
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Partial Differentiation
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From Equation (B),
du du (1 du
EY ] hﬂu *3m @
2

Multiplying both sides by

y
 du 1 d du
¥ ﬂuxhﬂm& =5 (2)

and from Equation (C),

- wlcﬁov+@.ﬁkwu
dz

Multiplying both sides by 7
20u_ (1 WEYE
= &k@.% =3m w3
Step V: Adding Equations (1), (2} and (3)

2 du ~m|_._+auw|:
YT dz

m: m.. m_._
uumm‘._.u.m.m‘.u“ wwue\ ...Ans.

Hence,

Example 4.10.7 :
9z dz
If ﬁ;”ﬂ .m.uua__._ozu_.uxn that x 50 +y T 3z

Solution :
B 2 X))
Stepl: Given: .Hﬁx.,. xu =0
Let Eop.ioms (m=0
X X
J—el,m—s X N2 or \L./
N
S
V
x ¥
Step I1:  Differentiate f partially, note that z is a function
of x and y,
o8 _ o A, A om
x T axtam AR
a _ A A 9m
ad 5= 3 "3y tam " dy ...(B)
of
StepIIl: But f=0 = m =0; mmuo (]
ad | = lm.l m=<

3 Using standerd resuits of derivatives
d d
[0 & 100 -0 g0
(gx)’

sl
Or

arll T ..WQTS .WEL

Asld

Differentiate [ and m w.r.t. x and y.

E)
oo Pl X

—
o 3%’
v &z PR 4
m x‘wxluwx ikm.m wnk
w= T & TR
, AL %
an X Oy
om 0 (1) ¥ dm _ 1
Also 50 =Y 5 aVﬂlau ad dy X
—
-1l
Step IV : .. Equations (A) and (B) becomes

of 1 & A,
0= %_“ 3 .malun uag+m§hrs#u

4
¥l
—
# e
Ml

1
2l
—
xul.—-
Fl¥
1

LFE)

™~
>14._
| EE—

of I e O
= ﬁ O i g
YN = - (D)

o

om
aflal " (Ux) el

Step VI: From Equations (1) and (2), L.H.S are equal, so
R.H.S must be equal, we get,

Aoz ., L 1 &
¥ g T2 o

(y) (1)

A.-L._
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1Lu 21 x &
Sy Tty TR
o L& 3 1o
Xy 0k xly X Oy
= Multiplying both side by x ¥y, we get,
Syl Hx o L
w2~ VA
u &
x5 -3z = J~ww
= awnm:Wuun\ ...Ans.
Example 4.10.8
- ff2YL z
::lﬂAq.u.uV;ﬂ:.ﬁoﬁsa
S B du o
mu+¢wq+~m~u
Solution :
PO o St R (. S
mﬁ..—.ﬂ:,o:._._smp.é.av
Lo ) P £
Let, _._1___ 7 =m L =n

"
“ ..U;ﬂm \ N

U— |mn—-=XY¥,Z or i mn

o W

EZ]
Differentiate u w.r.t. x, y, z by chain rule.
du dJu 9 du dm Jdu dn

Soep IL: Tl T m Yt %
(A
@ _u 9 du dm du o
% "d wtom wtowm u ®
du _du 9 du dm du on :
ad S "H xYm uta u O
Step III :
Differentiate [, m,n w.rt x,y,z ...
Xt z
L LR TR L e e
a1 dm dn_ 2 vl
w“nu_.__ = =0 ol results of derivaives)
A__x |dm 1 |k o
¥y | |yt
al dm -y |on 1
=0 oz "2 |z

Step IV : Equation (A) becomes,

250G mon(3)
Multiplying both sides by x
du _xdu zdu
Fax T __.MM T x dn (1)
Step V:  Equation (B), becomes

Qu _du (=x) du (1Y du
"~ a TLJ; ALJ,_SU
Multiplying both sides of y

du du(x), ydu
Y T Tu L._.nma -2}

Step VI: Equation (C) becomes,

a_ g (1), R

2" adD"m"F ) P ax
Multiplying both sides by z

du_y du oz du

%" Tz om T x on sk}

Step VII : Adding Equations (1), (2) and (3) we get,

Syt = H R

Hence,

du du du
X Y By +z2 5 =0v ...Ans.

Example 4.10.9
f u=f(2x -3y, 3y - 4z ; 4z - 2x) then prove that :

1ou 13u 1du .
nmx,,:,.;&-

Solution :
StepI:Given: u = f{2x- 3y, Jy-42; 42-2x)
Let,2x-3y = I, 3y-d4z=m ; 4z-2x=n

%@

U—=s[,m,n *X, ¥, Z or
m E

Differentiate u w.rt. x kecping y and z a
constant by chain rule,

du _du 3  du dm du dn

wxuM._mM Im ox o ax
Differentiate [, m,n w.r.l.x
al al di

—=2 —==3 —=

T oy &

Step Il :
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of d

d
— = x5 -logy+logx- -y
dy dy dy

1

=

1_'.?.3; MEQ+E+.§Q+5 ?.J‘;

1
TR 1

x+y

1
= x- T+logx

y |Tx+5 Fiom;:ov

X+y

wlw = W+_omn|_|5mﬁ+5 ...{B)
Step Il : By using Equations (A) and (B), Equation (1)
becomes,

¥
dy logy+3 -1-log (x+¥)
== Y ..Ans

m+_emn|_|_an?+1

Example 4.11.4
axuq8&9«n..g:m.!rm_.oqn_.__aowa_._.__._n..o.._mo* t,
dy _dx_2d@

then prove that: X Gr =Y g =7 gt
Solution :
Stepl :

Given, x = rcos B, y = r sin 0 and r, § are

functions of t.

Fig. P.4.11.4

Differentiate x, y w.r.t. t

dx
Step 11 : ol v

I
=y

(=1

s
gy B
=13

(1)

d

dy 48
"3 (2)

and G o= Gt

Step II1 :

Differentiate x w.r.L. rand 0

Lo ==}

Since, x=rcos8; y=rsin®

Also differentiate y w.r.t.rand 0

ox

T = cosB |

dy

m_.uwsm

Partial Differentiation
and Ww = —rsinB;
w.w = rcosB
Step IV: From Equation (1),
dr 3 do
m_w = os.,,m_ﬁinﬂm_zmu..ﬁﬂ

Multiplying both sides by y, we get

¢
= u._m_mmn ___nomm%|w _.w:._m (3)
And from Equation (2),
dy _ . dr da

a = w_zmmM .:3.5&

Multiplying both sides by x, we get

de
= am.w_u :maa.___:n rocos®- -5 at .(4)

Step V:

dx
G-

Equation (4) — Equation (3).

ﬁxm_aal__aomg.%+?.§m+fu=$%

:noa_m%mlm_,:msme_m 1&+E%

do
*a v ...Ans.

o wnﬂocmm;_.numi_munfﬂn}

"

Example 4.11.5

if u=log(xy) and X +y’ +3xy=0 then find um
Solution :

StepI: Given:u = log(x y) and X 4y +3xy=0

By differentiating u w.r.t.x

du _ Qu dx du 9 y
dc T ax dx T oy dx ()

u
AN N /\
u—eX,y —+x or x Y

v/

X
Step I :
Differentiate u w.r.t. X, keeping y as constant and
w.r.L. y keeping X as constant
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du a 1 4 St :
5T By =55 5 6 i
-
¥y T Ady x \0z v.. x)
1 1
=3y 0=x % %
du a 12 By B v & |m =-1 v Hence the result.
and % =% log (xy) = Xy 9y (xy)
e
x
_ i Example 4.11.7
= mﬁbnm [l _...nm*_._ﬁwv where x=¢';y=*t find %.
d iy
Equation (1) becomes - = 1,130 wof2) Saketion:
dx T xTydx . y ,
Step ITE : Let, f = »_im)fwa. Spls Glvess :uwsﬁ.mwn A= Yt
af
T Tné AN \/
Weknow, = = -| 37 |=- ] U—eX,Y——st Or X
dx of | 3y + 3x rx
dy t
2 d
X+y @u@ah._.mm.m.'u. W
= % %:”_ dt ~ 9x dt” gy dt

("." differentiating f w.r.t. x and y by using standard results)
Step IV : Equation (2) becomes

@L-L:L
dx © x7y [ y'4x

wADS,

Example 4.11.6
¢ vin=s o (§),(3), ()

Solution :
Step1:Given: ¢ (x,y.2)=0

[
oz
- 0
(&) --| & 0
L dx |
dy E Wl
- (2)-|2
L dy |

(- x=f(y.z) or y=f(x,2)orz=f(x, y) so, we can
write partial derivative notation)

o <2 () 1) (i) )
= Using standard results :
... [d sin - f(x) = cos f(x) - d (f(x)) and

d (cos f(x)) = - sin f(x) - d (f(x)) ]
d
alwu = wgwﬁwun.lwgmﬁwvﬁm:
.. amw?[ﬁ
=osyy Y
Put, x=¢;y="1
H g t
s Pw i.w-mm:,
Smﬁ_m A
du ¢ ¢ 2
- it = -.D.Ehﬁvﬁ“—.l-—lu‘\ .. ADS,
Example 4.11.8
= sin'(x = y) ; x = 3t ; y = 4, then prove tha
dz
dt |J?|m
Solution :
Given: z = m:_r_ﬁxlé;.nu:mu#u

£y




mﬁmc_+_: B nmmxm B
o[+ 1) (X0 + | zZp ’
(z) uonenbg wouyg
(@3op+1) ] LEFUI+DZ
Txmc_.:_lg K3o1+1)

(z 30] + |) sueaw X ‘Al

: SBANBALISP JO 3jnu piepuels Buisn €
ﬂﬁ Fo1+ 1)

Xp z

& 1)

zdo+ 1\ _¥e_(feyxe _ dexp
Fﬁeiw H_m TL - Tzp

£ pue X Jo uonouny B S1  JEY) JAqUISWAI

(K801 + 1) -

pue jueisuod A Jurdoay x 1rm hM awnuatayig ;I dnsg

GO

108 am ‘Aprejung

2301+ 1y _ xp
@ (fmy)- =% <
summﬁmo::ixmo:: =

b 4 %z .
0=—-zdo[+_= n+o+foa"+|,x.
7 T I

‘A pue x Jo
UonoUNj © §1 Z J3qUISWAI Pue JUBISUOD
se £ Buidaay ¥ yam (1) vonenby aenuasapng  :ppdag
(- 28oj=zdojz+ AFor K+ x 8oy x
*doq= - £ pue
2 dop + g 301 + v 801 = (DY) J01 : 250
afdo] = z8or+ Ao+ x8oj&=
odo] = (,z- 4. x)30
‘sapis ylog uo So] Juppe],
2= 2 A x tudag
A X

< 10 A'xe—12

z
£ pue x jo uonpuny

woudun o 51 z e sowopur S€ ooy 1 pdoyg

2p ..

: uopinjos

‘z=A=x juod sy
b1 _|?wma_5|n§ 1Y) MOYS uay} uu.uu._.h..u 1]

R
Z¥iy 9)dwexg
1[Nl A} 3dUIY
e B, k. o
TR R TR %
m.m
Ie - . T X —
[T
- 2p
W |
xe xp
,uwwmlullh%v <+ i dang
aqm
=
.
2p
% | o
Xp. zp
[
%
MIQ.I - = AR
Xp P
I
0=90p: 0=1Jp <= 0= 9 '0=) ‘oug
®., e =
® % é @m .
xp A . -
Lo é % »
afru uteya Aq ‘2oug ¢ J doyg
X X
N\ N\

Z X+ ¢ PUB £ ‘x +—]

Xe—Z AN ¢ pue xe4 xe) v
=(z'x)¢ pue o = (Kx)

‘monouny yorjdui : waare) : | deyg

: uonnjos

ze xe _zp fe xe

[T T

sjeyiancud uayy 0=(zx® to={A%)y N
LELLY adwex3

uonequalay|q [eiled

(nLva) | - sonewsLpen m::%:ﬁcmg

— JE KT
Y
An_:.ﬂxv . Fa+~xv; -
X KA

K+ x _xp
OS2 3
SAUW002q
(1) vomenbg (p) pue (¢) ‘(7) suonenbyg Suisn Ag : 111 dog

(£ pue x y1m § Junenuazagnp Aq )
e K _T[&__There]__ MO M
e = TINL TEL oM

£
—|+1
(£ nh._.nx - hnmi.lw «ﬁnu =
X

- =

-

—
-
N
NFS
oS
-

p
o| &
[
r€|r%‘

@

—
|
S
| %
T
=] =
R
0y

g
|3

I
Bl &

Tc Friiidl EE T (), m ﬁ:_

< ynsas piepueis Buisn €
‘A puE X Tra N, AEnuaIalIq

xp kp xpxe _ xp
I ol 8 S sl A S
(1) %o me % e P 11 dag
X 4——— X +—— _‘XJ
10
Aox
N
n

X — A n ‘awy

cu~a1~a+mx =] "W

m%u Lum = N ey _na.m

: uonnjos

xp A
a_u puy’ 8= __..+x alaym Av_.:ﬂu: n
0111y 2fdwex3

£100 x - x soo So]
Aus Sop+xuey £

Kso0a- Elﬁmcomo_

X o= fere__xw
(K urs) Soy - (x ,_aquwm_lom.ﬁ Xe/re  Ap

@3 2+ (99),3= (3
P Jnsas prepuels Suisn ‘£ pue X TIm J ARNUILYIP *AISH

() fusFox=xso0 o[£ = 3 497 1wl
: uopnjos
Hu puy (Aus Bop) x=xs0aBoj A y
p
&L1p oidwexg
“suye \.«ul—_ﬁrnm_f:rﬂk\mv -
£ Hwﬂm“m
Qr-1) - (w-1)

p-1€

(8-po1+1D - (w-DA
Gy-De

S80I+ 01 - - 8-\
(p=1DE

(senpea £:x g )
T -J6- LN (B3 he )1 N
W= J-€
(f-x)-1 [\ (f-0-1\

R i
= +(1) :

(D194

3l

f-iwnmi|5_£« __M%ii X) E&xmm

¥ -
ﬁ_...nzuﬁ._x:u pue N.|_;w"x_ uts % g
:ynsas prepues Buisn €

p ke wp o xe _ wp

THH B

‘o ey £q ‘nCrrm Z lenuagig

uchequeieyiq |eled

_—
05-¥ (niva 1) t- §§§§¢E$&B!



ﬁ Engineering Mathematics - | (BATU) 4-52

Partial Differentiation

StepIV: At x=y=z
Putx=x y =x and z = x in above equation

Jz _ :+_ona:_+_omm~|.. 1
u_.:.r_wavu x:+_am 5

dxdy
1 1

“x[loge+logx] = xlogex

("7 Use: log (a) + log (b) = log (ab))

o'z
oxdy

—(xloge 5._

i

Example 4.11.13
H x'y-sinz+2 =0 then find w.m!ﬁW.

Solution :

m_mv-"n?o:;w.|mw=~+%uc (1)
Since ;
z —= Xy or >
x bl
The given Partial derivatives indicates that z is an
implicit function of x and y
Step1l: .. Differentiating Equation (1) partially, w.r.t. x
keeping y as constant and z is a function of x
and y
uxu__?.oca ale +u u.ww u

uaw. = _na:lunN_WW
2 _ _ 3y
o = P (2)
(cosz-3z")
Step Il : Similarly, differentiate Equation (1) partially
w.r.t. y keeping x as constant and z is a function

of xand y.
X' —cos uw +wuuw =0
= x = Anowuluuuuw
dz <
s = ...u
= dy ?awnrunu‘_ @

Ex.1 :cnx~+¢_~+N~.m=nxnou_.qumu.8mm_.

I du 4t

z=8 .m__._ESm:m__._nm_ﬂ (Ans.:8e")

£x.2 __cu%___._._o:_m:a%%x.___m«ooo::wig
xn...xu___...____mﬂ,n

Ex.3 Find m.m =_..um5_ﬁxm:__~r£7msmuxn+ cu__mn ¢

Ex.6

Ex.8

Ex.9

Ex. 10

Ex. 11

Ex.12

Ex. 14

Ex. 17

Find .“_._m. for (i) X' +y' =c (i) (cosx)’ =(siny)’

1Ff(x,y)=0, &y, z)=0then show that
o 9 dz_ A @

dy 9z dxTox oy
If U is a function of x and y, where x ="+ ¢ and

y=e 1m.m:o:3m_mc|mq|xmx4q&_

o

_*nu_omc._:.s.:um .cux~+<5m=-,_.a

oz .oz
ax and Gy
HV=1(r,s)and r=xcos B-ysin b,

s = X §in 6 + y cos 6, show that

d v v v
xmx+<m___|_.m-+amm

Ifz=1(x, y), x=ucoshv,y=usinhv, prove that
&)

du) ut v ax ay
If u=f(v, w) where, cuxn+<n ; w = 2xy, then prove

that, xwﬂcrw.wlcv..umﬁ ﬁWu

If z is a function of x and y, where x = &’ cos v,
y=e’ sin v then prove that

() (- (2)-(2)]
tru=1 (5% 5G"). then find

20u 20U 20U
Yyt am
If u=f(2x — 3y, 3y — 4z. 4z — 2x), prove that

du ,0u ,du_
mmx+aw<+.umnjo

Ans.:0

1fw=f (x +2yz, ¥ + 22%), prove that
02030+ (¢ -y G+ (P -xy) =0

Fu=f" -y, y"-2", 2" = x"), then find
1 mc... 1 .w_._... 1 du
X’I—Wx W..-l-y.. Nﬂl-

Ans.: 0

Ifz =f (u, v), where u = Ix + my, V = ly — mx, prove

2 2 ww WM
that Ww wuﬂmgm_ Tu% %u

fw=zsin ' Amv.ﬁzwaxumc~+m<_,mu»=|m

Viz=2u® -3¢
oW ow ow
Find e
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4.12 Homogeneous Functions

A

Introduction

Sometime we come across the functions which are
having same degree terms. It is quite difficult to find partial
derivatives of such functions. Euler's theorem on
homogenous function in two and three variables or more can
overcome this difficulty. In this chapter we will learn
Euler's theorem and its deductions on homogenous

functions in two or more variables.

4.13 Definition of Homogeneous
Functions

OR by putting, x=xt, y=yt, weget, u = ut

than two variables,

function u = f (x, y) is said to be homogeno

function of degree n in x and y if

e a(2) w7 o)

n

The same method can be extended for a functions of mo

Ex. 1

A polynomial in x and y is said to be homogeneous
function of degree n in x and y if all its terms are of the
same degree n (i..e the sum of the indices of x and y in each

term is same).

Ex.2

Generalizing this property for non-polynomials, | Ex.3

consider a function of f (x, y) in two variables or function of
f(x, y, z) in three variables, The result is again extended for

functions of several variables.

An expression of the form,
u = f(x,y)
= agx" +a, Xy + 4, XTI ay

@13 | Bx 4

is called a homogeneous expression in x and y of

degree ‘n'

. Equation (4.13.1) can be written as,

v _Ha..im_ ﬁ.@_ +a Qvﬂ.a;@,”_

= u= x-eﬁm.w
OR From Equation (4.13.1),

o r[a (3w 6w ) e

i

OR By putting x =xt, y =yt in Equation (10.2.1)

us[agn M aa T 4 e XN R4 gy ]

= [ax £ +a Py a P gy
H—_. Hmcx.__ +a, N._.L 1 n-2 2

u=t"flxy)=tCu

Therefore, we can define homogenous function as follows :

Yy +23, Xy 4t 2y ]

u = cos

Ex.5

u= nuu__nupuu.»+qav.w .vmu._n is
homogeneous function of degree n=4

u=cos’ mmu is an homogeneous function in

and y of degreen =10

v o=« nca._ﬁ.“.mu
Lx +u~m

Wk xu+u._u
IR I KTIR v Tﬁhﬁ

- ::~+3._ .N S x~+.<~
=ty

is a homogeneous function of degree n = - 3/2

x and y.

: Put x=xt, y =yt

u

2 2
afx+Y Y .
Here, the function, u = cos” h Xty v is 1

homogeneous function because, by putting x =
y =yt, not getting 1"u form

.__ﬁ Eed+y) ._ﬂu .?Ni_&g
|I:x+: ._uoom ]| #1

(x+y)
2,2
Y .
But, cos(u) = t ﬁax +u__v is homogenec

function of degreen=1inx and y.

2 2
= +y F
LU =cos ﬁala:. u is not homogeneous

function but it is function of homogenous

expression.

u= tan” ﬁ%kﬂu is also not a homogenex
X +y

function but it is function of homogene

expression of degree n=- 1.

P ) A=y -1 x-y
H. Ay h m:,uwu., .ﬁm:&

Note :

Always alert about the homogeneous functic
and a function of homogeneous expression in
andy.
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4-56 Partial Differentiation

2 Using standard rule of na:._s::ma
_._”n_ ) - glx)} = f(x) - ax ?fmﬁ: _.IL
And  [dix]'=n)""]

du | y 3 .ﬁhu
Mﬂuwu na. _|AHV Aﬁiﬂw...hu w:.__ n

x

ﬁ..ln_-m_z.:”:_cvl a Zlu

Multiplying both sides by x

x- mw lﬁmmﬁl ) e sin! mmd
fonligs] o

and Differentiate u w.r.t. y, partially, keeping x as
constant.

1

< Using standard rules of derivatives

d d
m_ﬂ. [f(x) - g(x)] = f(x) - g gx) + gx) - g EL

d &l y
%nx.. y- ! ,hﬂ,wﬁqm;‘_hﬂv

Y

_|hxu

. L4,
ﬁ n_xw_s :ET L= (Fo0) i (x)

Multiplying both sides by y
du X'y’ 3 4 af ¥
+2y x sin = . (4)

Yo < 7 %
Step IV : Adding Equations (3) and (4),

L |

o W-m:.-_ﬁu -
awu:,..wwl xysin” |7

From Equations (2) and (5), Euler’s theorem is
verified.

Example 4.14.4

Verity Euler’s theorem for homogeneous functions :
f(x,y,2) =3 yz+5xy 2+ 42"

Solution :

Stepl:Given: f(x,y,2) = uauuu+uxv.~n+hn“ g ) )

Obviously, it is homogeneous function of degree
n=4. (Putx=xt, y=yt,z=1t)

By Euler’s theorem on homogencous function,

af af of
= = )
xmx+w$.+~w~ nf = 4f 2)
StepI1: Now, differentiate Equation (1) partially, w. r. t
X, ¥, z respectively,
of

IIH mm
3 Gxyz+3y z

Multiplying both sides by x

Uxm = 6xyz+5y xz

dJf 2

= = 3xz+10x

9y Yz
Multiplying both sides by y
= u.w% 3% v,u+53._m~

of 2 2 3
and % = Ixcy +5xy +16z
Multiplying both sides by z

= m% = 3x'yz +5xy'z+162"
z
Step I : >%=_._w. we get

of of _

gmx.:._ww(..w aaa u_.n..'mu__x:

+(3x Vﬁ+_oawuuv+aa~wu+mnmmn+HmNJ
=1 xuu.m+~oxu__u~+_mu.

= 43 yz+ mxwun.;n._ =4f

S AR
...from Equations (1) to (3)
Hence, from equations (2) and (3) it is clear that
Euler’s theorem is verified.
Example 4.14.5
x du du
Find the value of : Xty 3y +Z where
o 4« A
4 X +___u+na
Solution :
< wu 2
Stepl:Givenu="—"%5—3 3
X+y +2

Put, x = xt,y=ytz=12zt
'ty @)’
0’ +(ty) + (1)’

o o mu g
ﬂ _“ xu + w.u + ng
[<|\

ﬂ Engineering Mathematics - | (BATU)

u=Lu
This shows that u 1s homogeneous function in x and
yof degreen=6
. By Euler’s theorem, on homogeneous function
du ou ou
XoctY 3y +z3, = mu

Uxmx+u__w”+ww“nmhrxw+lﬂhwluu\ ...Ans.
Hence proved.

Example 4.14.6

Find the value of :

(i) xwlm..qw.c. if :u.«%ﬁ

()} uWﬂJqW i :laﬁmnﬂ_aa

Solution :

StepI:

Vo _-

oy

Put Xx= Xt; y=yt;

UL A
Vxtealyt 07 (\fx+y)

This shows that u is homogeneous function in x and

u_:u:omao:uw

(i) Given: u

we get, U

i

Step I : By Euler's theorem on homogeneous function
Ju w1 T&L
oy = ™ =2\
+
Step I : (i) Given : u= .%maw&

pu Ve

= Ay=yt. > aus=

(x0) (yt)
x4
u = ~.SﬁLna|m¢wuuﬂ.5é
—
u
This shows that u is homogenous function of

aomaon.zniw.sxm_&,.__

Step IV : By Euler's theorem an homogenous function

. du ?:J

xma...qmq = nu=-3 «.Ans,

Partial o_:ﬁmszmzo:

Typell: mxm:.ﬁﬁmm Based on Euler’s
Theorem en Homogeneous Function

for Three V.

Example 4.14.7
if z=x'y sin” h.w
— 1 wm
9z oz
ax Ty ay
Solution :

v +logx - logy then evaluate :

X
StepI: Given: z = %' u_.u sin” ﬁﬂu... logx-logy

> cuo"_onpu_oumu_ommwu

x'yisin™ ﬁ.ww:o% u

Z= u+v (D)

]

Step 11 :  Differentiate z w.r.t. x and y

oz du  dv
x T o Toax
dz du v
and rwﬂ.. = ﬂvﬂ+@. -A2)

Step Il : Now,

X
Here, u = aJm sin™ hﬂu

Put, x=xt, y=ytinu

=
u= 95 c__: sin’ "

M
u %x.%ummz..ﬁlu __..n.mc
— Y
u
Hence, u is homogeneous function in x and y of
degreen=06
Step IV : By Euler's theorem for homogeneous function

du  du
S nu=6u -(3)

X
StepV: andv = mowﬁﬂu
Put, x=xt,y=yt inv
xt X
_ ik IR ) e N
v = _amﬁu..u =t Emﬁu.ul v

—

v

Hence, v is also homogeneous function in x and y of degree
n=0
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jineering Mathematics - | (BATU) 4-60 Partial Differentiation
. By Eulers theorem on homogeneous function, P Y 4 ﬁm|_._ uu P, h du u” J mum. _4 )
2 dx dy dz R =R
Vigy = M= 2u ¥ ...Hence Proved. ...Ans. Step I11: Now given, u is a homogeneous function inx,y,
= z of degree n.
e4.14.11 - By m,En} theorem, we get
2 2
—y—t—4—F— =1, whereuisan du  du du_
:+a+:+n»+.._ e xmy+qwu_+m = nu
Bneous __._..nun_o.._ of degree n in x,y,zthenshow | gion [V : By using Equations (2), (3) and (4), above
u ﬁw|_._ u du u —2nu equation becomes,
uv.v oy ) *\az) T " . L, s -
R@+u | RO+w  RE+u
j . 2 < u.u 2 g
¥ i : o + + =nu
S il |7 n??& B +u) (+u)
a+u b 4u c +u - 2 Sl
ntiate u partially w.r.t. x keeping y and z as constant, 1
3 8 = 2 -m ...using Equation (1)
S-x e ___u au 2 E -6 R
Zeu) (eu) X (4w’ O Multiplying both sides by 2,
2 2 r
(8 +u) : ‘m|_._| : wl.._ = M.WH 2nu
@ +u) (a+u) K (@ +u) OX R
z .wl:; -0 & wom _..Put this value in Equation (6)
Tt} axd T 8
2 2 2 Y (uY (Y v
2x ﬁ e I gm: Weget, (5] +(3y) *\& =2nu
wu + 5 ﬂ_u + Eu ?M )” _.;u ﬁnu + 5 ax - )
H syl le_._ X
a+ 5- B ruy (w0 @ o) Example 4.14.12
w.@ o S o)) ___n.l.:n.w____.._ux._oAKv.cux._eAmv_Ea:m_.oi
ax ?N +u) %2 3
e 2 =n A s c
R - ap | K Sy =AY
W Roy © (b +u) Solution :
du _ 2z Step I: Given: :unnaﬁnu“ <uu_.€ﬁ.$
R% = @ ) \X
f¢ .”_.; 2 2 ie. u and v are homogeneous function in x and y of
X i z
2 R=—5+ 5 5+ 3 -5 | degreen.
@2u) OFY) e Step 11 : . By Euler's theorem on homogeneous functions
1: Squaring and adding Equations (2), (3) and (4), in x and y of degree n
ot n L )
vy | ROR
) F\oy)"\az) 17 @eup " @eup (@euf PU
and x ﬂ +y .ww = nv -(2)

- _..N 2
4 + +
#H ?H + 5~ ?u + 5~ Anu + _._%H_
N,
— —_—

R
4R ...from Equation (5)

i

Step IL :  Given, u,v—f(x,y)

AN

z—»u ,v— X, ¥ or
\

X,y

z—f(u,v) and

e

S o A g | e | e

T R g e

e e i
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Partial Differentiation

Differentiate z w.r.L. x, partially by chain rule.
dz dz du 9z dv

—_ = = .=

T o ax Tav Tk
= Multiplying both sides by x,
dz _ du dz i dv dz 3
Xox T Mo o PRux v ~(3)

and differentiate z w.r.t. y, partially by chain rule.
dz dz du dz 9v

ay m:wqmzwv.

=> Multiplying both sides by y,
2 _ vz ov gz 4
Yoy = Yoy Yoy o =~

Step IV :Adding Equaticns (3) and (4), we get,

o - . .mm_u.m_._ w.._H_ mu_H av wg
Xox Yy T ow MaxMYoy o e tYay

= mu :::&:5
...using Equations (1) and (2)
xw..m :__Ww" ..TW:.WQ ¥ ...Hence Proved.
Example 4.14.13 o
It nt_oﬂx +:+ Xt ___ |»_om?+5 then
prove that xw”.:__w nx:.
Solution :

4y
m—»uTO?S. uu_omifwurﬁ u...vq uqu:cmc;:

(Since, n log f(x) =log | f(x) ]’

g%
: - i : (X +Y
ie. oz =log(x +_Q|~cmoﬂ+5+ﬁ u.J.u

2 Using standard formulae : ...log (A) —log (B) = _athu
_ ﬁxuimw ﬁxp:,d

% ?:op Uxy

u+v (1)

. : ﬁxuf%uw § xu.—.w__u.
= log|—=| and v=

. ?+E~ Xty
StepIl:Putx=xt; y=wt

f ey
u = log a and

M
1]

ie z

where,

.N?u:mw
VR Tlx+y)
a:. \
Le. u u:cm ; and
a+y)
—
u
_h%:.ww
¥ =4 X+y
(lJ.\I..L_
v
= u = u and v=t'v

This shows that u is homogenous function of degree
n = 0 and v also homogenous function of degree n = 1 in x
andy

Step Il : By Euler's theorem on homogeneous function,

§ du 4 dv v
xmx wmw = nu  an a@x+v.mu__
du du
A ﬂﬂ.:.@ =0 and
v oV o PR AY
nma+:€ = Tq:ﬁ a+ww (2)
Step IV: Now differentiate Equation (1), w.r.t. x and y
: W = w_._ﬂ .w.m Multiplying both sides by x,
dz du dv
2. X3 = xmx_:ﬁmu ..(3)
d
and w% = W+W Multiplying both sides by y,
oz du dv
= Yo =YtV -(4)

Adding Equation (3) and (4)

By (A, (2 cos (53)

...from Equatioa (2)
3%
g oz [(X+¥
Hence, nwu:_mw uﬁx:.u\ ...Hence Proved.
Example 4.14.14
3 32
Xy z + x
Hu=—3 v.u u+_onhxt ¢Nu+ u:..o.._uaﬁn.sn
X +y +2 X +y u.n
um.._l__ ...u@anmﬁ D £ u
ax "7 dy ey ez
Solution :
swmuuu Xy + Yz +ZX
Step I : Given,u="75""73 .iomh St nu
X4y +2z X4y +z

e u = v+w A1)
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Partial Differentiation

Step I1: .. By Euler's theorem, we get
du du
Xt H_.M = nu=2u
and by deduction of Euler's theorem, we get
2 wu u du 2 @

ok T ooy Y op Eal-Lg
=2(2=Du=2uv
...Hence Proved.
Example 4.15.2
HZ=xt Amw.’uﬁmv then prove that
x»N!+u.2N_e+q~N:ne
Soln. :
StepI: Given: Z = xf ﬁmv+wﬁmu
W Z = U+V (1)
Where, u = ﬁmmu and V= mﬁmu

Put x=xt; y=yt inUandV, we get

E:Qmu and 4umﬁmu
= U = ;*hmu“ and <u,amﬁmv

u v

U = tUad V=1V
This shows that U and V are homogeneous functions
in x and y of degree n = I and n = 0 respectively.

SteplIl: .. By Euler's theorem on homogeneous
functions.

XU, +2xy Uy + ¥ U,

n(n-HuU
1(1-1)U=0
and uu<:+m£<:+_.u¢3 = n(n-1V

0(0-1)V=0
Adding we get,
X Uy + Vi) + 28y (U + V) 4y (U 4+ V) = 0..(2)
Step Il : But from Equation (1),
Z =U+V
Differentiate Z w.r.t. x and y two times partially,
Z,=U 4V Z,=U,+V,
and  Z,

and Zy, = Uy+V,

Lo

Ug+Vy 5 Zy=Up+Vy,

Step IV : Equation (2) becomes,

X Z,, + 2xy Z,+ ¥ Z, =0 ¥  ..HenceProved.

Example 4.15.3
3 k] 2 2
g -y _._h|x+< u,:
fu = yVx e n 2xy en
2 2
find the value of x 2 du Y oy 2 2 Ay
a’ ax dy ay
point (1, 1).
Solution :

Step 1: Given:

xu 3 1 .|_hxn+u._»u
u = u__él .__‘m:_— Mﬂw

=y u=v+w

uu:.u 1 ; au+w.
Where, v = s w="3sn | o

yx 3 2xy

By putting x =xt ; y =y, we get

o'+ CE+y) -& X+ J
Vo= = =
oyt )

3
ume

212 2
PR .-_ﬁ::;.w
w = aﬂ-mw_._ Nn*&ﬁfc
2
271 .|_ﬁx+%~ulb
s ) =t
—_—

w

I
=4

we get v is homogeneous function of degree n = .w.

and w is also homogeneous function of degreen=-7

StepIl: By Euler’s theorem on homogeneous
function,
o - e
X i +y ww =nv =3 v (1)
2 2
X m< g kdxy £y +v.u|< = nn-1)v
oV wy T
16+
=3 mt~ v .(2)
and xw +MWM nw = -Tw (3)
2 2 2
2 mi mﬁ_ 2 mi_
TR Y
R &4 ox dy ¢ ay’

.msuﬁm%_:m Mathematics - | (Dr. BATU) A Partial Difterorteten
— 2 2 i
=n{n-1)w= ~T(-T-1)w=56w (4) x»_%:fuxu_ mmw +u._N W<~ + MW” +V__.W|“.
Step 111 : Adding above Equations, (1) and (2). also (3) A Y !
and (4) = m (234 49 ﬁmu u.wn 449 ﬁmwmu.\ w-ARS.
~m~< 5 w_ms.+um|../.|+x.m|<+t@\|
— + 2
T Yaxay T eyt T % Example 4.16.4
3/3-2 3 i X .
)R] o) ) mammn
#2
TOIENE e :,h FEL
— 2 MV/..TN{H&/._.TN( § 3
_e, X y
Hmd G- "gh._.&v.aeﬁﬂv lﬁxu.—Axv
lution :
g AT w , adw v v o ) X
nd X a2 d ox dy Y dy’ ox 9y StepI: Given, Nnnf@aé.aeﬁ&
= 7(ET-Dw-Tw=49w  ..(6) T (1)
. Addi at d (6) we get
Step 1V : Adding Equation (5) and (6) we g - < = x:@.wmw-s neous function

v HL + T? N m:;
g ﬁmx o’ 4 axdy  dxdy

(23 2] 2. 22, 2]
b ) dx  ox dy dy
9

=g V49w (T

Step V:But,u = V4w ...(given)

Differentiate u w.r.t. X,
du v dw d'u Yo w

Cam Twta T T
and differentiate u w.r.r. y,
oo dw P v Fw
dy ooy T dy gy oy’ Ay’
and differentiate m“ w.r.t x, we get
mu_.. mpc wn_z_
= +
ox dy dx dy dx dy
Step VI: Equation (7) becomes,
x.m|=+mx du +M%=+xw= .J.mn
T ey T T T T
L (®)

Step VIL: At point (I, 1)

) X +y 1 .Ax +v.w
wacn.,.uﬂ LW uﬂ sin oy
vil,1) = 2 w(l, 1) =1(n2)
Equation (4) becomes,

inx and y of degreen=8.
Also,v=y " b @u is a homogeneous function in X

and y of degreen=-8
Stepll: By Euler’s theorem on homogeneou:

function,
2 2
,du 3 u.wc
— = n(n-Nu=87u
X mxn...uxw mxww % (n-1)
56u (A)
2 2 2
.__m d'v Mm4
2 — =na(@m-1)v
and x mu»+ Xy oxdy +y m_wu (

= —8(=9)v=T2v ..(B

Adding Equation (A) and (B), we get

du Y., ﬁ@f 3% m 3@
T_x m_b.‘ Y Goxay * ondy) Y oy o2

=56u+72v

2 1 WM
< wx (u+v) +2xy mmww:.:é:,» wwmc,:s
=56u+72v

2
= aumujfmé gz »%u =56u+72v
ox mu&. &.
(By using Equation (1

Now, R.H.S.

m&u.fm,..,.ne@v..wxwm@

64 (u+v)+8v-8u
6du+6dv+8v-8u

n
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) TS I (0 15, .0, 5 4 S Type Il : Example Based on Euler's Theorem
and v =008 |\ Tte Nyt + V2 on Homogeneous Function Corollary : 2
. _!.ﬁ W_HH 2 ul % Example 4.16.4 N
=03 7)= a
Clxtayi+z —.:m VA Inv 0,ifx=e tan
w _u_dcn:” mxl__m,. mx:_me. s
v V; y=e secv

X+y+z
Q - ) ) ﬁ u
o v = o[ (PR
This shows that, v is homogeneous function in x and

y of degree n = 4 but, w is not homogeneous function. So,
A+y+zZ

t _
flw) = cos w = _vnﬁ¢m+¢a+¢mv is homogeneous

1 1
function of degree n nﬁ 1- mw =3

StepII: By Euler's theorem on homogeneous function in
x and y, we get

dw dw 9w 1 _cosw 1
o amg:.mu.,.;mw =2 (=sinw) " g COLW
Step 111 :  Adding, we get
B2 (33 e B
3w L8} p tz|5,+5,)=4v -7 cos
-(2)
Step IV :  But from Equation (1),
u = v+w
Differentiate w.r.t. x, y and z we get
W dw . N dw
ox  ox ox ' dy dy dy
g W dw
m._._ 2 "k t:

Step V : mx:»:o_._ (2) becomes,

mnla 1 L w
xm~+mmu.+nm~| V-3 co

122

_ Xyz |w -__H X+y+z Q\

= &hz:u:nu 7 vot 4m+¢w+¢m «.Ans.
v w

Solution :
Stepl:  Here we have to find,

u flx,y) and v=f(xy)

Given, x = ¢'tanv and y=¢" secv

2 2 2 2 2 1
Therefore,y' —X =¢  -secv—e tanv

2 u . 2 2
unu__ﬁnnuclﬂﬁ_éun (+ secx—tanx=1)

- = QML&

StepII: Put=xt; y=yt
ou._nm:_uixmvum:cv
{
flw

fluy =

This shows that f (u) is homogeneous function in x
and y of degree n=2.
Step I1I : By Euler's theorem on homogenous expression

du du f (u) ¢
bt o =2—==1
xmx+v__wm _d-:5 HMa (A)

Step IV : Further from x and y,
x e-tanv .
= = ————=sinv
y S -

C i fat
= Put xnz.quv;noeumm:umxlv

yt
P | xu 0
=1l=1
t° sin hm v

This shows that v is homogenous function in x and y

v

n

of degree n=0
Step V: By Euler’s theorem on homogenous function,
v

x.mlx+uw|“ = =0 ...(B)
Step VI: From Equation (A) and (B), we get

du du d
Tﬂlﬂum m“:&u =(1)-©)=0

¥ ...Hence Proved.

{
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4.17 Corollary 3 on Euler’s Theorem

Corollary 3 : If f{u) is a homogenous function in x and
y of degree n then
w mu u m u 1 wu
+2 = G(u) [G'(u) -1
Py e a +y T (u) [G"(u) - 1]

Where, G(u)= :I_..‘EP
f(u)

Proof : Since f(u) is a homogenous function in x and y of

degree n.

du du fi
wv.ncq%m.a__m,x M +mﬂ =n I_,.ﬁ%._wl HOEV...AS

Now differentiating Equation (1) partially w.r.t. x,
keeping y as constant.

= Use standard rule of differentiation :

RN N M
x? | 0x wmx&: (@) dx
Multiplying by x
2 2
L adu o
X e + Xy wawv.+xmx|xmﬁ5_mx -.(2)

Now, differentiate Equation (1) partially wrt y
keeping x as constant

; AT R R
o mamw dy? 3 B O?v,ww
Multiplying by y
RN RO R
¥ ox Oy ¥ ay? Yoy =Y (1) ‘B sl 3)

Adding Mncmno_._ (2) and (3), we get
2 WN u wn_._ 2 mp du

Mﬂ+mu€ mum.w +y &~+me+ww.w
& &
= xumlh+mxw mxw« +m~w_¥o€ G’ (u) - Glu)
-..(From Equation (1))
& o'
Hence, g.._w_w:é rre JMWNOE [G" (- 1]

Type | : Examples Based on Euler's Theorem
on Homogeneous Expression Corollary : 3

Example 4.17.1

H u=sin' Tu:_u then find the value of
x-y

X Uy, + 2xy ._._.:_n Uy,
Solution :

14
Step1: Given: u= sin’' Eu
A X-y

Put x=xt;y=ytinu

,-_ﬁ O _J .-_ﬁ_s Ew
sum_a ‘uead
xTS _ xi...

This shows that u is not homogeneous function.

(Cuzt
2 .
But, sinu =5 H mnu.urv
t X-y
=t X *Y s homogeneous function in x and y ¢
x=y
degree n=1.
Here, f(u) =sinu

Step 11 : By Euler's theorem on homogeneous expressio
inxandy

X U, + 2%y U, + ¥ u, = Glu)| Gu)-1]

where, Glu) n Iqul
f(u)

o L
OH_._V ﬁ —.:u H cosu

and O.:.; = wnnua

n

=lanu

(. dtanx) = mn% X

n~==+muu___._:+v,~=5 n_mzz_moou.._l:
{

tan’u
=tanu[tan u] =tan’u v
T, .

AN

Example 4.17.2

l._ H +¢_
=.._n¢_..._ 52.2.2__52
n +w.

X u o+ 2XY Uy + Y esn.mﬂﬂ_ﬁu+¥:»=_
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cosec 1 Example
where, G (u)= _”,MA_.__._” = ﬂ_m - Bwom._ .cnc_ 5= 17 lan Puu.mnu 2, 4
Hu=cos ﬁ |w_|w.|; = H_ then find the value of
X +6y

d | q
ﬁ dx COS€C X == cosec X * cot X and 5 = tan x |
oL soc?

and G (u) = _u

=

o4 v
Aa_ssnxlﬁoo
Step III : Equation (1) becomes,

2 ~ H
x~==+uxw Uy +y u, = - S...:T_lnwwnuzj L

1
ﬂmmm_._:_monu:+_m_

1
=142 ~E.._.__S_._N=+_+_:

1
144 tanu[tan’u+13) ¥

...Hence Proved.

Example 4.17.8
H u= __uﬂ?a + -__ulxuu__ - xq»- then prove that

Exm‘éwﬂuu nsunc.....nx,___::aéuf._.ulu

Solution :

Stepl: Given: :n_ow_gw+wu|x¢1¢uw

Put  x=xt; y=ytinu, we get

u=log [(xt)"+ (yt)' - (x ) (y ) - (xt) (yt )’}
=log [’ (<" +y - xy - xy")]

U is not homogeneous function.

But fiuy=¢"=t{x' +y' - x’y —xy'l is homogeneou

function in x and y of degree n = 3.

Step II : By Euler's theorem homogenous expression
in x and y, we get
du  du fluy e
X3 4yae = as =37 =3
ax "3y fw e

ad  xug+2xyu+y = GG (W)~ 1]..(1)

where, G = ntl _3& _3 44 Gw=0
35 e
Equation (1) becomes,

X+ 2xyug +y = 30-1]=-3 ¥

...Hence Proved.

Ex._i_mu (i) 2 Ug+2 5y Uy + 70y

Solution :
My +dy s
Step I :Given:u = cos”' L__Iu__lau_
L .c_x +6y
Put, x =xt; y=yt inu
G XY Ceaxdy'y
u cos 4 4 4 4 ;
L VX't e6y't
[ xgmnﬁfmmu
u (s t - =
L .c_x +6y
Hence, u is not homogenous function.

32 344
Xy +4xy
But, f(u) = nam_._n_wﬁa 1o

u 3 is homogenous
4 4
.¢ X +6y

function in x and y of degree n =3

StepIl: .. By Euler's theorem on homogeneous
E..E.nwmma: inxand y, we get

du flu) 4 cosu

mx+wmu._|=:_.: (= sin u)
= -3cotu ...Ans.
23 Fu o ;
and, wx~+m:wmxw<+u_ m = gl fgu-1]
o A
where, glu) =n £ = -3cotu
and g'u) = -3 (-cosec’ u)=3cosec’u
ot u, +2xy _._a+v.”:s. = —3cotu[3cosec’u—1]v
...ARS,
Example 4.17.10

State and prove Euler's thearem for a functions

of two variables. i y = x cos u then find the value of

X u,, +2xy Uy +y U,

Selution : (Note : For proof of Euler's theorem please see
the section 4.14)

Step I: Now, Given, y = xcosu

3 X (ot
=% or B.:unoa_._nauh u

- ¢(3)

is a homogenous function in x and y of degree n =0

1]
g
=

(.. Here, put x=xt, y=yt)

e vt e i}
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Step II : Therefore, by Euler's corollary,

x»c:+m3._ ::._.v.”g: = Gu) [G' (u)-1]

Where, Glu) =n \=
1 (u)
Step Il : Here, f(u) = cosu;
}5 = -sinu
Glu) = unm_nEI =0;
“(u)
G =0 ...(n=0 here)
Hence, ' u, + wxw,f+u~=uuo\ ...Ans.
Example 4.17.11

State and prove Euler's theorem for homogenous
functions in two variables and hence find the value of

u»|w»|_.. +2 oy + ulm.»r_.w...xm_._ & for
ae T ax dy ¥ a oy Toy
Key

u=e  +log ?a:_,mlxu*lﬁd
Solution : Step I :

For Euler’s theorem proof, please seep Section 4.14.

Given, u=c"* +log ( +y’ -x*y - xy))

e, U o= V4w )
where, v = ¢ MMay
So, v = ¢ isnot homogenous function but

fiv)=logv =x+y=(xt+y)=t(x+y) =t f(v)
be a homogenous function in x and y of degree
n=1(put alx. y= V.. Eama_ fivi=logv =t(x+y))
3
and w = log e +y |g u.f&;_m also _._e_ _._cauwo_._o:u
function but fiw) = = (x + .___u - X y - xu.; is
homogenous function E;m:am_& degree n = 3.

flw) =t f(w) )

Step II : By Euler’s theorem on homogenous function is x

E.aq_
av _ ) logv
o Yoy & ey g PR )
2 2
mt oy 2 UY _ ’ i
op +2xy 23 +y a2 =glv) (g (v)-1)
= v-logv _ow<+\ X-x
= viogv (logv) = v(logv)’ ..(B)
dw ow

and x 5Hay G = =.§wnw,mnm (0

f(w)

W.w mu mu
H ot G Y = g -1
n Ia_ﬁmﬁivuw.m\ﬁivﬂﬁ—w
= 3[0-1=3 (D)

Step HI : Adding Equations (A), (B), (C), (D) we get,

NEIES
o o) Ty amdy
(S Pw ﬁ% mIJ ﬁh )
+y 3y * dy? o Tax )t w«+mv.
u<.m_cm5~+ﬁ|3+<__om<+9
ol '

=5 (v+w)+2xy—

ox? ox dy

(v+w)

u
u% ?+5+ aﬁmﬂu A¢+€v+qw :.+,.£

=viogy (1 +logv)

= X" _+2xy

~log (v} [1 +logv|
= (x+y) A +x+y) ¥ ...ADS.

418 Change of Variables
(Using Equivalent Operator)

Change of Variables (Using Equivalent Operator) :
[fu=f(x,y) where x = ¢(r, 0), y = ¥(r. )
Then u—s (x, y) — (1, 8)

It is sometimes necessary to change expressions
involving

“f..

c.a.?w“ m:... w|au w|w4_u6 intou,r, 6

du du ?u 2
o’ mm..wl_.q Frd e

For that we can use chain rule composite formulas

eg u— (Xx.y) — (16

. 9u du ox du gy

o Tox or mv. o

du du 9x ou dy

and 36 %30 Tay w0
o u—=(r,0)—(x,y)

du du dr @.,6

ax or ox o0 ix

T Y

My Tor oy Toe 'y
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Ex.21 State and prove Euler's theorem on homogenous

function for three variables.

419 University Questions and Answers

- May 18

Q.1 lfcos _ﬁwv =log Amv ", prove that

K4n 10+ (20 4+ 1)yp sy + 207y, =0.

log @

(6 Marks)

£ - ()
- o)
"
e« wosslinB] -]

o _..m:awlu__u_
= xu___“+:._+3pu.,uo LoD

=

Differcntiating equation (1) n times w.r.t. X by using
the Leibnitz's theorem

X Yport 200y, +0(0= 1) Yot XY, b0, +0Y, =0
Uxuv..._LiE: 1) XYna +u=mw_.._uc
Q.2 HWus .oﬂxu + ....u +2- 3xyz), show that
(2l £~ ot
axtoytoz) T T (xey )y
(Refer Example 4.6.15) (6 Marks)
Q.3 If z is a homogeneous function of degree n in x and
y, prove Em_ (6 Marks)
v .wu 9z, of m z
XY 3y mxww. ¥ w<
Ans. : Since z is a homogeneous function of degree n in x, ¥
hence by Euler’s theorem on homogeneous functions

d d
um” +wm“ nz A1)

=n(n-1)z.

Differentiating equation (1) partially w.r.t x, we obtain
2 9z 9z 2

x PR F¥oxdy T "ax
u_uu o'z dz
OO Wiy = 07Xy -0

Simillarly, Differentiating equation (1) w.rt.y partially

: 92

¥ I§& aL:& e

Adding equation (2) and (3) we obtain,

u u w
o9 ¥z, 292 ﬁ@m ﬁ
e +m5,muaw ¥ mv. (n=1) amx:.mv.
H?i_uzw

Q.4 lif=x+ys 7" and V =", prove that

v v v -

M.u..vwmn.ellu _,_..n_._._+:_q (6 Marks)

Ans.: Given:P=x'+y +2 andv=r"

Differentiating w.r.t. X
x  ox de ox
. ety 20

m-1
mr a3

N ¢xu+q_+w

Again Differentiating w.r.t. x

el
o = max ) T M ax X+y +2

n

=m
1 a2 i K ar-'ar
*Llu_)fl.:a 3.le~+4~+3 ﬁx?% R muﬁ
» “ =1 12 s;:m__;.n_
@y 2 R%E%&& e |
= {2 m- ")
wf__ m=2 m-4 1 2 m-4
|m.lp =mr -mr x+mm-1)xr WD)
X
Similarly,
a'v m-1 m- 2 m-4
ﬂ = mr -—mr w tmm-1)y'r 2)
and
mf.. m-2 L 2 m-4
Iwn.mun.:. - z+mim-1)z r
Adding equation (1), (2) and (3)
2
.@P +W.u.u_ﬁ +m..&m =imr" em -;Q~+w~+n~v
smm-1 O ey )
3 e e mim— 1)
(m+m) " =m(m+ )

RHS.

—

Ans. :
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Q.5 Hy= x_onﬁ_.ﬂ... x_wv«gwd_._m“ Differentiating both the sides (n - 1) times,
L +n
Yo= T (6 Marks) T =1 -2 b Pc.;_T:ﬂ
: (x+ 1) (x+1)
)" =2 S V)
Here, we have y = x log (x + 1) = vﬁxu_ﬂ% : ﬁu?+_:._lh 2 HQ -
ey = log(x+ 1)+ )" =2)!
: e = ELEEE e pra-n)
nwom?+:+_;_ :

+ X
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Partial Differentiation

Short Questions and Answers

.0z oz 2 2
Ex.1: Find I and ay forz=log(x +¥7)

Soln. :
Consider z = log Qu:}
Step 1: Differentiate z partially w.rt. x keeping y as
constant
dz | 2x

= uxuj
ax xfé: ) Eiy

Step 2 : Differentiate z partially w.r.t. y keeping x as

constant.
9z 1 2y
-l eV ) L e
dy x»+%-3 xu+w.u
N
Ex.2: Find o and dy foru=x+y

Soln. :
Consider u = x'+y'

Step 1 : Differentiate u partially w. r. L. x, keeping y as

constant
T = ¥ +y logy
Step 2 : Differentiate u partially w. r. L y, keeping x
constant.
a ¥ =
M_._ = xlog x+xy" 'V

Ex.3: If u = ax + by ; v = bx — ay then show that:
BB
El 2 du/ Ta+b

Soln. : We have
u = ax + by;
Differentiate u partially, w.r.t. x, keeping y as constant

@), -

S

To get hww ! first eliminate y.
Consider, u = ax+by
v = bx-ay

.
. au = ax + aby
+by = bx —aby
ST
=c+¢<nc_+vvx

. _ au+t bv
¥ X = ey
Differentiate x w.r.t. u, keeping v as constant
&), - =%
du, a+b

v

]

]

CRCe—

Ex.4: If x = rcosB,y = ﬂauwnﬁnﬁnf._ﬁ
I (o)
g Aﬂu

Soln. : We have

x = rcos®; y=rsinb
2= 224y
Differentiate
m«wxm = 2x and unw% =
. oo x o _
e dx T ! dy
. @ﬁ@w iyl i
= ey = 2teT 2 T2
2 z
AWU +hw_.|qu =1V Hence |
7.2 3
Xy +4yx
Ex.5: Ifu=cos ' . = . = , then the
X +6y
du,
ax Yoy
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Q.8 By Euler's Theorem for Homogeneous Function | Q.10 If u = log (tanx + tany + tanz) then value of
:n.waewux_snﬁ._cnc-x.mm +u__qu B —moay e
: sz _
(a)-2 hk o I_-g (b) awlw @ {tanx + tany + tanz) tan % +tany +tanz
Xy y )
Liy 1 | .,nu.lllﬁlmlll.. (d) e’ Ans. : (a)
(c) e (d) uhl4 - |uv Ans. : (a) tan X +lany +tanz
Xy Xy =
Q.11 1f :n.»:;@u then value of wl__“.__. = .
afx
Q.9 Ifz= « tan .mmu ~y'tan .ﬁmu then value of 5 )
- T i
WN.H (a) ¥m+v__m (b) xm.—.u__u
=== Ans. : (b)
b) x-2 ) @ =2 -
(a) x+2y (&) y © 27 o
(c)x*+2y tan”' hwu (d) None of the above
Ans. : (d)
aao

Applications of Partial Differentiation

»» Syllabus :

Jacobians - properties; Taylor's and Maclaurin’s theorems (without proofs) for functions of two variables; Maxima

and minima of functions of two variables; Lagrange's method of undetermined multipliers.

e ——

o Chapter 5 : Applications of Partial Differentiation
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D Hu=f, (ny)iv=fxy) andx=0(.6);
_ duyv) dv) axy)
Y=o O then 56 6) =3 (x.y) 5. 0)
it is called “Chain rule” of Jacobian. This chain rule
of Jacobian is true for functions of three and more
variables.

(3) The functions u, v of two independent variables X, y

d(u,v) =0

are functionally dependentif 370y =

Type | : Examples based on Jacobian

Example 5.2.1

i x =rcos8; y =r sin 0 then find wﬂ”%
Solution :

Stepl: Given,x=rcos8; y=rsin8

Here, x, y = f(r, 8)
Step 11 : Finding the derivatives of x and y w.r.t rand

ox ox .
.wﬂunOmm“ %unnm_am,.
(by standard
w.“..,. ) WM ~ ” derivatives) ..(1)
mqnm:._m‘ mml_,ooo.
Step I11 :
. d(xy)
T a0
& O
o df
= ...(by definition of Jacobian)
oo |
dr 09

Substitute values from Equation (1), it gives

il

(cos 8) (r cos 8) = (sin 0) (- r sin 6)
rcos’ 8 —rsint @

= rcos’ O+rsin’ 0 (2)
< Using trigonometric formula in egn. (1)

o

. cos0 +sin'8=1)

= r(cos’ @ +sin" B) =t

5-2 Applications of Partial Differentiation
a(x,y)
— By ~oamenned — \ en
I = A0 r Ans.
Example 5.2.2

Hu= Hul‘uuc_ltﬂxulﬂn and X=1 gﬂ@nﬂ"nwm:@:_\ﬂz
ho' ﬁ . u IlM—uﬂm—.-Nt
show that mAK.‘U

Solution :

Stepl: Given,u= Coyhv=2doy

Here, u, v — { (x, y) and finding derivatives of u and v w.r.t
xandy.

= Using dard of diff lati

Partially differentiate u w.r.tx, J

keeping y as constant
wlm =2
Partially differentiate u w.r.ty,
keeping x as constant.
du
CR
Partially differentiate v w.r.tx, D
keeping y as constant.
Wm =4x
Partially differentiate v w.r.ty,
keeping x as constant.
av
ay =Y J
o o
Step 11 o | gy il
i, T Ay T | v av
ax dy
...{by definition of Jacobian)
Substitute values from Equation (1), it gives
_ 2x =2 '
- 4x -2
=[(20)x (2y)]-[4x) (- 2y)]
= —4xy+8xy=4xy -..(2)

Step Il : Since,x=rcosB; y=rsinb
By multiplication of both equations,
soxy = (rcos®)(rsin0)

_.wmmnm.oomm A3

|
|
{
!
i
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5-3 Applications of Partial Differentiation

< Using trigonometric formula In eqn. (2)

[2sinB cosB=5sin20]
1 2
= 1 3[2sinBcosB] =5 sin20
Substitute above value in Equation (2), it gives,
d(u,v) mm . v
i) |Iw:£; =4 mmsma
dlu, v)
9 (x,y)

n

=2 sin20 v ...Ans.

Example 5.2.3

fu=rcos28; v=r sin 28, find 21y
= Ve : ar, )
Solution :

Step I : :

Given,u=r cos 28 ; v=rsin28,
Here, u, v — £ (r, 8) i.e. u, v are functions of r and 8

Differentiate u ard v w.r.tr, and 8.

< Using dard formulae of deri

Differentiate u partially w.r.tr, J
keeping B as constants.

du
9 = 2rcos 20

Differentiate u partially w.r.t 8,
keeping r as constants.

du 3%

3 - - 2r sin 28 V A1)
Differentiate v partially w.r.tr,
keeping B as constants.

W = 2rsin20;

2

Differentiate v partially w.r.t 6,
keeping r as constants.

ov 2
3 = 2r° cos 26 \x
d(u,v)
d(r, 8

StepIl: )

...(by definition of Jacobian)

gl g2

[2rcos 26 x 2" cos 20) -- [2rsin 20 x (- 27 sin 260]
(41 cos’ 20] - [~ 41 sin” 26)

dr cos’ 20+ 41" sin’ 20

4r' [cos 26 +5in° 20 A2
= Using trigonometric formulae in eqn. (2)

_:_m:._no +cos0 = 1]
d{u, v)
d(r, 8)

Example 5.2.4

J= =4r' v ...Ans.

a(y,v)
If u=xsiny; v =ysinx then find ﬂ

Solution :
Stepl:Given, u = xsiny; v = ysinx
Differentiate u and v partially w.r.t x and y

Differentiate u partially w.r.t x, J
keeping y as constant

u, = siny;
Differentiate u partially w.r.t y.
keeping x as constant. ...(by standard

u, = Xcosy: V derivatives)  ...(1)
Differentiate v partially w.r.t x
keeping y as constant

vV, = ycosx
Differentiate v partially w.r.ty,
keeping x as constant.

¥, = sinx ¥

StepIl:  We have by definition of Jacobian,
du du
dwv) ax dy
Wy | W
dax dy

Substitute values from Equation (1), we get,

|l

[(sin y) (sin x)] - [(y cos x) - (x cos ¥)]

d{u,v)
d(xy)

sinxsiny-Xxycosxcosy v ...ADs
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5-6 Applications of Partial Differentiation
Cor ax VW
Common out 2 from R, 2 _ -5

¥z Xz Xy
Operale  C,-Cy, -G,

| 0 0
=-2 X y—x =X
yz  xz-yz = Xy-yz
1 0 0
=-2 % y-x =X
yr —zly-x)  -y@E-x)

Common out (y — x) from C, and (z - x) from C;, we get,

=-2(y—-x)(z-x) X 1 1
ye =& -y
=-2{y-x)(z-x)%

(I x [Minorof 1]-0x [Minor of 0] + 0 x [Minor of 0}
—_— —
0 0

= Ay-x){z-x}x

Differentiate x partially w.r.t. v, keeping u, W as constants
dx W

v u
Differentiate x partially w.r.t. w, keeping u, v as constants

dx v

dw u

Differentiate y partially w.r.t. u, keeping v, W as constants

d _ W
du ~ v’
Differentiate y partially w.r.t. v, keeping u, w as constants
9y _ _wu
PR

Differentiate y partially w.r.t. w, keeping u, v as constants

mxl.c.
dw v

Differentiate z partially w.r.L. u, keeping v, w as constants

dz .
and i i

A
w
Differentiate z partially w.r.L. v, keeping u, w as constants

gz _ u,

dv w

Differentiate z partially w.r.t. w, keeping u, v as constants

= —2y-x)(z-x)% ' o w
ot =, dw e
= —2(y-x)(@Ez-x)" —y) =2l
= —2(y-x) X[ EyE2 0] Step 11 :
= 3= R E-R Y4 We know, definition of Jacobian,
GvM . _2x-y-06-07 ...Ans, S
22 SR TR
Example 5.2.8 % B B
then find a(x,y,z) Ju v ow
If xu=vw;yv=wu;wz=uvthenlin U v.w
e a2 &
Solution : = u v ow
i =. = 2 n u &
Stepl: Given, x = 775 y =7 = o =
Z = mim Substitute values from step (1), we get
w v
fy gy d(f,) - d(g) S, = S
Using,d| 5~ | = 7 u
g g w wu u
4 : : : =1 v T v
Differentiate x partially w.r.t. u, keeping v, w as constants . " o
W w W

@ Engineering Mathematics - | (Dr. BATU)

5-7 Applications of Partial Differentiation

For simplicity, to solve determinant use elementary
rransformaiion and laws of deiciminant.

1 1 1
noaao_._o:.lhmoaw_.Jmcawmanglmg:._
_< S_

u
Ry, we get,
l -Vw wu uv
= 7 2 32 W ='Wu uy
uvw vw wu o -uv

Common out (vw) from C,, (wu) from C,, (uv) from
C,, we get,

= (= 1} x [Minor of (- 1)] - 1x [minor of 1]

+ 1 x [minor of 1]

1) x S Y ] P e
" -1 1 [ 1 -l
_l_. 1 -1 1 L
S |1 {
=E=0x 1_7Lx R el IR 7

=EDEDXED-1px (D=1

(= Dx (D= W)= O]+ 1[N x (1) =1 (=1)]
=—[1-1=-1[-1-1]+[1+1]
=0-(-2)+2=242=¢ --ADs.

Example 5.2.9

If x+y+2z=u; y+2 = uv;z=uyw then find
d(xy,2)
d(u, v, w)

Solution :

Given,

Stepl: x+y+z=u; y+z = uv;
z = uvw

First find x, y, z interms of u, v, w

= X

u-(y+z); y = uv-z;
Yy = uv-uvw ; X u-uv

n

I = uvw

Differentiate x, y, z partially w.r.t. u, v, w

Differentiate x partially w.r.to 1. keeping v, w as constants

i
aime S l -
Differentiate x partially w.r.to v. keeping u, w as constants
x
v - ¢
Differentiate x partially w.r.to w, keeping u, v as constants
dx
w =0
Differentiate y partially w.r.lo u, keeping v, w as constants
W = V-¥W
Differentiate y partially w.r.to v, keeping u, w as constants
Wm = u-uw

Differentiate y partially w.r.lo w, keeping u, v as constants

%ﬁww = —uv
Differentiate z partially w.r.to v, keeping v, w as constants
dz
Mc‘! = VW
Differentiate z partially w.r.to v, keeping u, w as constants
dz
v = uw
Differentiate z partially w.r.to w, keeping u, v as constants
A
=
Step II : We know, definition of Jacobian
x x &
du dv ow
I y,z) dy dy dy
Tod(uvw) du dv ow
du dv dw
l-v -u 0
=|v-VyW u-uw -uv
VW uw uv

For simplicity, to evalvate determinant use
elementary terms formations.

Operate R, + R, + R,
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2 Typerdd =1 Substitute values in Equation (2), we get i Partially differentiate v w.r. to x keeping y as | Solution:
cosv —usinv constant. StepI:Given, x = uv andy = m ey
If u=fxy ; v=h(xy) and x = I=| : ) fag » |
. w " e i % = _ v\ ﬁlrm; I Differentiate x and y partially w.r... uand v
EH.: M Huwe.: =[( V)] - [(sin v) (- u i o _A& )T ey
i Alu v ,m X - =[(cos v) (ucos v)] - [(sin v} (- u sin v)] =

Gy A i.e. =1

Ifu="f(x,y);and v=f, (x, y) are functions of x and

y are given then (i) fist find directly | = 2xy) and (ii) for

d(x
d(u, v)

, first, we have to find x, y are functions of u

This can be extended for three functions of three

variables and so on.

write directly J' ua._. ords= % term.

Note : If we have to verify JJ' = 1 ; at that time do not

Type | : Examples Based on JJ' =1

Example 5.3.1

i w "
If x=ucos v;y=usin v, prove that ﬁ mﬁ va

Solution :
StepI: Given,x=ucosv; y=usinv
Here x,y— f(u,v),i.e. x and y are functions of u, v

We know, definition of Jacobian,

E
. E| du  ov
A (TR Rl I P

v

Differentiate x, y partially w.r.tofu, v

Differentiate x partially w.r.t u, keeping v as constant
dx
Somy = cosV
Differentiate x partially w.r. to v, keeping u as constant
dx . ;
m|: = u(-sinv)=-usinv

Differentiate y partially w.r. to u, keeping v as constant.

%

= sin v
Differentiate y partially w.r. to v, kecping u as constant,

&y

= ucosv
dv

=1

(1)

(2)

i Y
=[ucos'v] = [-usinv]

2 = 2
=ucosv+usiny

=u (cos’ v +sin"v) = u A sinB+cosB=1)
d(xy)
] & m:...é": (3)
d(u,v)
StepIl:  Now,wehavetofind ) =7

Td(xy)
i.e. we have to find u, v as functions of x and y

From Equation (1), eliminate v

Unu_:__H = =:8muq+n—=»£u ot
o sin’8 + cos'0 = 1)
o o= X __m
Taking square root of both sides,

u o= )?u +um

Again from Equation (1) eliminate u as,

v 4

Differentiate u and v w.r.t. x and y
Step III :
Partially differentiate u wr. to x, keeping y as
constant
du 1

= 2 -
T Ny e
X

Partially differentiate u w.r. to y, keeping x as
- constant

du
oy -

Partially differentiate v wr. to y keeping x as
constant.

wa, WA
dy ' +y)
Step IV : We know, definition of Jacobian,
W
. B | Ox dy
dx dy

Substitute values from step (3), it gives

= B > s LA T

.(_x.:,u (X +y)
i £ S e R
Way) ey

2

S S
z_xu +y Qu + u..u,_

2

s e
4
E?H+ww
d(u,v) . 4y il
axy EQ».&& Sy
...(6)

From Equations (3) and (6,)
c_ Ay dWy)

Hence, JJ] = V) A, ) .,?M:.H
1
= Agu.mﬂﬂ_
+y
o u=ax +u..w
=1 ...Hence Proved.
Example 5.3.2

Verify JJ” =1 for the transformation x=uv, y= m

Differentiate x partially w.r. to u, J
keeping v as constant
.S

" odu

= Vv

Differentiate x partially wr. to v,
keeping u as constant.

o _
o -
Differentiate y partially wr. to u,
keeping v as constant. (2}
o
du " v

Differentiate y partially wr. to v,
keeping u as constant.

s ¥
v - T2
Step II : We know definition of Jacobian,
o x
m?.mlv du v
% a(u,v) oy y
du av

Substitute values from Equation (2), we get,

e g we(3)
, d (u,v) -
Step III : Now, for J =3ty Express u and v in terms
of X,y
From Equation (1), Eliminate v,
Xy = E_?m u_._H

d X uy i v 2
bl — St =V
an Yy u v i
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(B Jeng g ) pp e (Or v) 5-15 Applications of Partial Differentiatio
From Equation (1) = E e S , o) - Substitute above value in Equati
2, 2 u 2 laciaed (x7 :& :xi& o HLsNow. ] umg..n%awm:mﬂ_,.ﬁinxﬁaq. i Susionh kats;
S X +y = (ecosv) +(e sinv) = —y X ' -y '
i = Fom Equai = )
= e®costv+esiny=e” (cosv+sin’ V) ey ey | oo Eqation (D) X\ ¥- mv NREY
_oom o 1 Y eltanu_ | sinu : = !
= ¢ sin'B +cosB=1) u-cm'i.ﬂ«n T n,wgcndg:,ﬂ.‘n:u@ﬂc cos'u =sinu ﬁ x v s
et o= XKy . ulum o
5 = u= m:ﬂ-.h M.U
= 2u=log(x +y) | W) Common out
< 8 (5 ¥y Again fi _
.HW log (x* +y") e 2 - asme“aauE I
e v 2 v 2
1 1 E -y = e secu-¢ tan'v =
y . =—5 1 =% ..from(2) ,. x - -
aod x - wfww_w,hus:< @y = ¢ [sec’u-tan’u) Koy 0-y)
PR | < Using standard formula 1 =
A¥ I' = MAm -(5) 2 2 3 = 2 2 S_HAHHUAIEI“@:L
and v = tan |7 . (4) -[1+tanx = sec’x = sec’x ~ tan’x = 1] (x"-y%)
Step V : From Equations (3) and (5), we get, K-y’ = ) ¥ j 1@
v - y-x
2> _.._-:unfaamae_onoﬁ_z_qz%g o Ay v o aulvmu.ucu_om Qulu._uu & Qu Nnn ﬁﬂt u = »VS ﬁ = u
Step IV : We know definition Jacobian T V) dxy) ; (taking log of both sides) Awm N ok
9 (u,v) d(u, v) 1 o 3.5 —(x -y -1
! —— = = — =17 . v = 3log(x"-y) = =
] T T ﬁwk..ﬂuxu 1 ..Hence Proved. y 2 ?uleS.a :xquuu_n
IV : We know definition of i
w: 2 ep inition of Jacobinan, i v 2
o s = deyisd sidog
% dy Example 5.3.5 B Bu ince € X~y =e =yx-y
=l &% & For the transformations x = e’ sec u; y = e’ tan u then L 9wy ox  dy P = u||I._I| v
*x o Au,v) Axy) = ey T (4 P A (x=¢'secu
x o dy prove that ; =1 ledd’=1 g v o secu
. i a0x, y) ofu,v) o dy (5
rom Equation (5), ) .
Mb _ _ Solution : § oy | i Step V : From Equations (3) and (5), we get,
% = mﬁ.@c Step1:Given:x=c'secu; y =¢ tanu D e ﬁxu andv=71log (x"-y) n ax,y) o v)
x__ du 1-2y = Using standard rules of derlvatives Differentiate partially u w.r.t x, keeping y as constant 3w, )~ 3(x.)
 E? Tt o Rt e ax  ox & . I d [y Gl
Xy Ty 2(xeyl) Xy & 2 = ,IC = (-p?%ec &
e dxy | w o x T T )"
_ﬁ J Step I1:: = " N =1v
il X -y (Using Composi fvats - s i
. ﬁ muu mulmﬂ Using Composite Rule of derivative) Example 5.3.6 —
I+{x = umwuu . W x=uy=utanv,z=w prove that JJ' = 1.
m._.u /\T@ acu.J; Solution : ;
Yo R x ' StepI:Given, x=u, y=
= _+hhu~x +y Differentiate u partially w.r.t y, keeping x as constant. ) ’ ! |wM__ u_.lvu—mna__. ZEW (1)
¥ v v v W2
i = [(¢" secutan u) (¢” tan u) - (¢" sec’u) (e sec )] 2 _ .@Sn L Stepll: =3 = Swvow
1-2x 1-2y 2 2 w3 oy Yy -y N
20 +y) 7, 1 i =K & & &
2(x+y) C » " . 9v  ow
ut (e > : ; du dv
; \ ommon o ﬁ? sec u) u u Differentiate v partially w.r.t x keeping y as constant. ow
= 1|5 huu = & secu[tnu-setu]  ..(2) ¥ 11 5 | X B X
—& —A5 x T 1 g g =5 3 v ow 2
| hJu _AMU 9 Using standard formula for eqn. (2) x=y X -y %. B
e I . , % o
X A ftan’ x—sec’ x = 1] Differentiate u partially w.r.t x keeping y, z as constant, oo ow
P o - o 1.k = i i i
1= e’ secul-N=—ec"secu ..(3) ¥ ST %.T@uluf Differentiate x partially w.r.to u, keeping v, w as constants
= X +v__
ox
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Differentiate x partially w.r.to keeping r as constant.

dx
|W|n =m
Differentiate x partially w.r.to r keeping r as constant.

dy _
FE

Differentiate y partially w.r.to s keeping r as constant.

G

95 =

Substitute above values in Equation (1), we get

n

n

[(e" cos y) (¢" cos y) - (¢" sin y) (- €" sin y)

[0 (=D = (m) (m)]]

[(e® cos’y) + (e¥* sin®y)] [(- )’ - m]

= ™ [cos’y +sin’ y] - (- - m)
R Sy
1

du,v) & 2 2
ey = " +m)v ...Ans.

5.5 Jacobians of an Implicit Functions

If u, v are implicit functions of x, y mapped by f,, f,
such that u(x, y)=0; v(x, y) =0,
= filu,v,x,y) = 05 f(u,v.x,y)=0 then

d(f,, f,)
dww _ ol Ay | N
a(x,y) a(f,, f) D,

d(u,v)

Similarly, if u, v, w are implicit functions of x, y, z
mapped by f;, f, f;

Suchthat u(x,y,z)=0;
vix,y.z)=0 ;
wix,y.z)=0

£ fiu,vow,x,y,2) =0,
fy (u, v, w, x,y,2) =0,

0

fy(u v, w, X, y,2)

Applications of Partial Differentiation
3 (f, £, )
(v, w) i d(x,y,2) ||mh
Then  Fxvn = TV 136, 6,6 |7 7D,
d(u, v,w)

It is true for functions of several variable.

Type | : Examples Based on
Jacobians of an Implicit Functions
Example 5.5.1

It _..w+._.uux+§ :~+<~unu+«a

au,v) 4 ﬂlx»

then show that a 22w -V
Solution
Step I: Let, the implicit functions

H._

m

3 3

UV —x-y=0;
2 2 3 3

f= w+v-x-y=0

Step II : Differentiate f; and f, partially,

o e g i)
ox dy
o, , o 5
= = -, 5T =-3y
ox g V)
of, N df, ,
ﬂ = Ju; ﬂ = 3v;
af, af,
ﬂ = A ﬂ =2v )
Step III : We know, Jacobian implicit functions,
d(f, f)
diuv) - 1y d(x,y)
2 (x,y) 2 (f, f)
d(u,v)
z—
=D «(2)
d(f, )
Step IV : Where, N, = ﬂ
of,  of
ox oy
I
ox oy

Using values from Equation (1), we get

Engineering Mathematics - | {Dr. BATU) 5-19 Applications of Partial Differenti
N, = 3y -3=3y-x) (3) Differentiate f,, f, w.r.t.uand v
. a(fy, f,) _ e,
Step V ; = (R
ep Also, D, Y] =
o, o, .m
R :
= s 2 ?n + ,._J
af; df, .
> 3 Step V : From Equation (1), (2) and (3), we get

Using values from Equation (1), we get
D = mﬁ_._n,..l_ms =buv(u-v) ...(4)

T

Step VI : From Equations (2), (3) and (4) we get,

duy) _ 30'-x)
d(x,y) ~ 6uv(u-v)

2 2
dy 1 (y-x)
Ay - Zuv@-v) Anl._v\ ...Hence proved.
Example 5.5.2
i xu...qu...u.._u »«nuo and uv +xy =0 then prove that
dfuy) XV
A%y - e

Solution :
StepI: Let, the implicit functions,
f, au+__m+=u..<~uc.
fy uv+xy=0
Step I : We know, Jacobian of implicit functions,
d(f,, f)

d(u,v) i Su d(x, ¥)
d(x,y) a(fy, )

d(u,v)

l}

za
=B, (1)
o, o
A6 |ox ¥

Popiinen K 27w e 8

Differentiate f,, f, w.rt. x and y

= 2(x'-y) (2)
of
d(f. f,) dv
tep IV : = —
Step D, d(u,v) o, o
v

d(u,v) mq.xmlwuw

dlxy) m_“:~+cJ
7 2
X -y
= 37 3 «..H
e ence pro
C Ay 1
Stap Ve duy) ~ x(l-y)+xy
1 1
LR e e v

Type Il : Examples Based on

Jacobians of an Implicit Functions

Example 5.5.3

i 3 3 2 2 2 3 a3
Hu +v +wW =x+y+z, U +V +W =X +y +Nu.
_._+<+E_Hxn+‘u+ﬂ.~

duvw X-yy-2z)@z=-x)

A0, y,2) = U=} (v-w)(w-u)

then show that

Solution :

Stepl: Let,f, = u'+v 4w’ —x—y-2=0

2 2 1 3 3 3
f = U+vV+w -x -y -z =0p .

G 7,
fy = u+v+w-x -y -2z =0

mﬁ._‘ £, )
d{u, v, w) s 9(xy.2)
Step 11 : = (-1
P Any.z) - D 3 (fy, f )
d(u, v, w)
Z—
= -.m-

Step III : We know, Jacobian of implicit functions,

Where, N, = ufaf)

Ay
R 'Y
dx dy oz
lm ow o=
dx dy oz
oW
ox dy oz
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5-22 Applications of Partial Differentiation

Example 5.5.4

2, 2 2
Hu+v+W=X+y+Z; U+ VW+WU=X +Y +2

d(u, v, w)
sinitl .__,..,_,..u.w.__.xn +y’ +2%) then find (%, y,2)"

Solution :
Stepl: Let, f, =u+v+w-x-y-2=0,

:| =<+<£+E={x~|wu|~unc ...(1)

f;

]

ngslwﬁx:% + n_vuc

Step 11 : We know, Jacobian of implicit functions,

a(f), £y f5)
REICR A W d(x,y,7)
ey n 013 (fy, f, £5)
d(u, v, w)
z_
= - 1U..| i thy
d(f, £, f,)
L TR TR
Step III : where, N, = 3% 3.9
We know definition of Jacobian,
T
dx dy oz
df of. of.
] =2 —2 ot &
N, = % P e w3
o o oy
ox dy dz

Differentiate f,, f;, fy partially w.rt. X, y, z using
standard rules of derivatives
Differentiate f, partially w.r.t x, keeping remaining
variables constants
of,
g -1
Differentiate f, partially w.r.t y, keeping remaining
variables constants
of;

dy
Differentiate f, partially w.rt z, keeping remaining
variables constants

Differentiate f, partially w.r.t x, keeping remaining
variables constants

of
ol -2x

Differentiate f, partially w.r.t y, keeping remaining
variables constants

Differentiate f, partially w.rt z, keeping remaining
variables constants
of,
M = -2z
Differentiate f, partially w.r.t x, keeping remaining
variables constants
ofy biesoy 2
% = |Mﬁua )=-x
Differentiate f; partially w.r.t y, keeping remaining
variables constants
5 = -36)=-y
Differentiate f, partially w.r.t z, keeping remaining
variables constants

of 1
|mﬂ = |mnm-~u:uu
Using above values in Equation (3), we get,
-1 -1 -1
N, = -2x -2y -2z
2 2 2
-x -y -z
1 1 1
= (DD X y z
2 2 2
X y z
ByG-C. G-C-
1 0 0
=-2 |X y-x L-X
2 u._ulau 22
1 0 0
==-2|X ¥=X z-X
=00 @0+

s 2

L[S at-b'=(a=-b)(a+b)]
Common out (y - x) from C, and (z — x) from Cj, it

gives,

=2Ay-xNz-X)

X (y+x) (z+x

L et
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523 Applications of Partial Diffe

=-2(y-x)(z-x)- {1 % [Minor of 1]} =0 x [Minor of 0]

0

+ 0 x [minor of 0]

0

=2y -x)z-x)

=-2(y-xNz-x) x

==2(v-x)(z-x) 1 [z+x=(y +x)]
=-2(v-x)(Z-%) (z-y)
N = -26x-y{y-2)(z-x) .4
Step IV :

Differentiate f,, f,, f; partially w.rt. u, v, w using
standard rules of derivatives

m A—-_. _,u. H‘wu
S ]
We know definition of Jacobian,
df, of, of,
du dv ow
df, df, di,
D, = N ™ B A5)

df, df; ofy
w w w
Differeatiate f, partially w.r.t u, keeping remaining
variables constants
df,
3
Differentiate f; partially w.r.t v, keeping remaining
variables constants
of,
o

Differentiate f, partially w.rt w, keeping remaining
variables constants
of,
w = !

Differentiate f, partially w.r.t u, keeping
variables constants _

o,

== V4w
du

Differentiate f, partially w.r.t w, keeping
variables constants

= u+v
ow

Differentiate f, partially w.r.t v, keeping r
variables constants

of.

Differentiate f; partially w.rt u, keeping
variables constants
o,
W
Differentiate f; partially w.r.t v, keeping
variables constants
ofs
ﬂ = uw

Differentiate f; partially w.r.t w, keeping r
variables constants

W
Iw = uv
1 1 1
U, = |[V+W u+w u+v
vw uw uv

To solve determinant for simplicity use el
transformations.

G-C. G-C
1 0 (
= |[v+w u-v u-
vw wu-v) v(u
Common out (u - v) from C;, and (u - w) from C, i

1 0
= (u=-v){u-w) |v+w 1
W w
=(u=v)(u-w)- {1 x[Minor of 1]} - 0 x [Minor c
0

+ (0 % [minor c:u_

0
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5-26 Applications of Partial Differentiation

Differentiate f, partially w.rt w, keeping remaining

variables constants

dfy
Mﬂ =0
Using above values in Equation (5) we get,
0 2y 2w
D, = |2v 0 Iw
2u 2v 0

Common out (2u) from R;, (2v) from R, and (2w)
from R, it gives.

0o 1 1
D, = u@Evyew |l 0 1
1 1 0
=8 uvw x (0% [Minor of 0] - (1) % [Minor of 1] + 1 x
0
[Minor of 1]}
=
=8uvw x {(=1) %
8 ," 1 ; 1 cﬁ
=Buvw x (- 1)x 10 +(1)x 11
= Buvw [0-1(0-1)+1(1-0)]
D, = 16uvw

T

Step V : From Equations (4), (6) and (2). we get,

.mc...ﬁs.f _” t_ gn _
T d(xy,z)  Ll6uvw] T 16uvw ¥ ..Ans

5.6 Functional Dependence or
Independence

EICRON
d(z, x)
then given functions are functionaily dependent.

(iv) m functions of n variables are always functionally
dependent if m >n.

(v) [f the given functions are functionally dependent, we
can find the relation between them.

(vi) Functionally dependent means one function is a
function of other functions.

Let u=f,(x,y);v="(x,y) are functions of
independent variables x and y.

d(uv) =0

(i o0 1= Ay - then u, v are functionally

dependent on each other.
Otherwise it is called functionally independent.

(ii) If the given functions are functionally dependent
then, there is a relation between them.

(iii) If number of functions are less than number of
independent variables. ie. if u = f (x, y, 2) |

_ 9 (u,v) d(uyv) _
=f(x,y z) m:n_mc:o =0, 30y, 2) =0

Example 5.6.1
Examine for functionally dependent, for u = ¢* sin y ;

v=e cosy

Solution :
Step I : Given ,

u=¢'siny, v=e'cosy

(D
Differentiate u and v partially w.r.t. x and y using
standard rules of derivatives.
Step II : We know definition of Jacobian,
du du
A(uy) dx dy
axy T | o w 558
ax  dy
Differentiate u partially w.r.t x, keeping y as constant
du .
5% & ¢ siny

Differentiate u partially w.r.t y, keeping x as constant
mlr— =" X
T e cosy

Differentiate v partiaily w.r.t x keeping y as constant
@ x
o = ©cosy

Differentiate v partially w.r.t y keeping x as constant.
? LY 3 X .
M = ¢ (-siny)=-e siny

Using above values in Equation (2) we get,

3 (uy) e'siny e*cosy
a(xy) ~ e cosy —e'siny
= [("siny) (-€"siny)]
- [(¢" cos y) (¢* cos y)]

i

w1, w2
—esin y—e " cos y

n .2 2 2
~[e"sin’ y+cos yl= ¢

saalitel mEf._;oo%_._u 1)

—
I
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5-27 Applications of Partial Differentiation
d(uy) Solution :
d(x,y) 79 .
StepI: Here u, v, w are functions of x, y, z. Therefore,
Step I : This shows that the given functions are for functional dependence, we have to find
functionally independent. d(u, v, w)
. There is no relation between the given functions. (x.y.7)
X ¥
Example 5.6.2 Given, TR e R R St
Determine whether the following functions are #
functionally dependent. If functionally dependent, find W= XDy

the relation between them :
u = sinx + siny ; v = sin (X +y)
Solution :
Step I : Given,
u=sinx +sinyand v=sin(x +y) (1)

3 Using standard rules of derivati
Step I1 : We know definition of Jacobian,

je.

duy _ (¥
axy) | av dv
dx dy

Wﬁ ,___H -0
dxy) ~

Differentiate u, v partially w.rt. xandy

For functionally dependent, we must have

From Equation (1)

& L &, (x+Y)
mn!nomx.wu‘lnn,:.mnlnam AFTh
.W.W.unow (x+Yy)
Jduv) =
a(xy)
= cOSX - €OS (X + ) — cosy-cos(x +y)
#0
Step Il :

This shows that the given functions are
functionally independent. So, there is me any relation
between them.

Example 5.6.3

Examine for functional dependence of
g e W g B

Usy_zivez—x iW=xoy

Differentiate u, v, w partially w.rt. X, y, Z using

standard rules of derivatives
_Ha ﬁmUn_._ du |u¢ n_<”_
A v

Differentiate u partially w.rt x keeping y, Z as
constant,

du 1

ox ~ y-
Differentiate u partially w.r.t y, keeping X, z as
constants

E T
Differentiate u partially w.rt z, keeping x, y a
constants

/S,
%~ (y-2
Differentiate v partially w.rt x, keeping y, 2z @
constants
v y
n T u-x

Differentiate v partially w.r.t y, keeping x, z a
constant
o A
dy  z-x
Differentiate v partially w.r.t z, keeping X, y
constants

dv ¥

i 2
9z (z-x)

Differentiate w partially w.r.t x, keeping y, Z
constants.
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<|||ﬁu|ﬁmm. g ou e, Solution :
YT oyt T (y+a) .
StepI : Given, u = Xy+yz+zx;
_ S AT
P T(x+z) Tk’ v o= x4y +z
u,v
mﬁ—umﬂ"..m@.él e 23 v neyiz
2 7]
y+2) ¥+9 Differentiate u, v, w W.r.L X, ¥, 2
1 | . = Uslng standard rules of derlvatives
ey e | Gy R o ou o ow
(x+2) (y+2) oo 4] - duvw . , ,
e T * 7 :
N R W, W w,
PEea {y-x) 4

. 3

n.|.|~_||u : T:Z.:LT“TEQ:&uo
(x+2) (y+2)

Differentiate u, v w.r.l. x and 2

= Usling standard rules of derivatives

ﬁ d hmun <a=“~=a<w

. d(uv) ..__. Us _
Step V : and 3@ - . %,

—(x-y) Z+y)(y-x)
= 2 3z 1 ch
(x+z) (y+z) (y+2) (x+2)

All the Jacobins are zero.

Hence, given functions are functionally dependant.

Step VI : For relation :
Since, U= “lww.... Vi “lmlw

ey =i

{ = 1 is the required relations. ¥ ...Ans.
Example 5.6.7

Examine whether the given functions are functionally
dependent, if so, find the relation between them
.._ux___+ﬁ+nn"<uu»+qu+u» IWSXN+Y+Z

y+z X+1z y+x

1]
I
2
-
B
~

y+z x+z Y+X

By C,-C, C,-C,

n
=
e

|
=
™~

|
E

y+z X-y X-L

“2[ (y-x D - (x-y) 30 ]

=0

il

Hence, the given functions are functionally
dependant.
Step 111 : For relation
Since, U = Xy+YyZ+iIx
v = X+y+d
w o= .u +y+z
2u+v = m?«+ﬁ+n5+uu+mu+%
= Ax+w+n% =w

2

= 2u+v = w isrequired relation.
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Differentiate u, v, w partially w.r.t. x and y

= Using standard rules of derivatives

fot)mpe]

X-y o RE2
T x4z T y+z

Since, u

Differentiate u partially w.r.t y, keeping x, z as constants.
du -1

dy ~ x+z

Differentiate u partially w.r. t z, keeping x, y as constants

G-y

gz~ (x+z)

Differentiate v partially w.r.t y, keeping x, z as
constants
Lo (k)
Ty T T+
Differentiate v partially w.r.t z, keeping x, y as constants
av _ (y+z)—(x+2) o y-x
2 get G2
Differentiate v partially w.r.t y, keeping x, z as constant
StepIV:

By definition of Jacobian,

1 (x—y)
daw | Y ey
To(y,2) | —(x+2) {y-x)

y+2' G+
1 1

Common out 7 from R, and

a from R, we get

(x+12)

_ 1 . 1
- Q+uvn @.+uvu

L8

1
B (x+ 5“ 7..?..@»

e+ a-0-G-y x+2)] =0

Oy 0
Talyz)
Step V:
We know definition of Jacobian,
du
ZOS__. E" % o
d(z.x) I v
oz ax

Differentiate u, v partially w.r.t. x and z
u (x+z)-1-(x-y)-1 z+y

x " (x+2) T2
av _ (1)
ax - F:.P

< Using standard rules of derlvatives

...(using values from above steps )
—x=-NY[_L_ rﬁ y-X uﬁn+m u
h?.vu_uu F;uv (y+2) (x+2)
= (x-y) (z+y)(y-x)
Q+~u~c.+£ Q+&HQ+5“
G-x _ (y-x
x+2 6+ " (x40 (y+2)

=0
All the Jacobins are zero.

Hence, given functions are functionally dependant.

Step V1 : For relation :
; i o o _x+z
Since, W e V=y+z
+w _ A=y Yz X-yHy+z x+z
Uy SXFzTx+zT x+z T x+z
u+l . . .
v =1 is the required relation. ¥ ...Ams.
Example 5.6.8

Examine whether the given functions are functionaily
dependent, if so, find the relation between them
UsXy+yZ+2 VX 4y 42 WaXey+2Z
Solution :

StepI : Given, u = Xy+yz+2x;

2,2, .2
v X +y+z

W = X+y+42Z

Differentiate u, v, w partially w.r... x, y, z
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5-34 Applications of Partial Ditferentiation

d(uv) ~1 1 P
Ay - (4xy) T (+xy)

This shows that the given factions are functionally
dependent.

Step 111 : For relation

Since, v = ftan ' x—tan”'
- w5 u
- 14xy
v = tan ?&
= tanv = u ¥ Iisthe required relation.
..ADs.
Example 5.6.11
Examine whether functions :

:ux+v.+u.__uun+¢u+~»vinnm.q‘u.rngluuﬁn.w
functionally dependant. if so find the relation between
them.

Solution :
StepI:Given, u = X+y+z ;

v

n

Xy +r (D
w = xu+u_u+nu|uumu
Differentiate u, v, w partially w.rl. x, y, z

< Using standard rules of derlvatives

Step II:

We know definition of Jacobian, :

du du du

- 9x  dy oz

dluv,w dv v Ov

9(x,y,2) ax dy oz (2
w  dw  Ow
x oy oz

Differentiate u partially w.r.t X, keeping Y, Z as constant

Differentiate v partially w.r.t y, keeping x, Z as constant
=Y

Differentiate v partially w.r.t z, keeping x, y as constants

Differentiate w partially w.r.t x, keeping y, z as constants.
dw 2
oW _3

ak 3x yZ

Differentiate w partially w.r.t y, keeping x, z as constants.
dw 2

= = Jy-3xz

ay ¥

Differentiate w partially w.r.t z, keeping x, y as constants

% 32" - 3xy

Substituting above values in Equation (2), we get
1 1 1
= 2x 2y 2z
maglu“_ﬁ wv.u.lunn u%]f&
Common out 2 from R, and 3 from R,, it gives,
1 1 1
=2x3 X y z
Nu -Xy

1 2
X -yz y -xz

To solve determinant, for simplicity use elementary
transformations.
By C,-C,G-C,
1 0 0
=5 X y-x z-x
f-yz -keyra) =Xyl
; v.~|xnrap+ﬁnﬁunquxn+ﬁ
5= =(y-x)(y+x)+z(y-x
=(y-x)(x+y+2)

Common out (y - x) from C, and (z - x) from C,

1 0 0
=6(y-x)(z-x) X 1 1
©-yz X+y+2z X4Y+2

Since two columns (C,, C,) are identical, so value of
determinant is zero.

du v, w o
9(x,v.2)

This show that u, v, w are functionally dependent.

ks sk
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5-35 Applications of Partial Differentiation

Step 111 : For relation

Since, U= X+y+z;
2 2 2
v o= x4y +z
i 3 i)
W o= X +y +z -3xyz
We can write

w = ?u+wu +2' - 3xyz)

cﬂ+u__+~Y?u+z~+uuré|q~|~:

£
i

u(v—xy-yz—zx)

Since,

[
I

(x+y+20=x"+y +2" + 2y + 2z 42yz

Now, v o= v+ 2(xy+yz+zx)

1
=¥

2

LXYHYZ4IX =

:n@

-i
1]
l_!

= 2w = u(dv- :J is the required relation. v ...Ans.

Example 5.6.12

Examine whether functions u=x+y+z;v=x-y+z;
w=x+ ___u + 2+ 2xz are functionally dependant. H so

find the relation between them.
Solution :
Stepl:Given, u = x+y+z; v=x-y+z
w o= X4y +d 42 = 05)

Differentiate u, v, w partially w.rt. x, y, z
=» Using standard rules of derivatives

Differentiate u partially w.r.t x keeping y, z as constants.
du

=1

Differentiate u partially w.r.t y, keeping x, z as constants.

&
ay

Differentiate u partially w.r. t z, keeping x, y as constants
du
Pl

Differentiate v partially w.r.t x, keeping y, z as constants
ov

x - !

Differentiate v partially w.r.t y, keeping x, z as constant

Differentiate w partially w.r.t x, keeping y, Z as constants.

ow N
3 I +2z

Differentiate w partially w.r.t y, keeping x, z as constants.
ow

y =¥

Differentiate w partially w.r.t z, keeping x, y as constants
% = 2z+2x

Step I1 : We know definition of Jacobian,

d(uv,w)
o(x,y.z)

¥|¥ gl g2
2|
¥ vl 2

Substituting above values, we get

1 1 1

1 -1 1
2x+2z 2y 2z42x

To solve determinant, for simplicity use elementary
transformations.

By ,-C, G-,
1 0 0
= 1 =2 0
2x+2 2y-2x-2z 0
We know value of upper or lower triangular matrix is
product of diagonal elements.
duv,w) _ >
Ay.2) - MEH0)=0

This show that F_ v, w functions are functionally
dependent.

mru 111 : For relation

From Equation (1),

? = i+w+&~
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==
We know definition of Jacobian, _”__.E_o: .
a2 Ah el o
dx dy dz Given , u = Xy ;
2 2 1
. v = X +y +2
a(f,,f.f) af, of, mm. o
a(x.y,z) | ox 9y 9z
af, af, of L, f, = v-xyz=0;
gy, 93 I S
ox dy dz f, = v-x -y -z=0;
. f, = wex-y-z=0
Differentiate f,, f,, f,, partially w.rt.x,y,z, it gives 3
be the implicit functions.

Differentiate f, f;, f,

yz xZ Xy i1 ial derivati ing Jacobian is,
partially w.rtu,y, 2 Step I1: (i) We know partial derivative using
Dyom |20 B using standard rules 9(f,.6.6)
[ | of derivatives ox “n d(uy.2)
au - ¢ afuffy
common out 2 from R, it gives d(x,y,2)
yo xz Xy . )
=2l x y z D,
1 1 a(f,, f, .f)
! Step I : Where, N, = 2_“ m «w
To solve determinant for simplicity use elementary L Y,
transformation. We know definition of Jacobian
ByC,-C,, C;-Cy: of o o
yz (x-yz (x-2)y du dy oz
=2| x (y-0 (-x) d(f. ) o o Of
I 0 0 (,y.2) - o dy %
Common out (x — y) from C, and (x - z) from C, we % Ww 1@@.
du dz
get yr i e dy
X —Xy Differentiate f, £, f;,
=2()(x-y)(x-2) | X b mme partially w.rtx,y, z
= u using standard rules
10 0 s of derivatives
-L
By solving determinant and using 3" row,
D, = 2x-y)(x-2):1(-z+Y) By solving determinant
= =22]= - v
D, = 26x-y)(x-2 (-2 ) N, =11y ma Nw 2 2
: (f,, £,.55)
Step IV : Hence, From mbhsces (1) (2) and (3), StepIV: Also, D, = e yal
ax
E' |~HNL We know definition of Jacobian,
O e 12 a9, o
= -y -2 (y-2) x oy &
W = 1 upﬁ — ¥ -Hence proved. 6.6 o of O
s ax,y.2) ax ay oz
Example 5.7.4 Wm ku.m .mb
==uuﬁ.<uuu+¢u+nu“£us+¢+n§o==_._n ox dy dz

au’

o w

e
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5-39 Applications of Partial Differentation
-yz -XZ =Xy Differentiate f,, f;, f;, We know definition of Jacobian,
=| -2x -2y - partially w.rt x, y, z o o
wl -1 u using standard rules il K
of derivatives 9 du oz
a(f,, f, .fy) o, A, of
Common out (- 1) from R,, (- 2) from R, and (- 1) from R,, fm.ﬁlh.w.wl ) vk b m|~~
it gives
. a, of, o,
e w % % %

=CEDEDED) oy 2
I 1 I

To solve determinant for simplicity use elementary
transformation

By -G, G-C,
yz z(x-y) y(x-2)
=-2 X y-x Z-X
1 0 0

Common out (x - v) from C, and (z - x) from C;, we get

=-2(x-y)@z-x) =

By solving determinant and using 3" row
=-2(x-y)z-x)[1(z-y)]
D =2(x-y)(y-2)(z-%) 03
Step V: By using Equations (2) and (3), Equation (1)
becomes

e 2(y-z)
T 2x-NG-2)(z-x)

s v 1 - i !
W TENED G- -g "’ A

& 2l

Step VI : (i) We know partial derivative by using Jacobian

18,

d(f, £, .f;)

dy d(x,u,z) N,
= OV 6 D, @
a(x,y,2)
Step VII : Where,
A, £)
Neo= Txuo

By solving determinant
= (z-x)

a(f, £, f)
Step VIII : And D, = m:_,_ m%&:é@éﬁ-a

*." (From Equation (3))

N R 1 (5 | S
du T 2(x-y)(y-2)(3£x)
) N (R
= Geng-n Y A
Example 5.7.5
=uu.._+¢+¢.__"qn.._n+<u¢!u.un=u+<u+!u_5w=
==Qm|=
an’
Soln. :
Stepl:Given, x=u+v+w ;
y=u'+vi 4w
z=u'+v 4w
Let, fi = u+v+w-x=0;
f, = _._u._.e~+_s.~|u__uo“
f, = vaviewoz=0
Step IT: We know partial derivative by using Jacobian is,
a(f,, £, .f;)
du i 9 (x,v, w)
P T )
d (u,v,w)
N,
=h ()
Step II ;
w Q.,_. —..u -Mwu
z =
ow, N = Tavw
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We know definition of Jacobian, Solution : By solving determinant, G
o A o ! Step I : Let f, = x+y-u=0; D, = 1[1-0]-1[0-0] =1 (4) .,Wr
ax  dv dw f, = y+z-v=0; From Equations (2), (3) and (4) = | g €5
[ ] _._
e
2
x w Step II : % - @_H&H_ ( pu 3 By solving determinant,
3 o 3 © o duov T dulov .. From Equation (1), == =~ (1)=0 122 :
a o o 2 v Andv D, = 2u+2v=2(u+ qJ (3
dx  dv  dw Now, We know partial derivative by using Jacobian is, z .
, | , Ix o A Hence, From Equations (1), (2) and (3)
Differentiate f,, f,, f, partially w.r... u, v, w and x a(f. 6. ) Ta = ...Ans. 5
3 Using standard rules of derlvatl & _ |dvyd | N 2 x %ME.HM,L
S T () Example 5.7.9 (
1 -1 0 d(x,y,z) # ox=u'-v';y= :c.::nmﬂ_.. .w:oﬂ = } v ...Ans,
S 5 (i i
= | 0 @ W Step I Whese, N, = ‘=23 Solution :
g .ul,wv a(v,y,2) ST Tk ‘ S 0 Example 5.7.10
-l I..mn P . H i = uw-v-x=0;
We know definition of Jacobian, H. ~ i it u¥+x’ =x+yandv’ +yu’ =x—ythen, .,__._uw__ﬂ.
By solving determinant, off  of o, 3™ Breys
N & G @ dv dy dz Step Il : We know partial derivative by using Jacobian is, Solution :
4 . - -0-
StepIV: Also, clm:_ f,, fy) _ a9 9 U Septs Lev f ,_uzzu R =3
P @, v, W) = F " | O&V ) N a f, = vV4y'-x+y=0
= - D 3 i o 2 aiig
We know definition of Jacobian, A o, o o WMH. M; ‘ Step IT: We know partial derivative by using Jacobian is,
of  of,  off dv dy dz 165 mlw (£, )
du v Ow Differentiate ,, f,, f, partially w.r.t. x, y, z, v Step IIL: Where, N, = |_Irm_ & & _ L1 R A1)
dy a(f, f) D,
5 a9 df -» Using standard rules ot We know definition of Jacobian, 9 (u,v)
du dv dw a* a* A6y
0 ay a 2 _ all,
o o R = 5 Step Il : Where, N, = 5 3
du dv dw B E,h af, We know definition of Jacobian,
R ER— 0 0 v a o
= Y -v -Iw By solving determinant, Differentiate f,, f, partially w.r.t. u, v and x _ du dy
-3’ 0 -3 N, = I()=1 .3) = Using standard rules of derivatives Wm» lm..mh
By solving determinant, A,y ) . L
2 2 StepIV: Also, D, = 5 ——— | Sy Differentiate f,, f, partially w.r.t.u, vand y
= —[6vw’] + 1 [0- 6u’w] d(x,y.2) . ..\VAW il Y WL
= —6vw -6u"w We know definition of Jacobian, = n..& o = Using standard rules of derlvatives
D, = ~6w(vw+u) .03) o of o R e
Step V : Substitute values from Bquation (2) and (3) in ® 9 & ...By solving determinant,
Equation (1), it gives P9 =
2 _ oaf o O N, = -u 2)
du_ I_” 6vw N ax  dy oz
ax —6w(vw +u’) ; wQ.. muw
| StepIV: Also, D, = 3 3 ’
au W, ) of, ofy of) i (u,v) By solving determinants
x S wen «-Heace proved. & o We know definition of Jacobian, N, = 2007 +1)+2yu
Example 5.7.8 (L i o o of N, = 2ufu’+1+y] Q)
H u=x+y;vs=s Find the val = m.zVA..... } du v I £
s Y; Yy +Z; w=2z+ x. Find the values of ﬂ..-m—.. ,:w.\ 0 i = Step IV : Also Un..u-lﬁ_l..“M
5 1 1 | o o ©.v)
| du av
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f(x, y) = f(a, b) + [ (x - a) f,(a, b) + (y = b) f,(a, b}]
495 [(R=a)" £ a.b) + 2(x - ) (¥ - b) £ (a. )

+(y-b) £ (b)) +% [(x-a)' f .(ab)
+3(x =)' (y = b) (8, b) + 3(x—2) (y =)’
fy(a.b)+ (y =) £ (a, )] + .. 41
Step I1 : Given, f(x,y)=sin(x+Y)
and a = 0 b=0
(0, 0) sin(0+0) = 0

f,(0,0) = cos(0)=1
f,(0,0) = cos0=1

f(x.y) = cos(x+y)
f(x,y) = cos(x+y)

£, (xy) = —sin(x+y) f,(0,0)= -sin0=0
f,(x,y) = —sin(x+y) [, (0,0)= -sin0=0
f,(x,y) = —sin(x+y) f,(0.0)= -sin(0)=0
f0 (%, ¥) = —cos(x+Y) fin (0,0)= —cos0=—1

f  (x,y) = —cos(x+y)

any v

fy (0.0)= —cos0=~1
£y, (0.0)= -cos0=-1
_.,3_8.9". -cos0=-1

[y (x,y) = —cos(x+y)

foy (x.¥) = —cos(x+y)
Step 111 : Substitute these values in Equation (1) ,
f(ry) = 0+ [x()+y D) ]+37 (< ©)+2xy ©)
oy O1+3; 1 D +3Cy - D)
+ uaqu -1+ u__u =1 +...

sin(x+y) = a+w|%?+3u Fon? ...Ans,

fxy) = xy'

L) = (D=1
i, =logy-y" -logy =y’ logy)*
(L) = () (og1)’=0
f, = y* ,w..w.f_oww.xm.-_
fy (0,0) = —sin0=0
= v [l+xlogy]
f, (1L1) =@ [14()log1]=1+0=1
fo= x(x=-Dy?

b
f,(L D=1, D1 =0
Step I1 : Substitute these values in Equation (1),
1
A ) =14+ [E-DO+-DD)] + 57

[(x - 1) (0)+2(x = 1) (y = 1) (1)
+Hy-DO)) + ...
Yo =14+ -D+x-D(y-1)+...v .. .Ans.

Example 5.8.3
Expand 1(x, y) = y" in the neighbourhood of (1, 1) upto
the terms of second degree.

Solution :

Step I : We know, Taylor's expansion of f(x, y) about (a, b)
is,

f(x, y) =f(a, b) + [ (x ~a) f(a, b) + (y - b) f,(a, b)]
+% [(x-a) f,(a b) +2(x—a)

(y-b) (@ b) + (y-b)' £ (a,b) ] + .
(D)
Given : fix,y) = yand (a,b)= (1, 1),
fL,n = =1
f(xy) = y'logy

f(LD=() logl = 0

Example 5.8.4

Expand f(x, y) = sin xy in powers of (x - 1) and TTWV
upto the second degree terms.
Solution :

Step1: We know, Taylor’s expansion of f(x, y) about (a,

b) is,
fix,y) = fla,b)+[(x-a)f(ab)+(y-b) ﬁ?. b)]

+w_:_ [(x—a) f(a,b)+2(x—a)

(y-b) [y ) + (y-b)' £ (a, b) ] + ..

(D)
Given,f(x,y) = sinxy
and (a,b) = o.mva?.muuaahmvu_
f,(x,y) = cosxy-y = ycosxy
ﬁ?.%u = mo%w.uc
@?5 = COSXY:®X=XCOSXY
ph_.w = (eosy=0
fo () = y[-sinxy] (y)=-y’ sinxy
2 2 2
(1.5) = -(2) nl - -Zm--%
.___—u u__.m
= —gh==F
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fy(xy) = yl[-sinxy-x]+cosxy(l) = (DO =0
= —xy sin xy + cosxy f,(x,y) = - ¢ siny
Gllg) = -E@&Ew,f cos p?.& - -%EQV
= -3(+0=-3 = - (M=~
f.(x,y) = e cosy
fy(x,y) = x[-sinxy] x % ) .
s |u”mm=_€ m:ﬁo..mv = ¢ SAMV
?T.& = ~(1)'sin} = S,a,.u@
f,(x,y) = -e siny
= ! n o (n
Step II : Substitute these values in Equation (1), fy\0:3) = -esin|3 ) =-1
f(x,y) = ?TT:B?T:&BL).% f£.(xy) = - cosy

[ior () 2een(-2)- (2)-(en )

sinxy = ?c:%:- ' -Fx-1)

(-3)-3(-5)

_lﬁﬁl—%lmﬁl:ﬁqlmwv

1 aY
IMAMIMU v

sin xy

. ADS,

Example 5.8.5
Expand e” cosy in powers of x , lev upto terms of

degree three.
Solution :

Step I : We know, Taylor's expansion of f(x, y) about (a, b)
is,

1
f(x,y) = f(a,b) + [ (x~a) f,(a, b) + (y - b) f,(a, )] +7;
[ (x—2)’ f,(a, b) +2(x-2) (y-b) £, (a, b)
-1 (0 )] 437 [ (k-2 f,(a b)

+3(0-2)° (y - by (2, b) + 30— 2) (y - b)' £,y
+y-0’f @b ]+ ... )

a

Given: f(x,y) =¢'cosy and APSHAQ.MV.

(05) - ¢a(3) 0

f,(x,y) ¢" cosy

m.mc»mu &% cos ﬁwv =0

]

??.mu # -%_EﬁmvuL: ©)=0

fe (X, Y) = e cosy

L ﬁo‘mw = e’ cos hwv

= (D=0
anu Aa.u__v = Iﬂnmmﬂ%
Pc.ﬁo.mu F |nﬁ_mm=ﬁmv
= -(DH(h=-1
fyy (x.y) = -¢ cosy
qs?.wv = -%Bmﬁmuuo
fy (. y) = —e (-siny)=e"siny

ﬁs?.mu = n._a__ﬁ&u:::um

Step II : Substitute these values in Equation (1),
fix,y) = a+_”c73§ +?rw7 :H_+%

[a-0t@+20-0(y-Fen+(s-3) 0

3 T-s._sé-a (r-)e0esc-o A_-&M_? 7-&“3“_‘

-]
wTLm T:mu:r@..qu ¥
AR R )

1 A}
+whqlmv +on? .oaAL
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Geometrically, u = f (x, y) represents a surface the
point. The point of maximum may be compared with the
highest point of a dome, and the minimum point may be
compared with lowest point of a bowl. Sometimes at the
point (a, b), the tangent plane is horizontal and the surface
descends in certain directions and ascends in other
directions, such a point is called a saddle point. The point at
which function u = f (x , y) is either maximum or minimum
is known as stationary point. The maximum or minimum
value of a function is called its extreme value.

5.9.1 Method of Finding Maxima and Minima

Let f is function of x and y of two variables which is
continuous and differentiable in x and y. To find maximum
or minimum value, use following procedure.

Step 1 : Given function, f(x,y) =0
of of
Step Il : Find o oy
o _ o
,mﬁv I: Solve: wxlc Ty
Solve these equations simultaneously and find
values of x and y.
(x,y)= hmf .—u_.v. ﬁWN. G»w. abu. Guu are
called stationary values.
. ot &f o't
Step1V:  Find nnﬂ ; &= axdy D l= %
Step V : Find r, s, t for each pair,
For (a,, b))
Find r, VALY w?_,w_u. :»_.w__._

StepVI: () If (n— MJ >0 and r >0, then function is
minimum at (a,, b,).

fin = fi(a), b)) is called extreme value.
(i) If (t-s)>0andr<0 then function is
maximum at (a,, b,).
fow = f(a, b)) is called Extreme value
(idi) If (rt = mJ < 0, then function is neither
maximum nor minimum, then the point (a,,
b,) is called saddle point.
w..aﬂ VII: If (rt- aJ = 0; we need more investigation /
require more study.

Note: 1. If(rt—s)> 0 and r < 0 then the given function
f(x, y) is maximum at (x,, y;) = (a,, b;).

2. If{t—s°) > 0 and r> 0 then the given function
f(x, y) is minimum at (x,, y,) = (a, by}

3. (- mJ_ < 0 then f{x, y) is neither maximum
nor minimum  at (x, y) = (a, b)

5-50 Applications of Partial Differentiation

Type | : Example of Maxima, Minima of

Two Independent Variables

Example 5.9.1

Discuss maxima and minima of the function
2 2

X +y +6x412,

Solution :

StepI: Given, f(x,y) = X' +y +6x+12 (1)

Differentiate given function f - by using standard
rules of derivatives, we get

Step 11 : m = 2x+6
of
and = 2y
For maxima and minima,
x a o,
= x = 0 and ay - 2y=0
2x+6 =0 2y = 0
x = =3 y =10
xy) = (=30
i
Step III : r = ﬂnm 3
of ot
5§ = WRW%HO. t= &»HH

(rt-5") 39=02x2-0)=4>0 and 1= 2>0
This shows that function is minimum.
Step IV : From Equation (1)
fup = (=3 4046(-3)+12=9-18+12
fu, = 3 be the extreme value v «Ans.

Type Il : Examples of Maxima, Minima

of Two Independent Variables

Example 5.9.2

Discuss the stationary points for maxima and minima of

X exy’ =125 -2y° + 21x + 10.

Solution :

Step 1: Given, f(x,y) = X+ ua.u —12x- uu_w. +21x+10
Since, for maxima and minima,

of

MM =10 and =0

Ll

Differentiate given function f - by using standard
rules of derivatives, we get

@m@amg Mathematics - | (Dr. BATU)

5-51 Applications of Partial Differentiati

of
5 = W4y -24x+21

af
and wlu.. = 2xy -4y
Uuu~+w~|max+m_u 0 (1)
and  2xy-4y = 0 w(2)

Step II : From Equation (2), 2xy -4y =0
= y(x-2)= 0= y=0;x= 2
Put y =0 in Equation (1), =3 —24x+21=0 gives,

= xX-8x+7 =0
= x=1,7

= (x=-T(x-1)=0

The stationary values are (1, 0), (7, 0)
Now, Put x = 2 in Equation (1) gives.
124y -48421=0 =y’ -15=0

= y =145
The stationary values are (2, .gm ) (2, - .q_lm )
Thus, the stationary values are
(1,0),(7,0), 2,15, 2,-15)

Step IT :
P

f
r e Tm=6xa2
x’ *

StepIV :
(i) For(1,0) = (x,y)=>x=1; y=0
r =6-24=-18;
s=0; (=2-4=-2
& n-s’ = 36-0=36>0 and r=-18<0
This show that, function is maximum at (1, 0)
R .5 )

(< +xy’ - 12x* - 2y* 4+ 21x + 10)

i

.o

E--»
n
8

E
g
=
e
i

X y)=x=7,y=0
42-24=18,5=0;
14-4=10

- =
1] n

a
1
w
1

180-0=180>0 and r=18>0

This show that, function is minimum at (7, 0)
min = (X, ¥))g,0
o+ xwp ~12x7 -2yt +20x 4 10), 5

—_
]

= 3434+0-588-0+147+10 =—88
H._-__._ = -88
Step VI :
(i) For2A15) = (x,y)=>x=2,y=1[I5
¥
ro=5=12-24=-12,
o
5 = mém“
and t = .ﬁwnanano
ay

sor=s = 0= (15 =—4x15=—60<

This shows that, al (2 dqmv. function is neith
maximum nor minimum.

The stationary point (2+/15 ) is 2 saddle point.
Step VII :
(iv) For(2-15) =

(xy)=>x=2,y=-15

-2
of
T =S5 =12-24=-12
X
Ehi
s = T =2415;
dx dy &
2
and t = IMHM =4-4=0

-s° = 0-60=-60<0

This shows that at (2, - .r.qm ), function is neith
maximum nor minimum.

The stationary point (2, - g 15) is a saddle point. v ..Ap
Example 5.9.3

Discuss maxima and minima of function 3x" - y* + x°.
Solution :

Step I: Given, f(x,y)=3x" -y +x ceel
Differentiate given function f - by using standa

rules of derivatives, we get

StepI1:

6x-0+3x

and = =2

¥ ¥lx gl
|
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5-54 Applications of Partial Differentiation
Step VAL (xy)=(0,0),(0,23), 0,1 Step ITI : Now,
3 43
r=0,5=0,t=0 > rt-s'=0 r = %uff“wurﬁ.
Need further investigation. au % X
da'f
Step VI : At (x, y) = (1, 0), and (3/4, 0) s = mxm@nd.
63 2 3 3
r=0,5=0, t=0, m_._ﬁ:u_mMw @ .mlmnwﬁuinw
But ri—s'=0  So, at this point also we need
more information. Step IV : At(x,y)=(a,a)
Step VII: At (x,y) = (1/2, 1/3) r=2, s=1, t=2
r=19, s=-1/12, t=-18 = rt-g'=4-1=3 ad r=2>0

ot = OG-

mmvc ; and quﬂ_.m >0.

This shows that, function is minimum.

11 1 )
“ Foi = AH.LHE v - Ans.
Example 5.9.7
Discuss the maxima and minima of
1,1
fix,y)=xy+a Anﬁ.
Solution :
L
StepI: Let, f(x,y) = &__+M.+ﬂ (D

N 3 a_
Step Il : For maxima, minima, mnle and o =0

Differentiate given function f - by using standard
rules of derivatives, we get

3
y-45 =0 (2)
X
ww
x-25 =0 )
¥
From Equations (2) and (3)
xw. -4
x<~ = d
ﬂu
= X = ﬂ. Put in Equation (2)
ﬂ_ p |
hlmu y Hmw = n._ku = y=a
Y

(Remaining two values are imaginary)
From Equation (3) x=a, also
Therefore, (a, ) be the stationary point.

This shows that, function is minimum.
» Fy, From Equation (1)

1 1
Foo = f(aa) =(a)(a) a FapY

a+2=3" ¥ ...Ans.

Type lIl : Examples on Maxima and
Minima of f(x. y) is to be formed from
given condition
Example 5.9.8

Divide 120 into 3 parts so that the sum of their products
taken two at a time shall be maximum.

Solution :
Step I : Let x,y, z be three parts of 120.
(1)

Also given, Xy + yZ + zx is maximum .(2)

Lo x+y+z = 120 ...(given)

From Equation (1),
z = 120-x-y and from Equation (2)
f(x,y) = xy+y(120-x-y) +x(120-x~-y)
= xy+120y-xy-y +120x-x' - xy
Lo fly) = |3_|n~|q~+_§+ 120x
Step 1 : ma-.ﬂn%nb.—ﬂm.-_.g.m = “m =0
Differentiate given function f - by using standard

rules of derivatives, we get

of

ox

of

and M

Step [l : Now,~y+120-2x =0
and -x+120-2y =0

1]

-y-2x+120

-x-2y+120

it il -8

e s

s i
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5-55 Applications of Partial Differentiatior
x+y = 120 -(3) = sinxsin(x+2y) =0
and x+2y = 120 (4) __ 5 1 o
=5 [cos 2y —cos (2x + 2y)] =
Sty = x+2y e ’ L
= x=y Put in Equation (3) = cosly-cos(2x+2y) =0 ...(3
2y+y = 1205 3y = 120 From Equations (2) and (3)
= y = 40 = x = 40
cos 2x —cos (2x + 2y} = cos 2y —cos (2x + 2y)
Weget (x,y) = (40,40)
= cos2x = 2
Step IV : From Equation (1) * e
Sz o= 120-x-y; = pe=3
oz = 120-40-40 Put x =y in Equation (3)
z = 40 cos2y = S.iainmnomwme
5 (xy,2) = (40,40,40) be the stationary point. (. c0s20=2cos 0- I
a'f
Step V: r= ﬂulm 3 = 2cos’2y-cos2y—1 =0
P P Itislike ax’+bx+c =0
mummn|_._u|un|m
xdy 1-4x2x(-1
Therefore, cos 2y = o
(tt-5) = (-2)(=2)-1=4-1=3>0 ax2
and r = -2<0 1++/1+8

., This shows that function is maximum. v ...Ans.

Example 5.9.9
Find the stationary value of [sin x sin y sin (x + y)]
Solution :

Step I: Let
Step I :

f(x, y) = sin x sin y sin (x +y) (D)
of

For stationary values, M =0

Differentiate given function f - by using standard
rules of derivatives, we get
= siny[sinx-cos(x+y)+cosxsin(x+y)]=0
= sinysin(2x+y) = 0
("." use sin (A + B) =sin A cos B + cos A sin B)

W [cos (- 2x) —cos (2x + 2y)]= 0

(" use sin A + sin B = cos (A-B) -cos (A + B)

= W—me,alooimu+~§ 0

= cos2x~cos (2x+2y) = 0 -(2)

of
and =
ay
Differentiate given function f - by using standard
rules of derivatives, we get

ie. sinx[cosy sin(x+y)+sinycos(x+y)]=0

—f
cos2y = —,— =1, -3

= cos2y=1 and cosly= |W

= 2y=0 and 2y=

u__"n— y=

wla =

Hence (0, 0), @ , m_ be the stationary values.
2
Step III : ZQi._.umlﬂ ;
dx

r = 2sinycos (2x +y)

= [cosx sin (x + 2y) + cos (x + 2y) - sin 3
= sin (2x +2y)
2
_uw =2 sinx cos (x + 2y)
Step IV : For (x,y)=(0,0) ; r=0, s=0, t=0

-5’ = 0; Need more information

Step V: For (x,y) = h.n

xR,
3'3/°
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dF . b :
% = 8yz+2hx=0 d(OopP) = u~+q~+m~ § Smx" 'y A= 0 StepIl: LetF = u+id
AL L .. | T
JF dOE) = KRy SE = mx" 'y = -4 (3) Bi= Au_xu+_u_gm+..,us~,+wﬁw+h+hl.u
dy = 8xz+2hy=0 oy = »~+q~+~~ 1) y z
xa =v._.|_ﬂv+w. =0 wv, mm.
JF GI mlu 1=0 2 Find, 5= =035-=0 Pnn@l—ule
imlﬂ. waw.fuy.nuo = & TR -+(2) = :xsv.__.._ﬁv o 2 @) toox ' oy oz
’ StepII: Let, F = u+A¢ . . :
a_p- Differentiate F w.r.t. x, y, by using standard rules
2 o d py 2 A =0
Mv.:mwﬂ ’ mx:m»__w ’ F = (C+y +20)+AE -xy-1)=0 ol 0 derivatives.
yz =—2hx 8xz=-2hy = "y o= -A (5
8yz fxz Tofd: 500 Gr=0: £ =0 i R & w@:yh}v = ¢
2% = 2y =~ * Z Step Il : From Equations (3), (4) and (5), we get, X
dyz_ 4xz Differentiate F w.r.t. x, y, z by using standard rules of e e T S E i = A = zaX .
x g derivatives. T by 1
. L om Z _ X’y A newu.+»ﬁ|!muu 0 =>-A=2"y B
and  8xy+2hz =0 W5 = x-My=0; Xy x'y'z Y
8xy = -2Az I - X"y and N%H;.».hlkun 0 ==k= wnu 7 ik
gy, 5 = yM=0; e .
. aF m _n_p Step I :  From Equation (3), (4) and (5), we get,
dxy _ - % = 2+ 2hz=0 = T SigEys k (say) 2 = Wwy'=282=K (say)
’ m o P s ¥ K
Step Il : - 4yz _ d4xz  4xy StepIll: =2x-Ay=0 = X =1 YER z=p ...{6) = X = Mm“ y uﬂw”
e ¥ wE g wig e 2x 2y 2z
= = A = Ai===A . : . 3
e y x 7% Step IV Put these values of x, ¥, z in Equation (2), ad 2 = Iwm o
% ™57 w2 c B oo _, min+p . ¢
Multiplying —~ y =hixmhe o=t e “ x =K oy=b 2=t
ultiplying -, we get m+n+p Thar A bt “c
1Y% Step IV : i 2 = -1 and a =-1 = k = a
A _ i S - y X StepIV:  Put these values of x, y, z in Equation (2),
< wu 2 = y = -2xand x=-2y Step V: - From Equation (6), a b ¢
: | . 2 s an m+w+mn_ = a+b+ec=k
B O 2_1, = y = -2(-2y)=dy=3y=0 X = =¥ .
X o= T Vs 2= 3 4 ’ ;
k 7Tk k ¥ = y =0 andweget x=0 also e e Therefore, from Equation (S),
Step IV : Equation (1) becomes, . 7 = —2— atb+c atb+c a+b:c
£ % ; s Equation (2) becomes m+n+p Py gRsoe—y g
LAY B S e | e
PR =T §  prreks e Z-1 =0; =1 ; z=+1 Maximum value of x"y'z" ..Hence prov
Step V : Put the value of k in Equation (3) Flebs (0 L 1] 1o Bie medrest polel Romanigl, v AN - hawwnib..ﬁ%u._ Lu.flu__ Example 5.10.7 |
i s \ g P +n4p,
e S W ; _.,uu_.w . =L Exampie 5.10.5 | 2 P Use Lagrange's method to find the maximum 2
3 Find the maximum value of x"y"Z’ whenx+y+z=a ! = AB._..:.E-::-.\ «.Ans. | minimum distance of the point (3, 4, 12) from the sph:
% uh&.ulq.x“uuk Solution : un+«»+n»nd
Rl e Example 5.10.6 Sakiikgns
Since, x = y=z Sl Lo u = x"y'7 i) Using Lagrange’s method of multipliers show that the o
i ) and ¢ = x4y+z-a=0 @ i | b8 A " 1 Step I: Let P (x, y, z) be any point on the surface of
ence the rectangular solid is a cube.v" ...Hence proved. . stationary value of a'X' + by +c'Z where, ; +y+7 =1 givencurve, X' +y +7 =1
Example 5.10.4 StepIl: Let F = u+A9 occurat x = 2XEEE .y 84040 22 asbre The distance from the point (3, 4, 12) is,
Find points on surface 2’ = xy + 1 nearest to origin, by = F = Xy Z+hxeysz-a) d = NE-+G-4 +@-12
using La 's method. ., oF
g Langrange’s method Fisd 57 =03 Wne and wﬂnua Solution : wous -y e- -1
SoMtions : ) Stepl: Let, u = wua~+cuqu+nunp (1) And ¢ = a.._.+___"+u~.._uc %
Stepl: Let, O = (0,0,0) bethe origin Differentiate F w.r.t. X, y, z by using standard rules of L 11 . i
and P = (x,y,z)be ) derivatives. and ¢ = xtytz-i=0 Y fudil
»: {xyy2) besny pointion the gurfaco S [x-3 +(-4) + - 121+ A +y 42
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cosAcosBsinC
cos AcosBeosC™

k

= tan A = EWH:E.HHF
an” ' (k); B = tan”' (K)

= A =
and C = tan ' (k) ..(6)
StepIV: .. PutinEquation (2), we get
3an' (k) = 180

= tan 'k = 60
Hence, A = 60, B=60, C=60
Thus, A = B = C, shows that the A ABC is a equilateral

triangle. v’ ...Hence proved.

Example 5.10.11

Using Lagrange's method divide 24 Into three parts such
that, the continued product of the first, square of the
second and cube of the third may be maximum.
Solution :
StepI: Let x,y,z are the three paris of 24
Loa = u,qNNW (1)

and, ¢ = x+y+z-24 . A2)
StepIl: Let, F = =+ren~x.q~wuu+?+m+ulp£
aF daF oF
wu 0; w_‘ =0 and T =0

Differentiate F w.rt. x, y, z by using standard rules of

Find,

derivatives.

=y +h =0 =yE=-A (3)
Ly 4A = 0 = Uy =-A ()
and Iy’ +h = 0 =3 y ==k .(5)
Step III:  From Equations (3), (4) and (5) we get
v.u z = mdﬁu = uam»nu
mu z m uum 7
= T R T S
Xyz Yz XY'Z
1 _2_3_
= x SyTz- k (say)
1 2 3
X =Y z=y ...(6)
StepIV:  Put these values of x, y,  in Equation (2)

1]

24

Ll
+
bl L]
+.
El =
1l
EN

6
4 = ruuhn

StepV:  Therefore, from Equation (6)

x=4; y=8; z=12 are the partsof 24 ¥ ...Ans.

Ex.1: Discuss maxima and minima of the following

functions

(i) x»+____m+mx+._w Ans.:f,=3
3

it a

(i) xy(a-x-y) Ans. : fn =57

(i) Ky (12-3x-4dy) ANS. : fgy = 16

Ex.2: Find the points on the surface Nmu xy + 1 nearest to
the origin. Also find that distance. Ans. : (0,0, £,1)

Ex.3: Show that the rectangular solid of maximum volume
that can be inscribed in a given sphere is a cube.
Ex.4: Find the minimum value of x° + __m + Z° with the

constraint xy + yZ + Zn = 3’
Ex.5: Find the point on the plane ax + by + ez = p at
which the function F = x* + w» + 2° has a minimum

value and find this minimum value of f.

Ex.6: Use the method of the Lagrange’s multipliers to find
volume of larges and qmn_mnm:_mq uma__o_ma_uaﬂ_ that

can be incised in the euipsoid. —2 +mu+|u|._

Ex.7: Find the length and breadth of a rectangle of
maximum area that can be inscribed in the euipsoid

nx»+w»umm. Ans. : Area 12
Ex.8: Find the maximum value of x™ y" 2°
a" " "m"n
whenx+y+z=a b.._u.n|ll___..._m:_._+:+3

Ex.9: Find a point in the plane, x + 2y + 3z = 13, nearest
f{3, 5
b:u..Aw.m.mv

Ex.10: Find the largest product of the number x y and z
when x~+<u+~uum.

to the point (1,1,1)

oo ik el
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5.11 University Questions and Answers tan ' (1.008) = tan "1 + (0.008) (i oo m:|w=.~w.
Fd
_ (0.000000027) " 2(1+1)-8(1) .
= Oct 17 L 1+ 1f g )
Q.1 The Maclaurin's series of tan ' x is—— Step V1 : Using standard velue in equation (3)
X X X 4 n 314

U] x+w.+|+ (ii) Ti 5" tan” 1 = 3 =73~ =0785

. M

(iii) 1 XK= (W) 1+ X+X 2 :25 tan- (1003) = 0.785 + (0 008) Huv.a _ﬁ mmv

Ans. (i) ximm+xN1: {

Q.2 Find the approximate value of tan ..: .003) correct
upto four decimal places by using Taylor's theorem.
(4 Marks)
Soln. :

Stepl: By Taylor's series expansion of f(x + h);

—._u _._u

fx+h)=f(x)+hf'(x)+ II*..\:: +37 f(x) +....(1)
Step Il : Let, f(x+h) = tan ™ (x + 1)
S f(x) = tan'x
Step I11 : Differentiating f(x) successively with respect to
x, and put x = 1
- e 1 .
RS el
-2x
*—w‘ m ——
w ¥y "
£ (x)=
ﬁ (1+x) @) -2x x 2(1+x) ai
:._.:
% 2(1+x -fd
1+
StepIV:  Using the values in Equation (1)
tan™ (x+h) = tan” x+h
h L\ B _2x B[ 201+xH-8%
—+Mu 210" :._.xuuu 31| :+xuvu
(2)
Step V: Let, x = 1, h=0.003

From Equation (2),

tan~'(1 +0.003) = s_u-_:aoﬁm_:_m m ::;»L

%._us_“_w mt‘:ﬁ-%m #
8l (1+(17°

;pgnaa%bm%ﬁ%,

. Ea;ps_g-a_uasiw-a,oasasﬁﬁ..'%v,,..

Y
= 0785+ 0.0015- _cg.ﬁ.\l__ 698889_.9% au
N2, 8

"

0.785 + 0.0015 - (0.00000225) + ((.0000000045) ﬁva

0.785 + 0.0015 - (0.00000225) + (0.0000000023) ...
= 0.7865000023 - 0.00000225 = 0.7864977523 = (.76865
Approximately

= May 18

Q.3 Using Taylor's theorem for two variables, expand the
function f(x,y) = &" cos y in the powers of (x — 1) and

n
(v-%) (4 Marks)

Ans. : The function f (x, y) = ¢' cosy is required to be
expanded in the powers of (x - 1) and (y — 7/4) by using
Taylor’s theorem.

f(x,y) = e'cosy=>f(l,nW4)=ecos muqo\l

f(x,y) = e'cosy=>f (1, %/4) nnoawa&n%

f(ey) = —€'siny=1,(1 aeulﬁsiulﬁ
f(xy) = n.quUﬂc.Eenooca&»nw

fyx,y) = ~e'siny =, (-, aﬁulgaaaul%m
fylx,y) = Io,oo:.H.i.v.qe.n___fnlnncaﬂnn|/h.m

f.(xy) = ecosy= nﬁﬁrﬂawnogﬂnu%
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Applications of Partia
Differentiations

Short Questions and Answers

d(x,y)

Ex.1: hm_._na:|5§n_<uuu__w5a§
Soln. : Given u = x-xy; v =xy
0w, uoou ‘ -y

By definition Ay = v v, = g

Solving the determinant

d(u,v)
a(x,y)

Ay (XY
d(x,y) d(u,v)

) 9(x,y)
T a(u,v)

Since

H|—|1\
X

-X

X

X(l-y)+xy=x-xy+xy=x

9 (x,y)

Ex.2: Find hY for x=¢"cosv; y=e"sinv.

Soln. : Step 1: By definition

[

ox  dx
d(x,y) du  dv e'cosv -esinv
._uau o oy Tl sinv cosv |
du v
Step 2 : Solving the determinant
J=e"cos’ v+e™ sin®v =¢® (cos’ v +sin’ v)
=™ Since, cos v + sin* v =1
3 (x,y)
Ex.3: Find 215.9) forx=u(l-v) andy=uv
9 (u, v)
Soln.: Step 1 :By definition :
&
a(x,y) du  dv 1-v —u
_nau w W Tl v oa
du dv

Step 2 : Solving the determinant.

J = u(l-v)4+uv= u—uv+uv = y
9 (x,y) i
9 (u,v) T
x-y x+y ) T
Ex.4: :.:nx:.. + V=77 are functionally depender

then find a relation between them

Soln. : Given, u and v are functionally dependent

To find a relation between u and v by eliminatin,
xandy.
-y x+y
X+y '’ X

Given, u

n
-
I

X-y Xx+y
X+y X
X-y

X

uv=2-v  Relation between u and v. v

Ex.5: Ifu=y+z, v=2x+27, w =X — dyz — 2y’ar
functionally dependent then find a relation betwee;
them

Soln. : To find a relation between u, v, w by eliminatin;
XY, 2
Givem,u=y+z, v=x+22, w=x-dyz-2y°
Consider w =x-4yz—2y"
=x-4dyz- uqu -2+ 27"
(Adding and subtracting 22°)
ux+m~u|a§|uw~|uu~

n,...NQ~+~§+aJ
%" x+mnnn<v
u<|mc._+£~
(Cus=y+z)

w=v-2u" Relation between u, v, w. v
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: f il
Q.10 The relative error in x, y are Q. 12 For the function f(x, y) =0 if r uﬂ s axdy
' ¢ 3 " .
@ o xae® t= mlmﬁa (rt— mJ s > 0 then function is maximum
dy dx dx dy i y
nnvmm.m H&x_v__ A () w:s,._u_:_.
. 0 @ >0 () s>0 (c)r<0 (ds<0  Ans.:(c)
Q. 11 For the function f(x, y) =0 _T.nﬂ : =
2 2 Q. 13 For the function x* + 3xy" = 3x" - 3y* 4 T if r =0
wk t= gt and chJvc then function N :
mnuamw . mv._u wulm.ﬁlﬂ _umlm_.ﬁn|%,.vom=a r=-6
is minimum at (a;, b)) if ; owwww.: Eunw“u: i
n v 5
@ >0 (b)r=0 ()r<0 (dhs<0  Ans.:(a) 3(0, 0 the: :
(a) minimum {b) maximum
(c) linear (d) increasing Ans.: (b)
ooo Reduction Formulae and Curve Tarcing

»» Syllabus :

2 w2 w2
Reduction formulae for .— sin” x dx, ._. cos” x dx, _ sin™ x cos” x dx
0 0 0

Curve Tracing : Tracing of the Curves given in Cartesian, Parametric & Polar forms

* Chapter 6 : Reduction Formulae

 Chapter 7 : Curve Tracing and Rectification of Curves
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6-4 Reducton Formula

=cos" ' x sinx +(n-1) ‘..nom._.ux sin® x dx (4

< Using standard trigonometric identity in equation (4)

2

.2 : . 2
cofsin"x+cos"x=1 =sin"x=1- cos x]

“l=cos’ 'x sinx4(n-1) ._..._om_..u:Toommtn_i

=cos" 'x sinx+(n-1) _.Aamﬂ._-s x—cos"~? x cos? x) dx

1 in-12)

: ; ]
=cos' ' x z_=u+?|:._.ﬁ8,, X —cos” x) dx

= n.,._w._._ X sinx+(n-1) _H b‘nom?.u_ xdx~ ._.n_um._axu_

From equation(1),

..‘naw_.f_x == ._.Sw._ Txdx=1,,

o= cos™ ' x sinx+(n-01_,-m-11,
L+(-1I =cos" 'x sinx+(n-NI,_,
[1+@-D]L, = cos" 'x sinx+@-1I_,
[1+n-1]L= cos” 'x sinx +(n-01
nl=cos"'x sinx+(n-1)1I[ ,

- cOs ”d:m_.; +|¢__“|: L, (5

This is required reduction formula for ._.nam "x dx

Similarly we can prove that

w2
‘qno._ dx=t=l n=3 n-5 3lm
SROT 0l 0= nekesd 25
0
if nisodd positive integer
Example 6.4.1
n2
Find the value of _. cos’ x dx
0
2
Solution : Step I : Let1= | cos’x dx (1)
0
2 Using standard In equation (1),
w2
[ costxax 2=t nz3 m-5 3 1z
; “n ‘n-2 n-44'2°72:
0
if n is even positive integer
_B=1 n-3 n-S5 2
T n n-2 n-4" 3°b

if nisodd positive integer

Here n =3, an odd integer

n2
2 3-1 2 2
Step I : %n? xdx = 3 ._um._nm
0
Example 6.4.2
w2
Find the value of ‘— cos’ x dx
0
Solution :
2
Stepl:Letl= [ cos’xdx )
0
= Using lard formula in equation (1),
% )
n n-1 n-3 n-5 3 } =
1 Jootrastit 22228 05 5.
0

if n is even positive integer

if nisodd positive integer

Here n=8, an even integer
I |_H e value at suffix of [ — _u

The value at suffix of 1
A Previous term in numerator — 2 v

Previous term in denominator — 2

ﬁ Previous term in numerator — 2 v
Previous term in denominator — 2
we get positive nonzero term in both numerator and

...... continue till

?:ogﬁoq; xI,

Step Il :
2
8 _(8=1)(8-3\ B8-5\ B-T\ =
J o' xax -? u w-b,ﬁmlw ow-w.u
0
Here n=8,an even integer
2
) _,8%:»|m,m,m.w n _35n
o T8 6 42727 25%
0

el

oo odibid

i
§

lm_._nw_._mm;_._u Mathematics - | (Dr. BATU)

6-5 Reducton Formula
Example 6.4.3 _n-1 F.M n-35 2 _
2 el n--2 n-4 - it
Find the value of ._. sin’ x dx
0 if nisodd positive integer
w2
- 5
Solution : Step I : Let1= ._. sin’ x dx (1) Here n =4, an even integer
o _H e value at suffix of 1 - _u
9 Using standard formula in equation (1), I,= The value at suffix of |
- n-1 n-3 n-5 1 1 x h Previous term in numerator - 2 u
_. Sl S S e Previous term in denominator — 2
0 h Previous term in numerator — 2 u iR il
if n is even positive integer Previous term in denominator — 2,/ - ¢ONUAUE
n-1 n-3 n-5 2 we get positive nonzero term in both numerator and
T = ped ne 3k

if nisodd positive integer

Here n=35,an odd integer

_H value at suffix of 1 — _u
The value at suffix of 1

ﬁ Previous term in numerator — 2 v

Previous term in denominator — 2,

Previous term in . ;
continue till

tor -2
Previous term in denominator - b ......
we gel positive nonzero term in both numerator and

denominator ”_ x1,

Step I1 :
w2

0

[TAES
|

Example 6.4.4
w2
Find the value of .* sin‘x dx
0
Solution :
2
StepI:Letl= _. sin’ x dx
0
2 Using standard formula in equation (1),
2
n-1

b,wm_._ anunq._Tm. e
0

D

Blw
b3 |
STE

if n is even positive integer

an_..cam_..w_oqg x I,

w2
Step II:.. .— sin’ x dx uﬁmml_u ﬁmu w
0
2
% 4, 3 1w 3n
o .,vsxanl; 2°27]
0
6.5 Reduction Formula for
/2
| sin™ x cos" x dx, m and n are
0

Positive Integer

It can be prove that
2
%ms_.;ns_.x%
0
_ Lim-1)(m-3)(m-5)..x20r1) [{n- 1) {n-3) {n-5) ..x 20r1] Yk

(men)(m+n-2)(m+n-4)..2001
Where k= n/2 if mand n both are even integers
= 1 forall other values of m and n

6.5.1 lllustrative Examples

Example 6.5.1
2

Evaluate ._. sin® 0 cos' 6 do
0
Solution :
/2
Step1:Let]= b. sin’ @ cos' 6 do ()
0
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Solution :

6-8 Reducton Formula
Example 6.6.2
: x 1 2 2
Step1: Let _u.—,ﬂl dx m«s_cm_m_.u ?l&ax
] 0 ¢ 1-x
Since there is a term 4] {1 _ x* Solution :

which is of the form

nasum._._zm.,‘ and )‘ Aoyt weget,a=|

Put = sinB= B=sin"'x
dx = cos 0db
When x=0 8 =sin'0=0
—cinl]= &
x= 1, B =sin _|M
n
6:0 )
w2 )
Stepll : - 1= | —=== .cos 00  ..(1)

A 1-sin’ 8

< Using standard formula in equation (1)

0

:.Ezwm.v cos’B=1=1 |um=umn8%8

e 6
_sin' 8
Step III : = cos Bdb
g ] e
w2 2
88 . o= | sn'0de’ 2)
= 050 ~cos Bdo= sin ]
0 0
2 Using standard formula in equation (2),
[ n2
_. - n-! n-3 n-5 31 =
_. sin"xdx === 1T G T
0
if n is even positive integer
_n-1 n-3 n-5 w‘_
S T T R e T

if nisodd positive integer

Here n="7, an odd positive integer
Step IV

LT TEERE

l__.uu_nlx»w %
Io .L.—lx

Since there is a term +/ 1 -

Step1: Let

which is of the form

Comparing /‘ 1-x

we get, a= |

Step 111
)
:
w2
‘_. :5 a:alw_n ) do
0
2 w2
= [asin‘odo- [ sin"0d0
0 0
n2 a2
=4 [ si0do- [ sin'0d0
0 0

Put x = sinf= B=sin"x
dx = cos 0.d6
When x =0 8 =sin'0=0
_ T
x = | B =sin"'l = 3
n
6:0 =35
w2 2 Nm
(sin” B) (4 —sin” B) 0
s = . de ..(1
Step 11 1 ._. eath cos (1)
0
2 Using d formula In equation (1)

(2)

framd st :ﬁ

Engineering Mathematics - | (Dr. BATU) 6-9 Reducton _ua__._._.__.__m,
2 Using jard f in equation (2), Step 111
ﬂ e 1 3 5 "
. n n-1 n-3 n-3 3 1n r , 3.3 i
_. _‘ sin” X dx === T T 23 3 ] (a’sin’ 0) (& Va;ncahmvﬁmopmmn@:,ﬁv
0 0

if n is even positive integer

h-3 n-5 2
n-2"

=

if nisodd positive integer
Here In first integral n =2 In first integral n =4,

an even positive integer

2-N\n (4-1)(4-3) =
StepIV:1=4 h = v 5 -m y :fb 3
(L g)(3 L8 2
22\ 2 TR T
_lon 3n_len-3n_13n
16 16 16 ~ 16
Example 6.6.3
a
Evaluate ‘.‘ X { a-x __S
0
Solution :
a
Stepl: Let [= _.x_“mlxu dx
0

i i 2 2
Since there is a term 4] g2 _

Put

»
"

sin@= B=sin"'x
dx = cos 0d0
When x =0 0 =sin"0=0

x=1 8 umm=.__um
L0:0 .I-w
w2
Step II: .. ._. a’ sin’ 0 (a’ —a’sin’ 3 acos B de
0
2
| (a*sin® 0)@)* (1-sin% ) acos 88 ...(1)
0

2 Using standard formula In equation (1)

..__mium+8%ou 1= ,lw.Euennc%S

= Using standard formula of index rule (2)

@™ =a™
5

2
,a=a" , m=2,n==

.. Here for the term G» wua 5

@)= 2

.unoom.._a.ﬁnu,zuw

ESwQEoE.EAno% 35
= (cos” 8) =cos 07 = cos’ B

2

._. Awmm:.n S?J?o% 0 )a cos 6 do
0

Step IV:

2
| (a%a®a) (sin® B) cos’ B.cos 6) db
0
2 2
= [ a* (sin®0)(cos” 0) 4B =a* [ (sin®@)(cos’ ) db
0 0
3)
% Using standard reduction formula In equation (1)
w2
._.a_._...gsm:.&
0
:...._ 1) (m-3) (m-5).. x»Q...-Zull:_.. 3 (n-5).. xma-.__

(m+n){m+n-2)im+n-4)..20r1
Where wuaknaﬂaagsmdos:%

=1 for all other values of mand n

Herem=2,n=6

Step V

[@-D] [(6-11(6-3)(6-5)]
=2+6)(2+6-2)(2+6-4)(2+6-86) *K

Here both m and n are even muﬁmna.wuw

[(D] [ W)

” o8
StepVl: - 1=2" 5E-2)@-4)(8-6) <F
s (D)-(5-3) mlm__...n-
=% g.6.4.2 2° 25
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6-12 Reducton Formula

s i ﬂ

B

6.7 Properties of Definite Integrals

a a
L .—8: dx = _. fla —x)dx
0 0
a
Proof : LHS. = .?_:cax
0
Put x = a-t = dx=-dt
When x =0, t=a,
When x = a t=0
0 a
& LHS = |fa-0¢dy=[ fa-oa
a 0
a a
.T.c&ax e _.nnlu:_u
0 0
a a a
1. ._. f(x) dx = ‘_.:ucn_x + ‘_.n.. x) dx
-a 0 0
Proof We know that,
a 0 a
[fax = [ fwodx + [iwax .
-a -a 0
0
Consider, 1 = ... f(x) dx
=a
Put X = -t = dx = -dt
When X = -a , t=a,
when x=0, t=0
0 a
_n‘_.sz (—dt) n._. f(—t) dt
a 0
a
I = ._.:lcnu
0

(As value of definite integral is independent of variable
changing t to x)

. Equation (1) becomes,
a a a
._. f(x) dx = ._.mlcax + —3&&
-a 0 0

Hence proof

Note : We can easily prove that
a a
()] .— fix) dx=2 _.:5 dx if f(x) is even function
-a 0

a
@) | f0 dx=0 iff(x) s odd function
-a
2a a a
111 _. fix) dx = ._.35& + ‘-:ublc&
0 0 a
Proof
2a a 2a
‘We have, ._. f(x) dx = .T.oc dx + ._. f(x)dx ..(D)
0 0 a
2a
Consider, 1= [ fod
a
Put x = 2a-1t dx = -dt
When Rom & ooy t=a
When, x = 2a t=0

a a

el .—:umJ: Tncu_. f(2a—-t) dt
0 0
a

£ _. f(2a—-x)dx
0
Equation (1) becomes,
2a a a
.— f(x) dx = _.8&& + _..,Smlaun_n
0 0 0
Hence proof .
2a
IV. If fla—x) = —f(a+x) prove that ._. f(x)dx =0
0
Proof : We have,
2a a a
[ fmax = [fxdx + [ fa-xnd
0 0 0
a a
Also, ..,8&3 = ‘.‘mmlé&
0 0
2a a

a
o | fodx = [fa-x)dx + [ fla- Qa-x1dx
0 0 0
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w2
or ._. sin"x cos” x dx

0
Use above properties and solve the examples by
simplifying it.
i.e. if limits of integration are 0 to n/2 but integrand is not of
the form sin™ x, cos™ x, sin" x cos” x or if integrand are of
the above form but limits are not 0 to w2, then above

formulae of definite integral should be used.

Formulae : From above properties of definite
integral we obtain following results.Students are
advised to remember these results as standard
formuiae.

m w2

I [ sin"xdx = 2 .ﬁ sin xdx V' all positive integer n.
0 0
n 2

2. _. cos"xdx = 2 — cos"x dx , if nis an even integer
0 0

=0 if n is an odd integer

n w2

3. [ sin"xdx = 4 _. sin” x dx , if n is an even integer
0 0

=0 if n is an odd integer
2n /2

4. .—nom,xnx =4 ._. cos” x dx, ifnisan even integer
0 0

=0 if n is an odd integer
g °
" | sin™xcos" x dx
0 ifn=even
2 i m, maybe even
umﬁ__ sin™ x cos” x dx o ey bs o
integer
=q ifn=odd
integer

6-13 Reducton Formula
Note : n .
+ M n - s M i n
, any integral is not of the form, 6 _. et i ._. TR
w2 w2 < ¢
_- . M — m .
sin” xdx or cos x dx if both m, n are even integers
0 0

=0 otherwise

B

a
7. .— fix) dx=2 .—:d&. if f{x) is an even function
0

=0 ¥ if f(x) is an odd function

pe | : Examples of the form 1 1(x) dx

0
Example 6.7.1
n
Evaluate ._.a__._mn dx
0
Solution :
n
StepI:Letl= Tr._ux dx 1)
0
< Using d In equation (1)
n w2
Tm__n:_uuu ._.mm__..xna.
0 0
V¥ all positive integer n
w2
Stepll: -~ 1=2 ._. sin'x dx . A2)
0
< Using standard formula in equation (2),
2
[ sinfeaxozl a3 a=5 3 1z
sin xdx =" T T e T 5 0
0
if n is even positive integer

n-1 n-3 n-5 2
="n "n-2 n-4 =31,

if nisodd positive integer

o] (355
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2 Using formula In equation (1) Step 11 :
- 2
i3 . 4 (]
n m n . . I d
._. ﬂ:.._xacw xdx=2 ._. sin x cos” x dx if n=even integer m, Ema..vn ¢ven or ' ._. ARAROTA dx @
0 0 may be odd integer 0
i) f i fon (2
=0 ifn=odd integer F Lo neg @
w2
Herem=4 n=6 ._.iugxncﬁ._xnx| [(m=1)(m=-3)(m-5).. X2orl] [(n=1)in-3)(n-5).. xmal_
Since nis an even i.e. power of cosine term is even 5 ’ ’ (m+n)(m+n-2)(m+n-4)..20rl
w2
StepH:.1=2 [ sin‘xcos®x dx )
0 Where k=12 if mand n both are even integers = 1 for all other values of m and n
2 Using standard reduction f In equation (2)
w2 Herem=4 n=6
._. i R [(m-1)(m-3)(m-5).. X2orl] [(n=1)(n-3)(n-5).. xucq: )
sin xcos xdx = (m+n)(m+n-2)(m+n-4)_ 2orl Step Il :..
0 [=2 [(4-1)@E-3)] [(6-1)(6-3)(6-5)] "
TN v 6)[@d+6-2)(446-4)(446-6)(@+6- =gy %
Wi = i i
here k=2 if m and n both are even integer Here both m and n are even integers , k um
s [B W] [G) @) )] xmr 2x _u::._u.mw.mlwm
s =1 forall other values of m and n v (10)(10~2) (10-4)(10-6)(10-8) 10-8-6-4.2 2 = 256
21 2 Using standard formula In equation (2),
Herem=4 .n=6 Type Il : Examples of the form _ x f(x) dx a_._.u e i i
0 sin xdx = 779
Step I1I : 0
; [G-1E-3)] [(6-1)(6-3)(6-9)] if n is even positive integer
X G S 496-2)(4+6-4)(4+6-6) 8+ 68) *K m,sau_mwm.o <t =3 w=§ 3
. . = n =2 a4 30l
Here both m and n are even integers , k =3 Evaluate ._. sin” x dx
0
1= 2x [G) (D] [B5)3) ] xEo B G-3) = 3n Solution : if nisodd positive integer
:9Colmiuclav:crm:almg 2 0-8-6-4.2 2 256 Step I :
Example 6.7.8 n Step III :
" Letl = [sin'x dx | . _u._% mml m Jmlm.lJA mude
Evaluate _.a__..-xocu.x dx 0 8 /\8-2/\ 8-4/\ 8-6
9 3 Using standard formula in equation (1) Heren=8, an even vom_,nqomnﬁmn_.nkum
Solution : ax i TN SNF3N/1 35
. m . m i n T
s ‘Ts xdx=4 ._. sin” x dx , if nis an even integer ...muLH mﬂvhﬂwﬁr&Aﬂuxm@nﬂr
m-bt-“_.h_nub,wm:uaocw__x dx (D) 0 0
0 Example 6.7.10
= Using stand In equation (1) =0, if n is an odd integer 2
n 2 "Evaluate ._.e__._ﬂ X dx
._‘ sin™ x cos” x dx =2 b‘ sin” x cos” x dx if n = even integer n2 0
0 0 m, may be even or may be StepIl: . 1=4 _ sin®x dx ...(2) | Selution:,
=0 if n = odd integer 9dd integer 0 2n
Herem=3 n=4 Stepl: Letl= _.an.__x dx ()
Since n is an even i.e. power of cosine term is even 0
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Herem=4,n=2

[-D@-3)] [2-1]

Step Il : .1 uax3+m:a+mrm:&+m|,: xk
Here both m and n are even integers , nm
. G In = 3()- T
Step IV : :_n.“_x@RTNZ@LSXM =4x 642 '2°38
Example 6.7.15
2n
Evaluste | sin®xcosx dx
0
Solution :
2n
Stepl: Letl= ..‘ sin” xcos' x dx (1)
0
< Using standard fi la In equation (1)
n w2
[ sin"xcos"xdx = 4 ‘.‘ sin” x cos” x dx  if both m, n are even integers
0 0
=0

Herem=6 ,n=4

Since mand n both are an even positive integer
2n

StepIl:-.1=4 ... sin xcos' x dx -(2)
0

< Using standard reduction formula in equation (2)

n2

. dm-Dm-Hm-5...201] [@-D(n-3)(n-5}...
H.___.u,.._s xcos xdx = (m+n)(m+n-2)(m+n-4)..20rl ek

Where  k = w2 if mand nboth are even integers

=1 for all other values of m and n

Herem=6 ,n=4

[6-D(6-3)(6-5] [4-1)4-3)]
(6+2)(6+4-2)(6+4-4)(6+4-6)(6+4-8) Xk

Step Il :..1 =4x

Here both m and n are even integers , k uw

LG) ) (] [3) ()] n
{10)(10-2) (10-4)(10-6) (10-8) *2 =4*"|p

StepIV: -l=4x

]
-
x
n
(5
w.lr-l
1
=l
a:‘a

i O s it

1) it R

Wb et

@m:gammasu Mathematics - | (Dr. BATU)

6-21 Reducton Formula
Example 6.7.16
2n
Evaiuaie _. sin’ xcos® x dx
0
Solution :
2n
Stepl: Letl = _. sin’ xcos” x dx (1)
0
< Using standard f la In equation (1)
n w2
... sin” x cos" xdx = 4 ._. sin” xcos' xdx if bothm, nareeven integers
- D D
=0
Herem=3,n=6
Since m and n both are an even positive integer
~1=0
n
i3 6
Type Il : Examples of the form | x f(x) dx StepMl: .1 = _.:T X)cos x dx
2 0
0
n
Example 6.7.17 = [(moos® x- x cos’ x) dx
=
a 0
Evaluate ._. xcos xdx n n
0 I = .-.nnomu_;x |._.xnc%x.“§ -(3)
Solution :
0 0
b4
StepI: Let, I = b. x cos'x dx D) Step IV : Adding Equations (1) and (3) we get,
0 n n n
< Using standard of definite integral In equation (1) _+_u_.xno%xnx+‘_uoom,xnx|._.:o%nn_u
a a 0 0 0
._.Ec dx = .—nmi.vna n
0 0 A=mn ._.8%3 dx (4
. 0
Herea=x,f(x)=xc0s' x [ | 5 yging standard formuta in equation (4)
n n w2
Step I1 : i o= _.leuoom:alb& @ _Sw.uax =7 ._. cos” x dx , if n is an even integer
0 0 0
9 Using standard trigonometric formula in equation (2) =0 if n is an odd integer
...[Cos(m—x) = cosm cosx + sinm sinx = — cosx
s cos' (n-x)=cos" x , if n is even integer Here n =6, an even integer
=-cos"x, if n is odd integer)
Here n =6, an even integer E.W ;
o8£ﬂ|avu8%n StepV:.21=nx2 : cos x dx (5




0
(F) xp nvmou._. ¥ =7z T + 9 _ el
4 ’ u Txmﬂv?vﬁlu T o (9801 ppo st u Ji ¥ 500 - =
Xplx—e) [ =xp (x)) . T i
.ﬁ __._ 0 0 0 mnmﬂ..ums_.__wz.:qen U9Ad UE* 9 = u a1 1232)01 UAD ST U JI X 500 = (x-1) $C2
Xp ¥ 500 X ._. - Xpx soou ._, +¥p X 500 x ._. =1+] ¥ X$00 — = XUIS LUIS + X500 LS00 = (X-L)500)] "
(+) uonenbo uy (e:621u) ayuyap Jo einwio) paepuels Buisy € 2 9-8 Y(r—-8 \(T-8 8
¥ *: Txhﬁlm vﬁmleAmlm v?lva—&uﬁ... (2) uonenba uj ejnuuio} oewouohyy piepuss Buisn €
0 %198 am (¢) pue (1) suonenbyg Suppy: A dayg < 0
- xusx [ =1 pipdag FIA dos
" & 4 @ wE-pgoE-y [ =1 ipdeg
()~ Xp ¥ 509 X ._. - Xpx mcou... =1 .
! uojinjog % k 1333wt aamisod ppostu i
° u
XpX uisx | ajenjeay 0 0 X S00X=(x)j ‘2 =¢omny
u x_uﬁx_.uounra._mooi._.n%x mouQJE._.u_ A p-u g-u u &
¥ 1+ & LA P,
0Z'2'9 ojdwexg u x < i S 0 0
[ dorg 1051u1 2amisod U3 st u J1 xp(x-e[ =xp(xyf |-
-1 Mm m.m;: =1 X 503 = (x~1) 50 - 0 € ®
HE LI g A 4 2 i = XpX $00
(T b T3l uaso e p=u Yy T T-u T-u T=u u .— (1) uopenba uj [eiBaju) ayuyep jo enLLo) piepugs Buisn &
P 4 el ek X =
T- h_ u?v H_ ' [1032w1 ppo st u jr* x s00 - = u 0
9ot uana st u g1 ¢ X 309 = (x-1) 500 8} uogenbe < busn € () Xp X S0 X .-. =i s dag
mu ¥ <= 1adapur aamisod uaa ue ¢ P=UABY | ¥500 — = xuis wu1s + x509 1500 = (x-1)s07y] 0 1
() Xp X 500 ._. Ixx =17 A dag : uognjog
-t b (2) voienba w Bjnwuoj avswouobu) prepue)s Buisn & 3 0
[P ) ) Jre s -
0 12391U1 UaAd UB * § = U asay P X 802 x._. S
@ %p(x-x) soo Qé& = [ s dayg u
M o
Jagaqur aanisod ppo st u n u 13311 ppo ue si ujr 0= 81°L'9 adwex3
N . o E & .-
. _‘._m. e PU T-uu - X S00x=(x)j'x=ra0y 0 0 513 =]
[4 §-U g-u T-u ..umuﬁ:o;oﬁﬂq.:.éx..mau .— mux_:umcu_. &
Jo8a1u1 aamisod uoaa s u g1 L _Hm L.k mu_n =1
0 0 w ¥ T E S
0 Xp(x w1 [ =xp (x) (+) uorienbo uf sinuio) piepuers Buisn ¢ T AVATCAN P
c T T pn b U W = [ 7)) =1
A e el | 3 ¥ 4 L
d W ba uy jesBaju ayuyap jo ) piepues Buisn € - xux,mou._. =1 L=y ¢= 108011 oamssod U9AD UE * 9 = U Qloy
‘() uopenba u) Blnuuo) prepues Buisn & 0 4] g
-9 \(T-9 9 R
g e WXSOX[= 1 e s pdag 4 g 0 TATL TLATLH_&LN:E._%
14
©) Xp x 509 _. IXE=1ZY i pdeg L éxwmdux_.|éx%du=_ +%x__m8x‘_.n_+_
T : uonnjog e i i
1a3a)u1 A ue * = u aro 198 am (g) pue (1) suonenbg Suppy : A1 dayg 1a3ayur aanisod ppo stu g1
0 0 0
1380001 ppo e sy u 0= XX S03X [ ajenjea3 ()~ Wpxsoox [~ wx soou [ = gs £ e I LER, & o
" X S 4 §-u g-u [-uU
61°1'9 aidwex3 0 0 Ja8aqur aanisod uasa st u g1
0 0 Xp(x $00%-x s00u)[ = xpx soo(x-u)[ = - 0
18091 uaAa e SLUji *xpx s0d ._. T = %pX 500 .— 957 o 2 ¥ u‘-. 2 8 u_. E & + T, 0. Feine -0 -1 u
L u =L =g L " Ll ¥, iRt g nx_uxqmou...
I tosf T % ¢-u f-u J-u
wn 11 do
® £.1.r9.80y oy e -
enba uj sinwioj piepuers Buisn & T X S00=(x-1) s09 ‘(s) uopenba uj eynuLo; prepuers Bujsn &
Enlwo4 uojonpay £2-9 (nLva 1a) |- sollewayieyy Guusauibug B|nuwuo4 ucjonpay 9

(n1va 1a) | - sonewoyeyy Bupsauibug .



-
- i 2 N e .P_
3|
3 4
Engineering Mathematics - | (Dr. BATU) 6-24 Reducton Formula w _\Lm_m_._n__._mm::@ Mathematics - | (Dr. BATU) 6-25 Reducton Formula
Step V1:.. 21=2n ﬁ h.»tﬂ.lgh A wu % L 3 < Using standard formula in equation (4) = L. =3 . n-5 2
5 Rt 4 J)\a2 “n n-2 h-g -3l
Herea=n, f(x)=xsin x ﬁa -
iz & n n :
Here n=4,an even positive Epnwowu;um ._.,&n__:_» =2 _. sin” x dx, for any integer n
n 3 1 0 0 if nisodd positive integer
2) )\ B
Step Il : 2= J@-nsin'm-0d ..@) Eiew %TVTVL 2
0 ficas a_“m.r_.‘mu_nﬁa StepV: . 2Il=nx2 _, sin’ X dx ..(5) | Step VI: .,.u_uua_ﬁmnmhuw‘uﬁ wauxL
2 Using standard trigonometric formula in equation (2) 22 2 0
) ) _ ) Heren=5,anodd positive integer = k=1
...[sin{m-x) = sin® cosx — cosm sinx = sinx Example 6.7.21 % Using standard formula In equation (5), 4 2
= sin” (n-x) = sin” x , for any integer n] % 2 1= n ﬁ me hﬂvx L
Evaluate | x sin’ x dx .0 |._..I|1_..Fm_n|m 31l
Step 111 ° .T___ e T e i S I o £
b ) Solution : 9 =
I = ._.ﬁ|5mw=;x& H._.S.w:._“alx&a“&nx : = T —
5 0 . if n is even positive integer
= . Stepl: Let, 1 = H.v_. x sin” x dx (1) Example 6.7.22
I = .—.._ﬂm__aau dx - ._. xsin’ x dx (3) s 4 p
0 0 2 Using standard formula of definite Integral In equation (1) Evaluate | x sin’ x cos x dx
0
Step IV : Adding Equations (1) and (3) we get, a % 1 Soiution :
n n m .—nﬁ&u._.-‘ﬁmnuv% »
I+1= ._. x sin'x dx + ._.:wi.a% o ._. xsin’x dx 0 . Stepl: Let, I = .— xsin' x cos' x dx =)
0 0 0 :nﬁmna.:xwuxmaux 0
n n 2 Using standard formula of definite integral in equation (1)
. 4
2 = fsin'xx @ | Step11: 2= [Ja-ni’@-va @ F '
0 0 ._.:5 dy= ._.515% Here a =1, f(x) = x sin’ x cos' x
= Using standard formula In equation (4) 0 0
< Using standard trig tric formula In equation (2)
ﬂﬂ a-u . . . - Hﬁ 7
.— sin"xdx = 2 _. sin” x dx, for any integer n -~ [sin(m-x) = sinx cosx - cos sinx = sinx StepIl: .. 1= ._. (m-x)sin’ (- x) cos’ (- x) dx -(2)
0 0 = sin” (m—x) =sin" x , for any integer n] 0
. 2 Using standard trigonometric formula in equation (2)
Here n =4, an even integer Step 111
2 i n sin(m—x) = sinm cosx - cosw sinx = sinx | Cos(m-x) = cosT cosx + Sinft sinx = — cosx
StepV:.21=ax2 .— sin*x dx (5 | 1= ._.3..5 sin’ x dx = ._.eu sin’ x — x sin” ) dx ~ sin” (m—x) = sin” x , for any integer n = cos" (m-x) = cos” x , if n is even integer
0 0 0 =-cos x, if n is odd integer
n m
? Using standard formula in equation (5), I= — R .— xsin’ x dx .0 Here n=4, aneven integer. .. cos' (- x)=cos x
w2 n m
fantxmatl 023 828 31 g 0 ¢ I . . L
= "n=2" pn=4=4 2 "2v Step II1 : wl= - x) si 0s xdx = i ~ X si
: n n-2 n-4 472 "2 Step IV : Adding Equations (1) and (3) we get, p oA x) sin’ x cos x dx %Ems XCOS X—xsin xcos x)dx
if n is even positive integer 2 - . L] n
.5 .5 .
Gl A s 2 ~+-n_.am5aau+ ._.nwE mﬂ_xl._.:sa& ~n.—nmw=q:o%xnxJ‘me_..qxno%x% .(3)
= n 'n-2" n-4 371, 0 0 0 0 0
L " Step IV : Adding Equations (1) and (3) we get,
if nisodd positive integer A= ._.ms xdx 44) n b4 T
0

e

K | 4 Fily ) 4 E,
_+_n...:=._ xcos xdx+ ._.q;:._ X cos xdx 1.—:5;08;9
0 0 0




r
4
t 0 0
xp(x - o)) =xp () |
e e
e (1) uopenba vy (eiBaw ayulep jo einuo) piepums Buisn ¢
r 0
1o32)ul U2AD AT (JOQ U PUB W JI ZAar=Y  2Udyp - XX SOOX WIS X .— =1 491 :pdag
0 12
» [og " (p-u+w)(g—u+uw)(u+uw) uxun_.moux___nmm._. : UORRIOS
[Tz (-u-ni-u] [tz (g-w(g-w(-w] = .
i :
(5) uojienba uj ejnwuo} uopanpas piepueys Buisn & Xp X S00X UIS X ‘* ajenjeAs
X
0
(c) Xp X 500X uts ._. Ixe =1z v 1 A doig £2'2'9 ajdwexg
[ mm:nﬁwn:TuT_ Tm.n.h_@.:T _x8_-::?:_GI::T::Nl::.: =1
UIA ST U119) o___wouwohua& "'l UaAD U ST U 20UIg u9f 1 RG] GIGRRGICIO)N
- . ) o 7 p=u‘g=wany 1 =3 "s198a0u1 uaaa j0u a5 U pue w y1oq asay
) SO RS 0= ax LOL=P+D(8=b+ 09—+ L) (p=p+ D(L=p+DG+D) 4 7 xym 1o
soda ppo 0 0 Ee-Da-nTTC-0G-0U-0]
aq fvwr 10 vaA g Kew * w 18Ut uara = u 1 Xp X S0 X% uts .— T= ¥pX 500X uis ._. .»_. . A doig
T i =u t L=y
] (v) uonenba uj einuuio} paepums buisn &
0
u 0's: 1 =
by xuuo:ﬂ..__m._. ¥ = u PUE W JO San[ea 13410 [[e 10§ |
L _
0 0 0 w SI9BOIUI UGAD IP YIOq U pUR W 1 Z/w =Y  osoym
XP X S00 X IS X .— - ¥pX 509X Uy .— +XP X S00X uIs X .— = [+]
i 1 b1 0
- 140z (p-u+w)(z-u+uw)(u+uw)
198 am (g) pue (1) suonenbyg Suippy : AT daig i :._cnx:,ﬁ DE-DT- D] [0 G WE-DTDT - = XpX 09X ..__mnr
0 0 Ifé
€ x_:.mcuxn:_:_.unxquo:n:_ma._. =1 f G A s e B
L x "
g 2 (Y Xp X S00¥% uIs _. TXY =[z @A doyg
xXp(x vmouxﬂ:m:rxemﬂuuxn:_mﬁ‘— - xux_.mou*m:.a QIS_ =1 L[ daig # L o
N # UAD ST ULIA) QUTS0D JO 1amod "3’ uaA ue ST u Joulg
X s00= (x—1u) ,509°
193a1u1 UBAD UR * p = U AT p=u'y=wany
1a8aqut ppo st u i * X 800 -= Jodawippo=ugi 0=
J982U1 UDAD S1 U JI* X 500 = (x-1) 509 = u sadapur Aue 1oy x s = (x-x) uis - Jadajui ppo 0 B
X502 = XUIS YUIS + XS0 U800 = (X-1)500 XUIS = XUIS Y500 — XSO0 ¥UIS = (x-u)uIs aq Aew 10 woAd oq Aew ' w 13 uaaa=uji XpX S00X uls ._ T=XpY soox uis _‘
(2) uopenba vy ejnwioy ayawouchi pirepurs Buisn € T b4
g . (¥) ucyenbs u) einwio) pepues Buisn &
E) XP(x-u) soo (x-u) ws (x-w) [ = [ L1 daig %
= - X s00x uis b. L=
X S09 % WIS X = (X)] ‘L= oy 5
INuLo4 uojanpey 129 (nLvg "1q) | - soneweypep mctomc_n:mm_ Ejnuuo uojnpey 9z-9 (NLva 10 | - Soueweuepy mctmmc__mcwm_




628 Reducton Formula
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Herem=5,n=4
[(5-D(5-3) [@-1E- 3)]
pVI: o 21 = ax2X Gra)(5+4-2)(5+4-4)(5+44-6)(5+4~ 8) *

Here both m and n are not even integers , k=

(@] [ BW]

N T TR

=315
= mXGre-2)(9-4)(9-6)(9-8) 9.7-5:3-1 3
ample 6.7.24
n
aluate T sin' x cos’ x dx
0
lution :
T (0
epl: Let, 1 = ._. x sin’ x cos" x dx
0
Using standard formula of definite integral In equation (1)
a a
. 4
._.:5 dx = .—zun x)dx, Herea=m, f(x)=x sin’ x cos” x
0 0
f 2
epll: 1= ‘mA:L:__:.:T:Sm:n;v& (2
0
- Using dard trig tric f la in equation (2)

sin(7i-X) = Sin7t COSX — COST Sinx = sinx COS(T—X) = COST COSX + SINT SinX = — COSX
: . n . . .
- sin” (r-x) = sin" x , for any integern | .. cos" (m-x) = cos’ x , if nis even integer
=—cos"x , if nis odd integer

lere n =4, an even integer

4 4
. cos (M—x)=cos X

n n
tep 111 : ~l= ._.:Hlo sin x cos’ x dx = ‘_.anm_,n;no%aly sin’ x cos” x) dx
0 0
i1 n
1= ._.aan..xnc%a% - ... x sin’ x cos” x dx -(3)
0
Step IV:  Adding Equations (1) and (3) we get,
n n .n
I+1 = .— x sin’ x cos' x dx + .— nusin' x cos’ x dx - .— xsin’ x cos’ x dx
i J 2
(4

n
. 4 4
21 =n _.ma X COS X
0

=

A i .
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=2 Using standard formula in equation (4)

“ T 2 J
r i n I oo " i i
] sin"xcos xdx=2 | sin”xcos" x dx if n = even integer
0 0

m, may be even or

may be odd integer
=0 if n = odd integer

Herem=4 ,n=4

Since nis an even i.e. power of cosine lerm is even

w2
StepV: = 2A=7x2 [ sin‘xcos'x dx (5)
0
< Using d reduction formula in eq (5)
b L I
o W _lm-1)(m=-3)(m=-5)...20r1] [(m-1)(n-3)(n-5)..-20rl]
_m sa s m+n)m+n-2)(m+n-4).. 20l %
Where k = w2 if mand nboth are even integers
= | for all other values of m and n
Herem=4 ,n=4
StepVI: . 21 = xx2x [G-DE-3)] [¢-1@-3)] %k

2LEK&:_AKL:??S
Here both m and n are even integers , k =

gy —LOW[O®] =
CEERTR)8-2)(8-4)(8-6) “2 7

N

{8l
2 128) 128 ™

1/m (w/2) a0 -3
Type | : Examples of the form v Step I1: Equation (1) =
0 2 2
.5 (1 .5
In these examples put mx = t and then simplify. I= .— S .muaﬂv 3 Jsimtdt -2
0 0
Example 6.7.25
w6 < Using standard formula in equation (2),
Evaluate .— sin° 30 do -
Y [ty oiclond a8, 312
Solution : Sin Xxdx = n o rw.:I& ......... 4 .M.M‘
6 0
Stepl: Let 1= [sin30d0 (1)
0 if n is even positive integer
Put 38 = tinequation (1) _h-1l n-3 n-5 2 1
1 “n n-2 n-4 " g

1
muﬂ Uﬁ_mum&
When 6 = 0,t=(3)(0)=0

sl Wb e m 1=0) m@ - w if nisodd positive integer
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 Using standard reduction formula in equation (2) w2

i Step II : [ =2 [ sinxcos’ xdx

b‘ sin™ x cos” x dx 0

0 < Using standard reduction formula in equation (2)

[(m=1)(m=-3)(m-5.x2or 1] [{n=1){n=3}{n-5)..x20r1]
= (manjim+en=-2)[(men-4}..20r1 xk
Where k=m/2 il mand n both are even integers

=1 for all other values of m and n

Herem=2,n=4
[E-DI[E-1)@E-3)]
2+4)(2+4-2)(2+4-4)

n
Here both m and n are even integers , k = 3

AP (1) N K€ 160 I
SL= LX) 6-2)(6-4) X2

DAL &=
6:4-2 27

Steplll: .. [=2x xk

= 2%

=

Example 6.7.31
n2

Evaluate ._. sin' x cos” x dx
-n/2
Solution :
w2

Stepl: Letl= ._. sin’ x cos’ x dx (1)
-2
< Using standard result in equation (1)
a a
‘*. fix) dx =2 ._. f(x) dx , if f{x) is an even function
-a 0

=0, if f(x) is an odd function

sin” (- x) =sin" (x) if niseven

= —sin" (x)if n is odd
cos" x is even function for any integer
= cos’ x is an even function
Since 4 is an even integer sin' x is even function
sin® x and cos” x both are even functions

. 4 i, .
= sin X cos x isan even function

w2
..‘ sin™ x cos" x dx
0
[m=1){m=3)(m=5).x20r1] [(n=1)(n-3)n-5)..x20r1]

el (m+n)(m+n-2)(m+n-4)..20r1 xk

Where  k=m/2 il mandn both are even integers

=1 for all other values of mand n

Herem=4 ,n=3
Step 111

o e 1 [(4-1@E=-3)][G-1]

(@+3)(d+3-2)(4+3-4)(d+3-6)

xk

Here both m and n are not even integers , k=1
[@) (D] [2)] [
MT-2)(7-4) (1-6) *

_ L e 4
o BT T T

StepIV: 1= 2x

Example 6.7.32

w2
Evaluate ._. sin’ x cos” x dx

-2
Solution :

w2
Stepl: Letl= _. sin” x cos’ x dx ()
-2

< Using standard result in equation (1)

a a
_. f(x) dx =2 ._.mcsna. if f(x) is an even function
-a 0
=0, if f(x) is an odd function

" sin" (- x) =sin" (x) if niseven

= —sin’ (x)if n is odd
cos” x is even function for any integer
4 . .
=>c0s X is an even function

Since 3 is an odd integer sin’ X is odd function

|
hm
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sin® x is an odd function and cos’ x is an even functions | Solution :
= sin’ x cos' x is an odd function w2
Step I : 1 =0 Step I :Let I = _' sin” x dx (1)
-2
Example 6.7.33
- < Using standard result in equation (1)
5 a a
Evaluate ‘.‘ cos xdx _. .— ) . :
2 f(x) dx =2 | f(x)dx, if f(x) is an even function
- 0
Solution : ¢
w2
Stepl: Let [= | cos'xdx ) =0, if f(x) is an odd function
-n2

< Using standard result in equation (1)

a a
.— fi(x) dx =2 .— f(x) dx , if f(x) is an even function
-a 0
=0, if f(x) is an odd function

cos' X is even function for any integer n

2
Step II : R ) _. cos’ x dx -(2)
0
=+ Using standard formula in equation (2),
2
_. ._ &r_._l_ n-3 n-3§ il
CO8 XX =" "n-2 n-47rdi2’20
0

if nisodd positive integer

Here n =5, an odd positive integer = k = |

S5-I\ (5-=3
gt 212205 (=3) 1o

Example 6.7.34
w2

Evaluate _ sin® x dx
-2

** sin” (-x) =sin" (x) if nis even

= —sin" (x)if nis odd
Here n = 6 is an even integer therefore sin® X is an even
function

w2
Stepll: =1 =2 [ sin®xdx e
0
< Using standard formula in equation (2),
2
[ sixaxo0zlpzd n=s 3 ls
sin xdx = 0 n-2 n-d4 a2
0

=
I
=
(L]
=
I
wn
(=]

"
=|

‘n-2 n-4 "3

if nisodd positive integer

Here n = 6, an odd positive integer = k um

Step Il :.. I = Aﬁu ﬁmulw ﬁluw 8

Example 6.7.35
w2
Evaluate _. sin” x dx
-2
Solution :
2
StepI: Let | 38 .— sin’ x dx (1)
-n/l
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Reducton Formula

Herem=6,n=4

[(6-D6-3)6-5][(@-1)(@4-3)]

RleplV: Al X ) (6+4-2)(6+4-4)(6+3-6)(644-8) *K
Here both m and n are even E.nmnauo_ﬁum
oS AR [ (D] [G) (] n
T :Sm_c|~:5|n:_clm:_clmuxm
R CIOTOTOTORE 38 ,%a,u.: Gn n] 3n
" 10-8-6-4.2 27 10-8-6-4-2 2] 7128
Example 6.7.38
n
Evaluate .— sin® x cos® x dx
=T
Solution :
n
StepI: Let = ._. sin' x cos” x dx (1)
-1

< Using standard result in equation (1)
a

a
._. fix) dx =2 ._. f(x) dx , if f(x) is an even function
0

-a

=0, if f(x) is an odd function
" sin’ (- x) =sin" (x) if nis even

= —sin" (x) if n is odd

LI . g 7 ;
cos x is even function for any integer = cos” x is an even function

. . . . 4 . .
Since 4 is an even integer sin” x is even function

M | ¥) i Lo .
. sin’ x and cos” x both are even functions = sin” x cos” x is an even function

n
StepIl: . E= 2 [ sin'x cos” x dx )
0
< Using standard reduction formula in equation (2)
n w2
| sin"x cos” x dx =2 _. sin" x cos” x dx ifn=even integer | m, maybe even or
0 0 may be odd integer
’ =0 : ifn=odd integer
Herem=4 ,n=2
Sinee n is an even integer i.e. power of cosine term is even
2 2
StepIll: .. 1=2|2 _. sin' x cos” x dx | =4 ._. sin® x cos” x dx 23
0 0
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2 Using standard 1 ion formula in eq @

[(m=1)(m=-3)(m=5)...20r ] :_T_:aum:_._[&.__..moﬁwa

2
_y .— sin” x cos xdx = (m+n)(m+n-2)(m+n-4).. 2orl
0

Where k=12 if mand nboth are even integers = 1 for ull other values of m and n

Herem=4,n=2

[@4-HE-3][E-D]

Step 1V : S 1 hxﬁ+u:n+m|n:a+m|3;
n
Here both m and n are even integers = k=3
[GMIIm] = ..n_“_m.: [£))] mgn n
1= AxTge-2)6-4)*2%%6.4.2 2|78
Example 6.7.39
n2
Evaluate ‘.. cos’x (1+sin x_uax
-2
Solution :
w2
= ;? inx)*d (D
Stepl: Let 1 = cos x (1 +sinx)"dx
-2
3 Using standard formula in equation (1)
..[(a+b)? =a® +2ab +b?]
Herea=1,b=sinx
2 2
Step 11 : ] = _. 8%:_+m£=x+1=n£nxu .— cos x + 2c0s” X sin x +cos’ x sin’ xdx
-2 -2
w2 n/2 w2
= | cofxax+2 [ cosxsinxdx+ | cos’xsin’xdx @
-n2 -2 )
9 Using standard formula In equation (2)
a a
‘., f(x) dx =2 ‘_.anx. if f(x) is an even function
-a 0
=0, if f(x) is an odd function
“* sin” (-x) =sin" (x) ifnis even
= —sin" (x)if nis odd
cos” x is even function for any integer
2 2
Step I : cos x is an even function = ‘_. cos’xdx=2 ._. cos’x dx .(3)
-2 0
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R p A 2in | Solution:
n 0 0 o0 n 0 Ex. 12 Evaluate [ sin® x(1 + cos x) dx Ans.: 3E
= .— 2 ncuu 3 cos® 5 do==2 _. cos'” na (2) 0 StepI:
0 ] 8 i 2 7 5 3
P Ex. 13 Evaluate | sin’ mx - cos” 2mx dx Ans.: 3¢ 8 e
Put 3 = t inequation (2) . 0 Let I, ,= ._. sin” x dx = _. sin’ ' x sin x dx (D
B 0 0
A ~odb = 2dt ® :
= n R 54 % Using standard Integrating by parts rule in equation(1)
When 8=0,1=0and when 0 =m,1=5 Ex.1 Evaluate | x cos’ x dx Ans.: 3y
0 d
- : ._.a<nxu=_.<.;|‘.‘&= A_.—.n_avnx
1 _.clm w2 3 4 uau
Ex.2 Evaluate | xsin xcos xdx Ans.: 355
w2 w2 0 Here taking u =sin"~" x , v = sinx
1= 64 [ (sinfteos®0)2dy=64x2 [ sintcos®rt . (3) WE :
Ex.3 Evaluate | xsin xdx . L
0 0 0 + 1 = sin a.—m_uaﬂ_x
< Using standard reductlon formula In equatlon (3) 2 0
w2 [ 11 ] h.._u..w“m Hint : Use resultof | x sin x dx z
i 4 _ (m=1)(m=3)(m-=5)..-20r 1] [(n=1)(n=3)(n=5)..-20orl 1 0 ha i u ;
mu—ﬂz xcos xdx = (40 mn=2) mtn=A). 2ol xk » . ._. n_xm__._ X M‘_.w:.;aav dx (2
1
Ex.4 Evaluate | xcos'xdx >=w._maﬂ w3 ¢
0
Where k= /2 if mand n both are evenintegers = 1 for all other values of m and n . Step I1:
B 16
Ex.5 Evaluate | x"sin™' x dx Ans. s —5a= .
BoASR GE 2 147245 | 3 Using in equation (2)
Steo VI — [(2-D][(10=1)(10~3)(10-5) (10-7) (10-9)] Ex.6 Eval aﬂ n® x cos® x di Ang,: 3% ; %:mu..,_:u:_-:% Jxﬁ;i
ep Yl = X D) 2+ 10-2) 2+ 10-4) 2+ 10-6) 2+ 10-8) 2+ 10-10) XK .. R BRI 1267
. T !
Here both m and n are even integers = k =32 ol o1 x =(n-1) sin”~? x(cosx) [sin x dx = - cosx
! Ex. 7 Evaluate ._, 77 Ox Ans.: |rr= 73
i (x'+1) (nl)
i 4 n
4
o s | 4 b -ms?_x_noomx _. [(n = 1) sin"~2 x (cos x)]] (- cos x) dx)
n Ex. 8: Evaluate ._. Ans.: 3¢
1+ cos 0 5n (14% __ 0
Evaluats [ {1 +co30)" do Ans.: % 0
n 0 T
2 4
Ex. 1 :show that ‘_. X sin® x dx = |a 2 128+ 2 1 i i n-2
15 Ex.9 : Evaluate | x /__m x dx Ans. : ==[sin™'xcosx], —(n-1){-1) [[sin""%x cos x))] (cos x) dx
0 Ex.7 Evaluate | cos’xsin®4xdx Ans.: 0 0 L _ b ; _ il s
2n o 0
Ex.2:show that | sin'x cos® x dx = w6 " 6.8 Important Examples : n
0 Ex.8 Evaluate | sin 30d6 >_..u:mm F,..._ o ( 1) 4 . =2 2tk
0 =—[sin" xcosx] +(n- sin’ * xcos” X
. Example 6.8.1 ) |
=
Ex. 3 : show that .‘ sin® x cos® x dx = m Ex.9 Eva q_._mm g 2 L & = ‘
= . valuate l;.ﬂm_: X cos xax Ans.: 16 Find the reduction formula for ‘-, sin’ x dx and hence n
a= a=1 h
2 n i 0 T:n..__mv AﬁwV-ié Asai%-:_.&..;s}e
Ex. 10 Evaluate | sin®x cos” x dx Ans.: % 1 )
EX. 4 : show that .—ms X cos” xn_me = 8 evaluate ‘_. sin® x dx. 0
-3 - : )
a Ex. 11 Evaliate [ sin’x cos® x dx h:a."m -
Ex.5 Evaluate | sin®xcos®xdx Ans. .u._____ 0
0
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nd
Step VI : Since ._. cos™ x dx = I
0
]
‘_.oo% xdx = I
0
. Put n =3 in Equation (6)
1 23)-1 | 6-1
L="""37 + I,

= 3).( _9+_m : =agteh wi(T)
) . 6 1y 2=
Step VII : Put n = 2 in Equation (6),1, = W + 20)
U % | L3
L= H.m_+ 3 L= Q.@.;:
1 3
=16+l ..(8)

Step VIII : _u_._:._n_w_._ Equation (6)
_ 2(1)-1 f_ 3
I = _m_:+ 2(1) __._n_.m~+ 7 kb
1 1 11
& :Z.:thm__. ..9)
But from equation (1) ,
w4 wd o

n
L= ._.naw._:_a = ._._nu ucca =03
0 0

Step IX : . From Equation (9),

_lwwmmuLm
17 442 4)75t%

Step X : Put value of I, in Equation (8)
b= 163 (5+8)-%+ @0
@ E)-7 @ )

L3, 1 on

I s

T3 16t u 4t 732
Step XI :Put value of L, in Equation (7)

L= mhw wlawl._: 3. 1.5 3n

1T te\dt )T teXat s X

1 .m.. 5. m

“B®tu 32

+
Sx2 un__cma:_cuh

1
W/t U2t BT BT 48 ted

I

+

g RIF

wd
[]

g ._.nom x dx

0

&= &=
+

Example 6.8.3

Hu,= _.x.._ e"dx, then prove that U, =x"e* -n U, _,,

Hence evaluate U,.
Solution :

Step I : U, = T..n,nx ()

2 Using standard Integrating by parts rule In equation(1)

.7:.&”.._?&-;%@ (Jvax) ax
Here takingu=x", v=¢"
U, =5 Jetax - ‘5]“_, v (J &) ox 2
Step 1

¥ Using standard formula of derivative and Integration in
equation(2)

lal n =1
._.o,aann,._&,x n_;

U= a.n.l._._._x._._o.nxﬂx..ohnz._.x_....u,m.&_x (3)
Step I11 :
But from equation (1) ,
U= ._‘x._n_,% = _.x_.r_ eldx = U, _,
Equation (3) can be written as , U, =x"¢" —nU,_, ..(4)
Hence proof

Step IV : To find U, putn =4 in Equation (4)

U, = x'e" -4u, (5)
Step V : Putn =3 in Equation (4) we get ,

Uy = X" =31, ...(6)
Step VI: Putn =2 in Equation (4) we get ,

U, = Xé -21, (D)

But from equation (1), U, = Ta. =xe' - T.&
= xe'-e'=(x-1)¢
Step VII :
Equation (7) =U,= " ¢' = 2U,=x’ ¢' ~ 2(x - 1) &*
Step VIII :
Equation (6) =U,=x" ¢ - 3U,
Uy = e -3t e* —2(x=- 1)

n

et -3t +6(x- 1) |

Reducton Formula

Equation (5) =
U, = x4’ e =3x e +6(x = 1) "]
e [x' - ax’ + 12x" - 24x + 24]

Example 6.8.4

tan" x dx, then show that U, |+| sife

=
ll
O, &ia

X
4

Hence evaluate _ tan® x dx.

0
Solution :

m
Stepl: U, = ‘—E_;& (1)
]

n-2

X tan” x dx (2)

QQJ.&II
g

Step I
 Using standard trigonometric Identity In equation (2)
1 +tan’x =sec’ x = tan’x naannxn:

tan" " x (sec® x - 1) dx

X
4
5:12&27?:12: )
]
sosect xdx = dt

e Tl el —— ]

=

In first integral, put tan x =t

When x=0, t=tan0=0
T
i_un:ann. t= Au_
X 0 n
And s
t (tan0=0 n
r.EMuH

=
4

In second integral, _EZ xdx=U
0

U, = .—___-MH_TF.N ()
0
Step I11 :
% Using dard f la of Integration In equation (4)
_.a ixa: _
- ]x &l_._._+_.=n_dni~.5un|u

{2 1
c,n_mﬂf,ciu Tt1-01-v,.
1

=n-1" U2 ..(5)
Hence Proof
Step IV: Now, Putn=6 :._ Equation (5)
1
Ug Iml - Uga= W -U, ...(6)
Step V: Putn=4 in Equation (5)
1
:_. H%r_.l C&lu Cu Qv
Step VI: Putn= 2 in Equation (5)
1 1
Uy =37~ U=7 -4, --(8)
Step VII : But from equation (1),
Ff
Up= [tan [x=0 =(5-01=F
-u 9 1]

2 =
U = -3+3
Equation (6) = U, = W|A|W+mu
1.2 m Ix3 2¢5 ¢
R B S e R VA
y =3,10 1 3+10 =
e =15t 1574T 15 4
I
4
s B n
= ._.E.._ xdx = 152
]
Example 6.8.5
w2
bl P
2 =1
w2
Hence evaluate ._.oS.enm.
w4
Solution :
w2
Stepl: I,= [cot'6d0 (1)
w4
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TT:::._.: (1-op a__,.g ] Step ITI z
8 - + f(m,n-1) 1 k. T 1 i
m+n+i m+n+1 :..:I; Solution : Step 1+ I, = .—xno%xnx e 3 Using standard formule In equation (5) = nuz_._u|cm_=3|.—m_:%
=[0-0] +=——— f(m.n-1) " o
menel T 4 m_.snxnrnow;_._.w.ﬁx:_ﬁiﬁ_xun._le. 7t
E o+l = (5-0)- TS.ZC L, Hnam:
f(m, ) =———— {(m,n- 1) (6) 2 T2 T2
o mans M I, = .—xoﬁ_.-_xnc:na (2) - -
Step VII : Applying formula (6) to 0 Here f(x) = cosx , f'(x) = - sinx = 5+ 0-1)=35-1
Eegenic :"_d +”__._IIH:+_ £ (m, (n=1) = 1) < Using standard Integrating by parts rule in equation(2) m s Step VI: .. Using value of I, in Equation (8)
d 53 2 cos % i Nﬁn u
—_ = (n-1 l- a_hiﬁl = = 4= =
B+=:E= 2 .—:..&u:_,q&n_.ﬁna:u Q.:Fvn_u L (n v._.xnam x (1 -cos x) o I s+3(3-1
1 (2) () _(2
Similarly , £ ( 2) =g f(m, (0=2) = 1) A 3 H w = =gt uv mb|huv3
Lf(mn-2)= n-2) - T |
I ST L m+(n-2)+1 | Here taking u = xcos" X, v = cosx S _.-. xoof2x dx~(0-1) ._. uSmNun_T_H:Sm._ u 1 mﬁv ﬁwu 121
o L P . 3 : i = 9*3)73)7-973%3
SRR N [ 2 | 2rg f x s I mxd B
L . . In =[x (cos™ " x) ( feosxdx)] - ﬁIxSQ_-:Q cosxdx) dx 2 = |..|m;|n| +3
Continuing in this way,equation (6) can be written as , f mwo m— dx A V = (- _._. Xo0s" 2 x dx — _“:l_;.xnom._xax _._TE_ 1)) _c mw”u 1_|mo .
-1 -2 _ 1 6 n 16 =
f(m, n)= %_‘.h—; : % e f(m0) L(T) .3 0 = -g-g*t3="g *3
| . Step I1 . (6 w8
i G .T_._nnu_”gf g _—L_ | % usingstandard formula of derivative and Integration in _”353__»52:. . )
. B mll,mmel | equationts) 2 3 Exanple 659
7 s 5 ._.uoaw xdx=1 = ._. os' “xdx=1,,
% t , L
_ rom equation (7) ._.oowxnnlm_i. 3 i i1, ._‘ew.a mnm—:az.tquﬁuzgrull._..-“_‘. “
o o n n-1 n-2 1 ; SR R 1
‘—x =X = T "men man1 ~~msl n?o?_.._i uxm_._l:oom.ix_lu.mnaau Equation (6) = I, = (=Dl ,-(-DI -7 9 i
¢ dx il B=DL | Hence prove that ls = 5oz
- - = = (n- -
_m.om. VIIL: Multiplying and dividing by 1.2.3....m = m! + (cos™'x) = ax ?v (By product rule of derivative) h+@-bE 2 ~_._ Solution :
._.x._.: Fe ; d 4 =[1+(n-1)]1, = ?lc_._umlm B
=X k= .
ﬁ_::.;:_ﬁ__.;_.i_._._; ___“s:._ 2) ~(1-2:3--m) Here = (cosx) =~ sinx , 5= (x) =1 . = in”
0 dx dx 5 AL Sl StepI: I, = [0sin"840 ()
...(8) m . 0
In equation (8) we observe that I, = [x (cos™ " x) (sin &_“_01 ._T (n—1)cos""* x (- sin x) #r T -2 ) £ _
123 m=m!,1-223(n-3)n-2)n-1) (n)=n!, _ . 0 Enﬂonma”com I, = .-.ow:— B sin 8 d6 -d2)
123-m(men-2fm+n-t)men-fm+nfmen+1)=(mens ) +o“w ::Wﬂm_saenn StepIV: Put n= 3 in Equation (7) g
Using these values in equation (8) , = 3 _“nau.r_W:mm:WTBw (cos0)(sin 0)] L = ||_q +|wl_ I Step II
2 3 3. 2 Using standard Integrating by parts rule In equation(2)
T e : g5 h 2 ® )
0 i = [l= (- 1) xeos" x (sin x) + cos" ™" x (1)] sin x dx — » B | — ._.,__E.l._.hmwcu :.:_nunx
tep
Example 6.8.8 ? x
(4 z i e o
w . . (4) Butl, = ._.son:& Here takingu=0sin" 6, v=sinf
If l,= ._.x cos” x dx then 2 ¥ i 2 ; : . .
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Step Il : uhhmuamEAmﬁu+hH hMU_.L.n h v .
¥ Using d f ofd ve and Integration in AR 2 a’ 2 08 H_
equation(2) _ =M_ .
a
Jeosacae S5 500 =0 || Lt(Y (@) OO (3 (5 (%) 222
"2 Step V:

[o=x" ﬁwm_.w_muu,wr ._._.;_.._ﬁmmnmvaaa

um_”@M:m%u;o?_is_-ag_@ ximm:%mv&
Step IIl : >Wn._.=._ integrating by parts,
" ",“.:w s@?_

H ._J_m— ﬁ[whunnl ...n_x (x™" ...ﬁw_ama nxva

-n xu-_héwﬂaw [@-nx h-awﬁu&

i 0 B

w2 |

x""? (cos ax dx)
0

n-1 -l
-n| =77 (x"" cosax) : S
L

1(nY' . (an) (n
(3 w(5)+(3)
(" 'cosax) - -1 :ml .—x..-u (cos ax dx) (3)
* 0
Step IV : From equation (1) ,
2

._.x.ncam.xnxu,ru. _.s_..uaowm:_au.r.n
0 0

=x(8) = (8) 5L () (%)

Ao”_ nc:ovw E_._ 5

raing 43 ommon oo e,
-1(5) [0+ OQem(2)]
DA (5) [0 ()2 oo (2)]

el

Example 6.8.12

2
=_._u—naw=xnou.._:_x=.§

L]

prove that _..HW_:-_ =

Solution :
n

2
Stepl: I, = —oow__xoamnaﬁ_x A1)
0

< Using standard Integrating by parts rule in equation(i)

_.=<&u=b.<aa|b.ﬁwm=u Q.E_nvnx

Here taking u = cos” x , v = cosnx

X

2

ly=| cos"x _.oogxux
0

_” ﬁm:._na”_
I,=| cos" x

=| cos ﬁuv w__.:._I ~cos" (0) mn._mﬁmhu

n
= m_@ﬁé (Posxd) o (2
0

2.7
2

m sin nx
.:nna_.;i:%:_ = v&
(]

o n-1 n 3
+3 (cos” " x sin x) sinnx dx . (3

[ ——T ]
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Step I : Example 6.8.13
- Using dard values of tr tric terms in w
equatlon (3) It = ﬁ x" sin (2P + 1) x dx then
0
na@v"_;_::u: .

cos  xsinxsinnxdx  ...(4)

_,u?‘i+

= Using standard trigonometric formulae in equation (3)

S ey,

...[cos(n—1)x = cosnx cos x + sin nx sin x
. sin nx sin x = cos (n— 1) x — cos nx cos x]

- from Equation (4)

]
cos X [cos(n-1)x—cosnx cos x] dx

—
o
]

— A

n-

1 =1
cos  xcos(n—1)x-cos'  x cosnxcosx]dx

£
2
cos” ' x cos (n— 1) x dx — ...ooa__ xcosnxdx  ..(5)

n
e L N W—— ] Y

o

From equation (1),

cos" xcos (n-I)x dx =1__,

Ly w— Y E

z
2
n
._.now xcosnxdx=1, =
0

Equation (5) =

S b= L -L=Lal =L 22L=1_,

1
MFL ...(6)

—
5
n

Step Il :

Applying formula (6) repeatedly on R.H.S.

L= ﬁw,w,w::am:‘_omur (1)

But I, _‘nxuw

(" from Equation (1))

.. From equation (7)

PR
T @R

prove that (2P + 1) l,+n (n~1)l,_,= (-1)"n mwv

Where n and P are positive integers.

Solution :
Step 1:
E3
Let, I = T_ sin (2P + 1) x dx
0
Integrating by parts,
n
22
_la |8m_mm+:xﬁu _..__Hloowmu_u+:¢
%% @P+1) D-.__: w1
)
g
=0+3p 7 _.x__-_ncwﬁw__.:nax
0

m 41 _aaniﬁm;d_*ﬁm@u 2__5&5830

n

(2P + 1) ;e in 2P+ 1)x
nm|? Tﬁf,,: ? p sty

n
P41

ny

e
2

m_u ._ X"~2sin (2P + 1) x dx
0

Step II :
Since, sin (2P + :m =sin Tu_: u (- :

n 1 (my! p n-1 -
. wf_rf_ @ D -3p51h-2

._|_
. n ..a _,n_ul_
" | I |~ I
(2P +1)° @ &N G_::L..-u

n=1
@P+ 1’ L+n(-DI,_, = ..@ -1°

Example 6.8.14

Hl,= ._.nn..u sin” x dx (22, p > 0) then
0

prove that (p° +n’) I, =n (n=1) |, _,.

Hence evaluate ._. e *sin'x dx.,

0
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6-56 Reducton Formula

L= 1+0=1 ()
L = w + w = m:uhca Equation (3))
4 & 4 4 16
y =g+ Xy Sigts
12416 28
= 15 ~15

Ex.1 Prove that the reduction formula for

ne 1
.q xcos' xdx=~72
0
w2 w2
+A{v .— x cos”” 2 dx hence find _. x cos’ x dx
0 0
n2

| 6 cos” 6 dathen
0

Ex.2 Hy,=

-1 n=-1
mgi:m~c=um~ =

—l—-—

hence evaluate Uy,
w2

Ifl,= .— x" sinx dx (n > 1) then
0

Ex.3

prove that I,+n{n=1)1,_.=n ﬁmu

Hint : Refer Example 6.8.10

1
2
Ex. 4 Ifl,= .T_, (sin x + cos x) dx then

(1]

show that |, "qu +n mmuq- nn-1)1l_g

2
Hint: 1, = _.u..__mm.._ X + cos X) dx

0
L3 X
2 2
= ._.x_. n-_..nn:‘..x-ooaunu
0 0
Refer Example 6.8.10
I
4
_ ¢Sin(2n— 1)x
Ex.5 Ifl,= _. snx__ dxthen
0
prove that |, =1, = w sin % Hence find 15.
L3
[l
oy _ pBin(2n-1)x
Ans.: I, = .‘ e dx
0

w2

Ex.6 If1,= | x"sin ax dx show that
o

Ans.:a' l,=—ax"cosax+nx" " sinax —n(n-1)1,_,

Chapter Ends
Qaa

Curve Tracing and
Rectification of Curves

| UNIT IV

. Syllabus

Curve Tracing : Tracing of the Curves given in Cartesian, Parametric & Polar forms.

71 Introduction

For integral calculus, we often require to draw the
region of the given curve for finding areas, surface area of
revolution, volume of revolution and many more. Curve
tracing is a procedure or method to find approximate shape
of the given curve without the labour of plotting a large
number of points on it.

i By tracing the curves, we get better idea about the
function. The main aim of this chapter is to introduce the
! general properties of curve tracing, So that mathematical
equations can be understood in a better way.

TR Some Basic Definitions

Let, y = f (x) be the curve and P be any point on it.
1. Concave upward (convex downward) :

If on both sides of point P, portion of the curve lies
above the tangent at P, then the curve is called concave
upward (convex downward).

The point P is called as point of concavity. (Fig. 7.2.1)
X

Tangent

Fig. 7.2.1

Concave downward (convex upwards)

If on both sides of point P, portion of the curve lies
below the tangent at P, then the curve is called concave
downward or convex upwards. (Fig. 7.2.2)

Y

P Tangent

—_—

Fig. 7.2.2
Point of inflexion

The point which separate concave upward and concave
downward of the curve is called point of inflexion.

At the point of inflexion, two portion of the curves lies
on different sides of the tangent at P ie. the curve
crosses the tangents at p. (Fig. 7.2.3)

Inflexional tangent

The tangent at a point of inflexion is called a

inflexional tangent.
Y

—_— X

Fig. 7.2.3
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Curve Tracing and Rectification of Curves

(vi) Symmetric in opposite quadrants (or at origin)
By interchanging x by - x and y by - y, if the given

equativn  remain - unchanged, then the curve is
symmetrical in  opposite quadrants. (at origin).
(Fig. 7.3.6)

3
eg y = Xy

o

Fig. 7.3.6
(IT) Points of Intersection

(i)  Withx-axis: Puty =0 in the given equation
and find the values of x; we get (a, 0),
(hy, 0)... are the points of intersection with
X-axis.

(i) With Y-axis : Put x = 0 in the given equation
and find the values of y, we get (0, ),
0, by) ...

Y-axis.

are the points of intersection with

Origin : Put x =0, y = 0 in the given equation if
we get, 0= 0 (or if the given equation free from
absolute constant term) then the curve passes
through origin.
() Tangent at origin
If the curve passes through origin, then find tangent at
origin by using Newton's method.
“By equating the lowest degree term or terms with
zero,” we get equation of tangent at origin.

eg., v.u (2a-x) i

n
»

= R_Nwlmalau
Degree T, ... T,.

Lowest degree term : y° 2a

©c o 4, o
By

=y
i.e. X-axis is tangent at origin,

(IV) Special point
By using the following rules, we can find the tangent

other than origin point. Let (a, b) be any point (except
origin).

(U]

(i)

(iiii)

1. _Ammu =0, then at (a, b), tangent is parallel
(. b}

1o X-axis.

22 ﬁmmu = % eo, then at (a, b), tangent is
dx b
parallel to Y-axis.

3. The curve increasing strictly in the interval (a, b)
dy
where ax > 0.
4. The curve decreasing strictly in the internal (a, b)
dy
where ax <0.
5. The curve attains its maximum or minimum
values at the points where m.m =0
Asymptote
Asymptote means the tangent to the curve at infinity.
A curve of degree 'n’ have n or less than n asymptotes.
Asymptote parallel to X-axis

By equating, the co-efficient of highest power of x to
zero, we get the equation of asymptote parallel to
X-axis.

Or

For the given equation, As x — e for y — a then, y =a
is asymptote parallel to X-axis.

i.e. for x = f (y) curve, put denomifator equal to zero,
we get the values of y where, curve have tangent
parallel to X-axis.

(Sometimes, if the curve is symmetric to Y-axis then
find asymptote parallel to X-axis).

Asymptote parallel to Y-axis

By equating the co-efficient of highest power of y to
zero, we get equation of asymptote parallel to Y-axis.

Or

As y — oo for x — a then x = a is a asymptote parallel
to Y-axis. ie. for y = f (x) ; put denominator terms
equal to zero, we get the values of x where, the curve
have tangent parallel to Y-axis. (Sometimes, if the
curve is symmetrical to X-axis, then find asymptote
parallel to Y-axis).

Oblique asymptote

(Oblique asymptote means asymptote neither paralle] to
X-axis nor parallel to Y-axis). Also, if the given curve
is not symmetric about any axis, then find oblique
asymptote.
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b

Steps : To find oblique asymptote :

(v
0]

(ii)

faj Let  y = mx + ¢ be the equation of vblique
asymptote.
(b) Let &, (x, y) - be the second degree term

equation.
(c) Letdy(x,y) - be the third degree term equation.
(d) Putx=1andy=mind,(x,y)and ¢, (x,y), then
solve §; (m) =0
(e} Find the values of m,
o)

(f) Findcbyusing:c=-| —
@, (m)

Substitute the values of m and ¢ in y = mx + ¢, we
get the required equation of oblique asymptote to
the curve.

(g

Or

Oblique asymptote is also obtained by putting the

value, y = mx + ¢ in the given equation and then equate

the coefficients of the two highest powers of X to zero,

we gel the values of m and c.

Region of absence

If the given curve is symmetric about X — axis then

express the equation in the explicit form (say) y = f (x)

and check how y varies as x varies. If Vm <0 (yis

imaginary) for some value of x > a (say) then the curve

does not exists for x > a.

If the given curve is symmetric about Y — axis then

express the given equation as x = f (y) and check how

X varies as y varies continuously.

If x* <0 (x is imaginary) for some value of y > b (say)

then the curve does not exists for y > b.

Or

In general

(i) If the curve is symmetrical about X-axis or in the
opposite quadrants then only consider positive
values of y.

(1) If there are two points of the curve on any axis and
if the curve does not exist on either side of these
two points, then there is always a loop (closed
curve) between these two points.

(iii) The circle; ellipse etc. curves does not have
asymptote.

(iv)  x=0means, Y-axis

(v)  y=0means X-axis.

e

Note :

1. If Asymptote parallel to X-axis, then its slope must
be zero.

2. If the coefficient of the highest degree term of x is
constant or if its linear factors are all imaginary
then there is no asymptote parallel to the X-axis.

3. Ifthe co-efficient of the highest degree term in y is
a constant or if its lin2ar factor are maginary,
then there will be no asymptote parallel to Y-axis.

Working Rule to trace the curve

Step1: Find symmetry o7 the curve.

Step II : Find the points of integration.

Step IIT:  Find equation of zangent at origin, at points of
intersection.

Step IV:  Find the equation of asymptotes.

Step V : Find the region o absence of the curve.

Step VI:  Trace the rough sketch of the given curve.

7.4  Cartesian Curve
(Explicit form i.e. y =f (x) or x = f (y)

Example 7.4.1
Trace the curve : 3__» =4a° (a-x).

Solution :

Step I : Given equation of curve, _G.H =da’ (a-x)

Symmetry : Symmetry about X-axis, since, all powers of y
are even.

Step I : Points of intersection :

(i)  With X-axis : Put y =0 ir the given equation, we get
0=4a" (a-x) =2a-x=0# =>x=a
. The point of intersection with X-axis is (a, 0).

(ii) With Y-axis : Put x = 0 ir the given equation, we get
0=4a’, not getting any value of y.

Not intersection with Y-axis.

This curve does not passes through origin (because by
putting x = 0, and y = 0, we are not getting 0 = 0).

Step III :Equation of tangent :
(i) Atorigin : No tangent at origin.

(curve does not passes through origin).
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Step V : Region of absence

Since, the curve is symmetric about X-axis,
50, solve the equation for y.

3 a _anr .‘_J
y = X
Find the values of x, for which mu <0 (ie. yis imaginary)
D<x<a; Vm <0

gﬂ:“v_.ui
-a<x<a; w.._ >0 but

X< -a; vu <0
Curveexistsin—a<n<0Oand x>a

A rough sketch of the curve is as shown below
(Fig. P.7.4.3)

Tangent Yt
| le— Asymptote

(-a.0) © (a,0) 2L

Conjugate
point

Fig. P.7.4.3

Example 7.4.4
Trace the curve : y° (4—x) = x (x-2)°.
Solution :

StepI: Symmetry : The curve is symmetric about X-axis,
(Since, all Y have even powers)

Step I1 : Points of intersection :
(i) With X-axis : Puty = 0; we get, 0 = x (x - 2)°
= x=0, 2. This curve intersects X-ais at (0, 0) 2, 0)

(i) With Y-axis : Put x = 0, we get

h:m =0 = (0, 0). This curve intersects Y-axis at (0, 0)
(iii) Origin : Put x = 0, y = 0, we get, 0 = 0; Hence, the

curve passes through origin,
Step III :Equation of tangents :

(i) At origin : By equating the lowest degree term or
terms 10 zero.

aﬂua.& = :xmauxt:u»r %7 4 4x
Tt T
deg2 deg3 deg3 deg2 degl
4x = 0=x=0
i.e. Y-axis itself is tangent at origin,
(ii) Tangents At (2,0):
Yd-x = x(x-2)
Differentiate w.r.t. x

d
y(E)a-n+vcn
dy _”mﬁxnmmlﬁlm%,fmd

dx = 2y (4-x)

(8) = =
X /o0

This means at (2, 0) tangent is parallel to Y-axis.

2X(x-2) + (x=2)°

Step IV : Asymptote :

(i) Parallel to X-axis : Equating the co-efficient of highest
degree term in x to zero, we get the equation of

asymptote parallel to X-axis.
i.e. 1 =0 (No equation)
No asymptote parallel to X-axis

(i) Parallel to Y-axis : Equating the co-efficient of highest

degree term in y to zero.

1e.(d-x)=0=x=4;atx =4, asymptote parallel to

Y-axis.
Step V: Region of absence :

Since, the curve is symmetrical about X-axis, so solve

fory.

: ﬁxlumu
Y= Tuy

Find the values of x for which v.u is negative
Forx >4, V,u <0

and x <0; Vm < (. Hence, curve exists in0 < x < 4
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A rough sketch of the curve is as shown in below.
(Fig. P.7.4.4)

¥
l+— x = 4 is an asymplote

Tangent

o] (2,0)

Fig. P. 7.4

Example 7.4.5
Trace the curve : m~____» =x Amu - xu__ .
Solution :

StepI: Symmetry : Symmetry about both X and Y-axis
(Since all x and y have even powers)

Step II : Points of intersection ;

(i) With X-axis : Puty =0, we get, x’ (a° -x*) =0
x =0, x =t a. Hence, intersection with X-axis at (0, 0),
(a,0),(-2,0)

(i) With Y-axis: Putx =0, we gety’ =0 = y=0
Hence, intersection with Y-axis at (0, 0)

(iii) Origin : Putx =0,y =0, we get 0 = 0, hence the given
curve passes through origin.

Step I1I :Equation of tangent :
(i) At origin : Equating lowest degree term to zero.
2 2 12 4
Ay = xa-x
T T 7T

deg2 deg?2 deg4
Lowest degree term is, a c__u - aJ

degree w»@»lanv =
2 2

=¥ =X

=y = fx

be the equation of tangent at origin
(ii) Tangent At (a,0)and (-a,0):

1.9 7 B
ay = %? -X)

Differentiate w.r.t. x

dy
su.uv,mm = apﬁluu:?fxu;a

1

dv |uu+x?~|»~
dx aly

(®). - (@)
dx a0y dx (=a2.0) =

Hence, at (a, 0) and (- a, 0), the curve have tangent is
parallel to Y-axis.

Step IV : Asymptote :

(i) Parallel to X-axis : Equating the co-efficient of highest
degree term in x to zero.

So=1 = 0  (Noequation)
No asymptote parallel to X-axis.

(ii) Parallel to Y-axis : Equating the coefficients of
highest degree term in Y to zero
i.e.a’ =0, (No equation)
No asymptote parallel to Y-axis.
Step V : Region of absence :
Since, the given curve is symmetrical about both axis.
”r xuhmulanw

¥ - ]
a

Find the values of x for which u..u is negative
atx=0, mnuc =>y=0
x=a, wuno =y=0

P <0

2. -
Xx>a, y isnegativeand x<-a ; y
2
andx=-a, y=0=y=0
Hence, the given curve exisisin-a<x<a

(Fig. P.7.4.5)

(-a.0)

Fig. P.74.5
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Step V : Region of absence :
Since, the curve is symmetric to X-axis, so solve for y,
Since, x'+xy’—ax’+ay’ = 0
R?i: = ax’—x'

r A xu_ﬂlkw

LIS (a+x)
Find the values or x for which y* is negative
at x=0; u..u =0
x=a,; V,» =0
Xx>a; wm ~ is negative
andx<-a ; wmlmmgw&r@
Hence, curve existin —a<x <a.

The rough sketch of the given curve is Fig. P.7.4.8,

y=x
tangent
Asymptote —w b "

Fig. P.7.4.8

Example 7.4.9
Trace the curve : _____» ?» +4)= Ax» +2x)
Solution :
Step I : The given curve is : u.u o+ 4)=(x"+ 2x)
Symmetry : Syémmetric about X-axis (" since all y have
even powers)
Step II : Points of intersection :
(i) With X-axis : Put y =0, we get
0= x+2x

= x=0,-2, _

this curve intersects X-axis at (0, 0) and (- 2, 0)
(ii) With Y-axis: Putx=0 ;we get

Y@ = o

=y=0, The curve intersects Y-axis at (0, 0)
(iii) Origin: Putx=0,y=0, we get
0=10;
Hence, the given curve passes through origin.
Step I11 : Equation of tangents
(i) Atorigin : Equating the lowest degree term to zero.
2x =0 = x=0

Means, Y-axis itself is a tangent at origin.
(ii) At(-2,0):

wuom._.ﬁ = X+
Differentiate w.r.t.x
dy 2 ay
W& +H+(+4) 2y = 2x+2
dy 2 2
...W_mu._? +4)+2y (X" +4)] = 2x+2
aIM ” 2x+2
dx 7 oyled) 2y (X +4)

= oo

=200

h@v -ﬁ ¢+; v
/iy, :xm+$+ﬁx~+£

Means at (- 2, 0), the curve have tangents parallel to Y-axis.
Step IV : Asymptote :
(i) Parallel to X-axis : By equating the coefficient of
highest degree term in x to zero.
ie. ('-1)= 0 = y=%1 be the equation of
asymptote parallel to X-axis.

(i) Parallel to Y-axis : By equating the coefficient of
highest degree term in y to zero.
ie. X+4 = 0= x=$2i (imaginary)

No asymptote parallel to Y-axis.

Step V: Region of absence : Since, the curve is
symmetrical to X-axis, so solve it for y

. T 4 2x
= ¥ R
Find the values of x for which y is negative

For x = 0 ; y' =0 V.N - is positive

1]

X k3 qmu_uomm:.qnnm

x = 2 ; y'=Positive=1
x-increasing, y also increasing.
and x = -0.1,...,-05,...,-1
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¥’ is negative and forx < -2,
¥’ is positive,
Hence,in-2 <x<0; curve does not exists
and curve exists : x <=2 and x20
The rough sketch of the given curve is as shown

Fig. P. 7.4.9,

Tangentx=0 Y Asymplole

(-2,0) o]

Fig. P.7.4.9

Example 7.4.10 :

Trace the curve : Xy’ = a’ (y* - x)
Solution :

Step I : The given curve : K u,p wig? c__H = aJ

Symmetry : The given curve is symmetric about both axes.
(since all y and x have even powers)

Step I1: Points of Intersection
(i) With X-axis : Put y =0, we get

0= 2% = % =0, This curve
intersects X-axis at (0, 0) only.

(ii) With Y-axis : Put x = 0, we gel,
0= uwm. = y=0
Means this curve intersects Y-axis at origin (0, 0)
only.
Step 111 :Equation of tangent
At origin : Equating the lowest degree term to zero.
' -x)a’ = 0

Le.

n
-

= ¥
¥y = £x
is the equation of tangents at origin
Step IV : Asymptote

(i) Parallel to X-axis : Equating the co-efficient of highest
degree term in X to zero.

Q».TNJ =0 = y=ta (Imaginary)
No asymptote parallel to X-axis.

(i) Parallel to Y-axis : Equating the co-efficient of highest
degree term in y to zero.
X-2'=0 = x=ta
be the equation of asymptote parallel to Y-axis,
Step V : Region of absence
Since, curve is symmetrical to both axis,
So, we can write for x or y
22 2.2 2.2
Xy = ay -ax
Xt Q.p + mJ _%mw
" aly?

X F]
¥ +a

Find the values of y for which x” is negative
for, y = 0toss, X -is positive
and y = 0o —ee, uu.ww»_wowo&né
But, forx <-aandx>a, curve does not exists
-+ The given curve exists in—eo <y oo
and —a<x<a

The rough sketch of the given curve is Fig. P. 7.4.10.

Fig. P. 7.4.10

Example 7.4.11

Trace the curve ; w.u =x (2a-x)

Solution :
m__.a_.f.u.wommﬁ:n_._.éow“wwuxm (2a-x)

Symmetry : The given curve is symmetrical about X-axis
(since, all y have even powers)
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5 % _ P,
y(l+x)= x =y R
For x =0, y=0
1
x=1; y=35
X = y=0
for x < 0, y-isnegative
X == y0
y
w_HPK w__ﬂk
X — + X
Fig. P.7.4.13

The rough sketch of the given curve is as shown
Fig. P.7.4.13.

Example 7.4.14

Trace the curve : __m (x-a)=x" (2a - x).

Solution :

StepI: The given curve is : Vm (x-a)=x"(2a-x).

Symmetry : The given curve is symmetrical about X-axis.
(Since, all y have even powers).

Step I1: Points of Intersection
(i) With X-axis: Put ~ y =0, we get
0= xmﬁull = x=0,.x=2a
This curve intersects with X-axis at (0, 0) and (2a, 0)
(ii) With Y-axis: Putx=0 ; we get
Y (0-a)=0
= u__u =0 =y=0
Intersection with Y-axis at (0, 0) only ,
Origin : Putx =0,y =0we get0=0
Hence, this curve passes through origin.
Step I11 :Equation of tangent

(i) At origin : Equating the lowest degree term / terms to
zero

2ax’ = - V.Nw = No tangents of origin.

(ii) At(2a,0)
u..u?ua = xuﬁulé
Differentiate w.r.t. x.

dy
uixuuum_-m+u._u = dax-3x%

dy R
ﬂ:?i.mw = dax-3x" -y

dy _H.»ﬁ:wxmlmmu_
dx (x-a)2y

&)
L

The curve have tangents parallel to Y-axis at (2a, 0)

Step IV : Asymptote
(i) With X-axis : Equating the co-efficients of highest
degree term in x to zero
-1 = 0 (meaningless)
. No asymptote parallel to X-axis
(ii) With Y-axis : Equating the co-efficients of highest
degree term in y to zero.
x-a=0 = x=alis an asymptote parallel to
Y-axis
Step V: Region of absence
Since the curve is symmetric about X-axis, so solve for y

z xN_Ms|x~

y = x-a
Find the values of x for which, u..» is negative
0; y'=0

n

For X
x=a ; mmuvoax:.o
X =2a ; u_.u =0
X >2a ; wu - is negative
For x = 0, and x = a curve exists but 0 < x < a, curve
does not exists because, v.m becomes negative.
Also, x<0, m» - is negative
o Curveexistina<x<2a
Here, origin 0 is a conjugative point.
The rough sketch of the given curve is Fig. P. 7.4.14.
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My

x=a
Asymplose
v
/.v l«— Tangent
Conjugate
point
< |/ (2a,0)
— X
ol
Fig. P. 7.4.14
Example 7.4.15
Trace the curve : \/x +\y=+a.
Solution :

Step 1 : Eﬁ4a=n=2awuéla+¢ﬂn¢w

Symmetry : The given curve is symmetric about y = x line.
(Since, by interchanging x and ¥, equation of the
CUrve remains as it is)

Step I1 : Points of Intersection
(i)  With X-axis : Puty = 0, we get
Vx = a
= x=a,1Intersection with X-axis is at (a, 0)
(i) With Y-axis : Put x = 0, we get
V= \a
=y =a,Intersection with Y-axis is at (0, a)
(iii) Origin : Put x =0, y =0, does not getting 0=0
Hence, curve does not pass through origin.
Step II1 :Equation of tangent
(i) Atorigin : No tangent at origin
(Since, this curve does not passes through origin)
(i) At (a,0)and (0, a)
Since, /x +fy
Differentiate w.r.t x

1 1
+ .
x 24y

ERRCI

u

élu

dy
2 T

=0 = (3) _
hn—x i =0 and n._.x i = —o

Hence, at (a, 0) the curve have tangent parallel t
X-axis but at (0, a) langent parallel to Y-axis,
Step IV : Asymptote
(i) Parallel to X-axis ard (i) Parallel to Y-axis
Here, the asymptote is 10t parallel to X and Y-axis.
Step V : Region of absence

Vi = s

1z mn
X +v.__b =a

> 4= Vi-y3
= : A.{_.lm|¢|:~um+x|mmsx_n
For x = 0; y:
X y=0

a

= a,;
as X oo y—oo
But, for x <0 and y < 0, curve does not exists

The rough sketch of the curve is shown Fig. P. 7..4.15.

o1 @

Fig. P, 7.4.15

Example 7.4.16
Trace the curve : gu Auu + u»,.. =a' X,
Solution :
Step I : The given curve : y
Symmetry :

The given curve is symmetric to both the axes. (Both x
and y have even powers)

e e R
a+x)=ax

Step 11 : Points of intersection
(i) Withy X-axis : Puty =0 ; we get,
2.2 =
0= ax = x =0

This curve intersects X-axis at (0, 0)
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Step V : Region of absence : Answers

@ Engineering Mathematics - | (Dr. BATU) 7-21 Curve Tracing and Rectification of Curves
¥

Since, y'= (x-1)(x-2)(x~13) Ex. 1 e x=4 Exs t " Ex.9
Asymplote ! g
x| 0 [1]2]3|x=4]x>3 x=-a _y) m (023) e
v.m -6 |0|0|O]| 6 +ve \I/ Asymplote {—tangent

The rough sketch of the given in Fig. P. 7.4.18. y

20) /1 (3a,0)

Q.  Trace the following curves

1. Y-x=xx-2"°
2. a=x(@-x) Fig.1 EX.6

a w‘mHAK»I.:Hx Ex. 2 ¥ p

Fig. 5

4. y=x(¥-1) B-19

% »\ tangent

—
- ¥= (C —4a) (2,0) #

s \
§

(-a,0) Of

6. a'y*=x’(2a-x)(x-a) /| (a.0)

7. x={y-1)(y-2)(y-3)

N . .
© ¥Y=2x+3 =20

(a0}

9. Y (C+a)=x (@ -
Ex. 3 *=1 Agymplote Ex.7

10. Y’ (a+x) =x(3a-x)

x m !
1. Y= 11— Asymptote —+ ." ” A\M\\"
12. 27ay’ =4 (x-2a% i

o 1 X I\\\ ! Ex. 11
13, ¥y =xt+1 : Y

h ¥4

X' o

8-5-4-3-2-1|0 7 oy=x

14. a% = (x + 2a) (x—a)

-
-
-

g

15. ay’=(x-a) (x-5a)°

16. a’=¥(a-x)(x-b) ; a>b
Y =(1+yf (4~} Ex.4 i -
18 =y (x+1)° ) - Asymptote i

|

17

s
2
a
»
>
A
K
w\
E

19, y=(x-1)(x-2)(x-3) _
S~ | (1.0) i
20. X (C+y)=a? (' -x) \ X=-2 _ Fig. 11

Fig. 4 Fig. 8
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7-24 Curve Tracing and Rectification of Curves

Important note

() ris taken as positive, if measured away from pole
{origin) along the line bounding the vectorial angle 8.

(ii) ris taken as negative for any value of 8, we proceed as
follows :
First find the value of 8 for which r is negative, then

produce (draw) the line in opposite (backwards) side of
6 measured through pole with distance | r I, we get the

required point P (r, ).
B=nf2
P (2, n/4)
) 8=0
Fig. 7.5.1(1)
For example,

(i) Point P (2, /4); Fig. 7.5.1(i)
(ii) Point P (- 2, /4) : Fig. 7.5.1(ii)
(i) P(-2,-md);: Fig. 7.5.1 (ii)
(iv) P(2,-m4):Fig.7.5.1 (iv)

P (-2, n/4)

Fig. 7.5.1(ii) Fig. 7.5.1(iii)
B=nf2
(o]
74 8=0
P (2, -n/4)
Fig. 7.5.1(iv)

7.5 (B) Rules for Tracing of Curves In Polar
Form : (r = f(8))

Generally, we use the following rules to trace the curve
in polar form.

() Symmetry

(i) About initial line : By replacing 6 by - 8, if the given
equation remains unchanged, then the curve is
symmetric about initial line (x-axis)
For example, r=acos0

(ii) About pole : If the powers of r are even, then the curve
is symmetrical about pole.
(Also, by putting r by - r, if given equation remains
same)
For example, 1 = a’ cos 20

(iii) About 6 = n/2 line : If there is no change in the given
equation by changing 6 = — 8 and r = — r at the same
time, then the curve is symmetrical about the line
8 =m/2 (Y axis )
(8 =2 is the line through pole perpendicular to the
initial line )
For example, r = a sin 30

(iv) About 8 = %2 line : If the equation remains unchanged
by replacing 8 by m — 8 , then also the curve s
symmetrical about the line 0 = n/2.

(v) About pole (or opposite quadrants) :
If the given equation remains unchanged by putting
quuno..mu=+m50_._§no=2:m$352%5
opposite quadrant (or pole).

(vi) About the line ® = /4 : If the given equation remains

unchanged by putting 6 = w2 - 6, then the curve is
symmetric about the line 8 = /4.

() tang¢
m_aa.sh_enﬂl% = rm~|
&)

Where, ¢ - is the angle made by tangent with radius
vector (1),

Find the values of 8  where
(ie. for,p =0orm2)
(i) If tan ¢ = O for 6 = 0, then, at B = 8, the curve

have a tangent parallel to radius vector r (tangents
coinside with radius vector)

tand =0 or o

mﬁ_ufuma:m Mathematics - | (Dr. BATU) 7-25

Curve Tracing and Rectification of Curves

o (ii) If tan ¢ = = for 8 = 6, then, at B = B, the curve
have tangent perpendicular to radius vector.
(For this use table)
Let ¥'=0+¢-bethe angle made by tangent with
initial line.

(W) Table : Form a table for different values of r, 8, tan ¢

Bbon_.%.

(IV) Pole

From table find the values of 8 for which r = 0. At that
value of 8, curve passes through pole.

(In polar system, distance r is measured from pole
(origin)), (use table)

(V) Equation of tangents at pole

Put, r = 0 in the given equation, the values of 8 gives
the equation of tangent at pole. (use table)

(Vl) Region of absence : (use table)

(i) Determine the maximum and minimum values of
r. If maximum value of r is a, then the whole
curve lies, within the circle of radius a and centre
at the pole. If minimum value of r is b, then no
part of the curve lies inside the circle of radius b.

(i) Determine the range of 0 where P < 0,ie ris
imaginary, means in that range of 8, curve does
not exists.

Observe the values of B, how r varies, as 0
increases or decreases.

Procedure

1
(i) Write the given equation of the form T =)
(ii) Solve the equation f(8) =0

Weget af.y. ..

(iii) Find asymptote from Equation (7.5.1) for different
values like o, f, v.

Note :
di

(i) It _“_|_w > 0, then rincreases as 0 increases

And

(ii) If % <0, then r decreases as @ increasing.

(iii) If the curve meets the line of symmetry at two
points, then there is a loop (closed curve) between

these two paints.

Note : Most of the polar curves involves periodic functions,
sin 6 and cos 8 with period 2r. Hence consider only
0 to 2n values. Remaining values of 8, no new
curve.

(Vi) Asymptote
Find asymptote by converting the equation to Cartesian
form.
If r — oo for some 6, then the curve have asymptote.
Also, the asymptote corresponding to 0 = o is
.
f(o)
().

rsin (6 -a) . (1.5.1)

where, (o)

The polar curves are classified into the following categories:
(a) Rose curves:
(b) Leminiscate: "=a"-sinn8 ;" =a" cos nf
(c) Cardiodes:

r=asinnd:r=acosnd

r=atbcosB;r=atbsin

(d) Spiral.
Remember
n 2
sinnd = 0 = 8075, .
n In 5n

cosmf = 0 = mnmm,mm.ﬂ. i
7.5.1 Type (a): Rose Curves : r = a sin no
orr=acosng
Use the rules of curve tracing in polar form.
Rose curves consists of ;
(i) n similar loops - if n is an odd
(i) 2n similar loops - if n is an even
(iii) If n =1, we get a circle
Draw the loops using following points :
(i) Divide each quadrant into n equal sector / parts.
Measurement of each sector is W

(ii) For r=asinnb ; first loop is drawn along mu%

(iii) For r=acosn8; first loop is drawn along 8=0

(iv) If n is even, draw loops in two sectors consecutively
from 8=0to 21

(v) If n is odd, draw loops into two sectors alternately,
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Step III : Table : Form table for 8, r and tan ¢ :

r=asin 30 0l a|]0]|~-a|l] 0 a

7

c:-oii_;‘:-"j

|
E:euME_..um 0] o | 0| e 0 L

Step IV : Pole/equation of tangent at pole : Putr =0 and
find the value of 6.

From table; r = 0 for B = 0, /3, 47/6, m. At these values
of 6, curve passes through pole.
Also, at 8 = 0, /3, 416, m, the curve have tangents at
pole.
tan ¢ =0 at 8 =0, /3, 4n/6 m, So at these values or
6, the tangents coinsides with radius vectors.
And tan ¢ = o at 8 = W6, W2, S/6,
So, at these values of 8, the curve have tangents
perpendicular to radius vector.
Step V: Asymptote
This curve does not have any asymptote because r is
finite for any value of 8. (See table).
Step VI : Region of absence
From table, it is observed that, the maximum value
of r = a, so entire curve lies inside the circle of radius a.
Also, r is negative from 8 = /3 to 12, so the curve is drawn
in opposite sidc.
Step VII : In short
Here, n =3, so this curve have only 3 loops.
Divide each quadrant in 3 equal parts
T

Measurement of each sector is 0 = 23 =

[
A

i |
First loop is drawn along 6 = 23 %6

Draw loops in two sectors alterately, keeping two
sectors vacant between two loops.

The rough sketch of the given curve is as Fig. P. 7.5.3.

=3
"
raf =

x=8
Fig. P.7.5.3
Example 7.5.4
Trace the curve : r=acos 39,
Solution :

StepI: The given curve:r=acos30

Symmetry : The curve is symmetrical about initial line.
(Since, by putting @ = - 6, the given equation remains
unchanged.)

Step Il : tan ¢
de
g = o =Tay
(&)
Since,r = acos 30, %ulmua:._um
_r  acos3f 1
tand = ﬁmﬂ. = —3asin@ -"3 cot 30
%L

Step I : From a table for 8, r, ¢

r=acos 39 al0|-al0]| a 0 |-a

H [--] Le=) g oo
E#ulwnau_n 0 0 0

Step IV : Pole / tangents at pole : From table, r =0, for 8 =
/6, n/2, 5m/6.

So, at this values of 8, curve passes through pole and,
at 8 = /6, /2, 516, this curve have tangent at origin. Also,
it is observed from the table that tan ¢ = 0 at 0 = 16, 12,
5m/6,

So, the curve have tangents, coincide with radius vector

@ Engineering Mathematics - | (Dr. BATU) 7-29
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at 8 = /6, n2, 51/6,

And, tan ¢ = o= at B =0, 4/6, 7, means, the curve
have tangents perpendicular to radius vector.

This curve intersects initial line at (a, 0)
Step V: Asymptote : This curve does not have any
asymptote because, r is finite for all values of 8.
Step VI :Region of absence :

From table, it is observed that the maximum value
of ris a, so the entire curve lies within a circle of radius a
and r is negative from 0 = /6 to /3 , W2 and B = 51/6 to 7,
50 it is drawn in opposile quadrants.
Step VII: In short
Here, n = 3, so, the curve have only three loops.
Divide each quadrant into 3 equal parts.
M f each sector =5 =%
casurement of each sector =575 =

First loop is drawn along 8 = 0 in two sectors.

Draw loops into two sectors alternately keeping two
sectors vacant between the loop.

0=

pafa

Fig.P.7.54

The rough sketch of the curve is as follows : (Fig. P.7.5.4)

752 Type (b): Leminscale r" = a" cos n@
or r"=a"sinnd

Step 111 :Table : Form a table for r, 8, tan ¢

the curve remain unchanged by putting @ = -G and r=—r
respectively.) Also, the given curve is symmetric about pole

because power of r is even.

dB
Step I1 : “goumﬁuumﬂ._.i
(&)
Since, P = a'cos20
2 H% = |\ a m:_\m
r i a’ cos 20

lan¢ = ﬁmu sin NJ T_a'sin28 ~ —a cos20
= r

tan ¢ =-cot 20

P=afcos20 | & | o/ ()" 0 |-a| o |&

| lang=-cot2 | = | -1 -ve | 0 [ - 0 |e=

Example 7.5.5
Trace the curve : r* = a° cos 20
Solution :

3

Step1 : The given curveis: r =a’ cos 20
Symmetry : The given curve is symmetric about the initial
line 6 = 0 as well as the line 8 = 7/2. (Since, the equation of

Step IV :Pole : From table, r = 0 for 6 = m/4, 3m/d. Curve

passes through pole for 6 = 74, 3m/4. Also the curve
have tangents at pole for 0 = /4, 3n/d.

Also from table, tan ¢ =0 for 8 = /4, In/d.

For these values of 8, the curve have tangents parallel
to radius vector (coincide)

And, tan ¢ = = for 8 = 0, n. For these values of 8, the
curves have tangents perpendicular to radius
vector. This curve intersects initial line at (a, 0) and
(a, m).

Step V : Asymptote

This curve does not exist any asymptote because, r is
finite for all values of 8.

Step V1 : Region of absence

From table, it is clear that, the maximum value of r=a,
2

(f=a=r=ta)

The entire curve lies within a circle of radius a.

Also observed that from 6 = /4. to 34 : r* = negative

i.e. r = imaginary value means, curve does not exist in that
range. The rough sketch of the given curve is drawn
Fig. P.7.5.5.
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Curve Tracing and Rectification of Curves

The rough sketch of the curve is
Fig. P. 7.5.8.

as following

Fig. P.7.5.8

Similarly, we can trace the polar curves for

(i) r=a-bcosB ; a<h

Fig. P.7.5.8(a)
(ii) r=a+bsinB;a<b

J3
b= 2

Fig. P.7.5.8(b)

(iii) r=a-bsin® ;a<b

L3
@lm

Fig. P. 7.5.8(c)

Case (ji): a=b:

Example 7.5.9

Trace the curve : r=a +bcos @ =a +a cos B
=a (1 + cos 6). This curve is called Cardioids (like heart
shape)

r=b(1+cos@); OR ;w (1+cos@)

Solution :

Step I : The given curveis:r=a (1 +cos 6)

Symmetry : This curve is symmetric about initial line 8 = 0
(. By putting 8 = - 8, the given equation reaming

unchanged)

d r

E3c

Since r =a(l+cosh)

StepIl: tan¢

[}

Mlm = -—asinf
. uné _a(l+cosq) _(1+ cosq)

—asing -sing

Step III : Table : Form a table for r, 8, tan ]

[:] 0 w4 w2
r=a(l+cosB) |2a u@fl“lv

\z
E:_.u_+8mm o0 _+~D~u

)
B
R
I
S
=

}
|
—
(%]
(=]

-sin 6 |:¢m 2 r:&m
Step IV :Pole / tangent at pole
Herea=b

b i vl i

AL L e
—

£ b AN
—_—

i 2 | B S
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Curve Tracing and Rectification of Curves

Therefore r = 0 for 6 = 7. Hence, curve passes through
pole at B =m.

The curve have tangent at pole at§=m

(" wherer=0)

Also,tan¢=0  at B=m

So the curve have tangent coincide with radius vector
af=mn

And tan ¢ = == at 8 = 0, so the curve have tangent
perpendicular to radius vector at 6 = 0.

Fig. P.7.5.9
Step V: Asymptote : No asymptote because r is finite for
all values of 6.

Step VI : Region of absence : Since, from table, the
maximum value of r = 2a for 6 = 0 and minimum
valveorr=0atf=m

(ii) r=a(l +sinB)

k-]
W
nly

Fig. P.7.5.9(b)

(iii) r=a (1 -sin 0)

For case (i) a> b Similarly we can trace the curves

The rough sketch of the given curve is Fig. P.7.5.9.
Similarly, we can trace the polar curves, such as
(i) r=a(l-cosh)

Fig. P.7.5.9(a)

Fig. P.7.5.9(c)
Example 7.5.10
Trace the D pa— i
cunve: =4 sine
Solution :
2a
StepI: .—._.nn_qgninwﬂn_+m5=

Symmetry : This curve is symmetric about 8 = 72 line.

(Since, by putting & = n - 8, equation of the given
curve unchanged)

; 46 r
StepIl: tan¢ = s @
d6
; 2a
Since 1 = 1 i@
dr 2a

@ = "Q+smoy 9
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Ex. 4 Ex.7 Engineering Mathematics - | (Dr. BATU) 7-37 Curve Tracing and Rectification of Curves
’ ’ 0=n2 Ex. 11 Ex. 14 0=n2 |
0=n2
Y
._.m_.amsT]w
n=0
3
B=x L »0=0
s Is)
1 T
Ex.8 8=3x2
Fig. 11
Ex.5 Ex. 15
Ex. 12
B=n2
x=0+
Ex.9
Ex. 16
Ex.13 e
Ex.6 B=n2 r
O=x »0=0
0=3n2 0=0
Fig. 9 %
Ex. 10
Ex. 17
> L] = n
Fig. 6 i
Fig. 13
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Curve Tracing and Rectification of Curves

and

— mm = e for t=n?, 2

Means, at t = /2, 312 this curve have tangents parallel
to Y-axis.

Step VIII : Region

Limitations : The maximum value of x is a and y is b.

In the I quadrant, when t varies from 0 to /2 then x
goes on decreases from a to 0 and y goes on increasing from
Otob.

Att=0, w2, n, 32, n this curve have

different tangents but consider to each other,

Cusp
(0,-b)

t=3x2

Fig. P.7.6.1

50 at these point this curve have cusp.

The rough sketch of the curve is as follows. Astroid
(or start shaped curve). (Fig. P.7.6.1)

Example 7.6.2

Trace the curve: x=a[cost+log(tant2)];y=asint.

Solution :

Step I : The given curve can be written as

uun_uoawzw_cm tan’ :.__QHT y=asint
to avoid the logarithm of negative numbers.

Step IT : Symmetry : This curve is symmetrical about X-
axis. (Since, x is an even function, and y is an odd
function). Also symmetric about Y-axis. (Since, for t =

T— 1,y is remain same but x changes from x is — x)

dy dyldt
Step T : 4 = Gw/dt

v ox = u_”oom:w_omguaum_ ;y=asint

1
.u|au n_ﬁlm:._:w, D mgﬁﬂmv.wgucﬂ.wu_

1
mmie__m.ocmv_.m”_

_ " 1] —sin t+1
T o sint

mﬁlw:_:

dx _Hoo.%_
dt = | TSint
dy
and dr = acost
.4y dyfdt _acost
- dx Igﬁljlhog_u{g_.
al ot
sin t

t] 0 |n2|n|3n2| 20
X |-o0| 0 |eo| O |-0o
y| 0 a |0 -a |0
dy| 0 | o |0 = 0
dx

Step V: Origin : From table it is clear that, x and y are not
zero value at the same time for any value of t.

So this curve does not pass through origin.
Step VI :Intercept
() With X-axis : At (0, a), (0, - a) for t = /2, 32
(i) With Y-axis : At (— e, 0), (w0, 0), (= =, 0) fori =
0, m, 2m respectively.
Step VII : Nature of tangents : From Bc_nmuc att=0,
n, 2m,
So, the curve have tangents parallel to X-axis at t = 0,
n, 2n
dy
And dx = = att = w3, 3n/2. So, the curve have
tangents parallel to Y-axis at t = /2, 3n/2.
Step VIII : Limitations/Region of absence
Since, from table as t — 0 to 1/2, the value of x goes on
decreasing. From = to 0 and then again from t = /2 to 7, x
increasing from 0 to oo,
Step IX : Asymptote
Fory = 0; x is infinite, so X-axis itself an asymptote.

o |l o

Emg(a.-.\m

_MH_ Engineering Mathematics - | (Dr. BATU) 7-41 Curve Trading and Rectification of Curves
The rough sketch of the curve is Fig. P. 7.6.2. i.e. t becomes imaginary. So, no curve exist for t < 0
t=ni2 Step IV :Origin
¥
Cusp As both x and y are zerc at the same time at t = 0, so
this curve passes through origin at t = 0.
Asymplols
Step V : Intersection
ey 1=0 z ;
e o x This curve intersects X-axis at (9, 0) only.
So, there is a loop between (0, 0) to (9, 0)
o Step VI :Nature of tangents
t=3n/2 (i) mm =0, at t = 1, this curve have tangents parallel to
Fig. P.7.6.2 X-axis.
it dy = oo at t = 0, this curve have tangent : Parallel to
Example 7.6.3 (1) gy

3
._._soo-_._oo_._q:n"nu_u:_uulnm.

Solution :
3

StepI: The given curveis : au_»“ y=t-3

-

Symmetry : This curve is symmetric about X-axis. (Since, x
is an even function and Y is an odd function).

Y-axis at t = 0 (Y-axis).
Step VII : Limitations/region :

This curve exists for x 2 (0 and does not exists for
D<x<—os,
The rough sketch of the cucve is Fig. P.7.6.3.

¥
3 b (9,0)
d dy/dt ., ] L
m-n—u_-uman = mauy“ Since, x =t ; y=t-3
2
dx LYy 2 dy _1-C e,
a =R ig=l-t L g
dy Tangent
Step III : Table : Form a table fort, x, y, ax 2 X
t 0] 1 2 3 4 5
x= {0 1] 4 9 16 | 25
y=t— 10|23 - 0 - -36
3 pJi] 17.33
& || o|=3|=8_=4_ |_187| - Flg. P.7.63
dx~ 4 6" 3
1=f 1.33
2t
ranm.?qunemmnﬂannng
Example 7.6.4

Tracethecurve: x=a(t+sint);y=a(l +cost).
Solution :

The given curve is :
X=a(t+sint); y=a(l +cost)
Symmetry : This curve is symmetric about Y-axis.
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Curve Tracing and Rectification of Curves

(a) Trace the following curves :
Example1 x=1+sin6; y=2cos20
Ans. :

Fig. Ex. 1

Example 2 x=asin 26 (1 + cos 26)
y=acos 28 (1-cos 20)
Ans.:

Example 3 xua;.uw

Ans. :
¥
t=0
5 * X
Fig. Ex. 3
Exampled x=acosty=bsint
Ans. :
Y
(0.6)
+ X

(a,0)

Fig. Ex. 4

7.7  Tracing of Cartesian Curve (Implicit
Form)

Fig. Ex. 2

When one variable cannot be expressed in terms of
other then that function is said to be implicit function. For
tracing of curve in implicit form, all the rules of tracing of
curves in explicit form are applicable. Here only, we have to
find the oblique asymptote, which is neither parallel to
X-axis nor Y-axis.

Sometimes, we convert Cartesian curves to polar form
for better tracing.
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Curve Tracing and Rectification of Curves

Example 7.7.1

Trace the curve : x° + w_u =3 axy.

Solution :

Step 1: The given curve is : xu:,uuum:_

Symmetry : The given curve is symmetric about y = x line.

(Since, by replacing x by y and y by x no change in the
given equation).

Step I : Points of intersections :

(i) WithX-axis: Puty=0; weget,x' =0=>x=0
This curve intersects X-axis at (0, 0)

(i) WithY-axis:Putx=0 ;weget y =0=y=0.
So, this curve intersects Y-axis at (0, 0).
Hence, the curve passes through origin.

Step III :Equation of tangents :

(i)  With origin : Equating the lowest degree term/terms to
Zero.

Sy = 0=x=0 or y=0
Hence, both X-axis and Y-axis are tangents at origin

3a
AE P-ﬁquwﬂ

xw:u = 3axy
Differentiate w.r.t. x
d
wxu+uzu.lﬁ = mn_ﬂa.m:__”_

dx
& dy

= xu:.uma = axy +ay

2

= Qulecmm = ay-x

dy _ ﬁﬁmw
& = Yo
&) _ =8
Ja Ja = 2 ==
dx A%W Ja

;onﬁcnsm<o.§mo=_u_ ﬁ% . mﬂw Ezcaaw_ovan_.

Step IV : Equation of asymptote :
Since, the curve is not symmetric to any axis.

- To find oblique asymptote. Lety = mx+c ..(1)
Be the equation of an asymptote.
X+ u_.u —3axy = 0

Highest degree (third) terms : x" +y" = ¢, (x, y).

Lowest degree (second) terms : - 3axy = ¢, (x, y)
Putx=landy=m
ooy (m)= 1+m’ and ¢, (m) =-3am

Consider, ¢;(m)=0 = 1+ m =0

= (m+1)(m-m+1)=0

= m= — | and other two roots are complex
(m) -3
Now, findc, . ¢ =~ em nt*”|w”¢u,ms
oua_.a 3m m
o ol .
c =77 = c=-a
Equation (1) becomes,
Yy =-x+a or x+y=-a be theequation of

oblique asymptote.
Step V : Region of absence :

If x >0, y >0 then LHS and RHS both positive, so
curve exist in I quadrant.

If x <0,y <0, RHS positive but LHS becomes
negative. It is meaningless. So curve does not exist in third

quadrant.

The rough sketch of the curve is shown in Fig. P. 7.7.1.

Example 7.7.2

Trace the curve of : u_.+q_.uanxxu.
Solution :

Step1: Eﬂ.qgn=2mw"x;+w.uh:m~
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7.7.1 Spirals

Example 7.7.3

Trace thecurve:ré=a,a>0.
Solution :
Step 1: This curve is called hyperbolic spiral :
rb=a, a>0
Step 11 : Symmetry : Symmetry about Y-axis
(since no change in equation by putting r=—rand 8 = - 8)

Steplll tan¢ = q%nqiﬂ__.liulﬂﬂlmin%
(&) (&)
.
~tan® = 0if6=0
Step IV : As 0 increasing; r goes on decreasing from e to 0

and®—0,r >
Rough sketch is as follows Fig. P.7.7.3.

b=n2
Y.

» X B=0

Fig. P.7.7.3

Example 7.7.4

Trace thecurve:r=ad;a>0.

Solution :

Step I : This curve is called spiral of Archimedes :

r=af; a>0

Step I : Symmetry : Symmetrical about Y-axis.
(r=-rand 6 = - B equation remain unchanged)

Step Il : Pole: As0=0,r=0
Hence, curve passes through pole.

Step IV : Region: As® — oo r oo

Curve Tracing and Rectification of Curves
dé r r ab
4. g@n&nmmuﬂnﬁﬂmlm
do
As 8 =0; tan ¢ =0
B=x2
Y4
=0 »X 8=0

Fig. P.7.7.4

Hence curve have tangent parallel to radius vector at 8 = 0.
(Fig. P.7.7.4)

Example 7.7.5 Ya

Trace the curve : r°6 = a°.

Solution :

Fig. P.7.7.5

Example 7.7.6 Y 4

race the curve I’ =a’.

Solution :

Fig.P.7.7.6

Chapter Ends
aaa

Multiple Choice Questi
__(MCQ)

 Short Questions and Answers

e Fill in the Blanks

e Multiple Choice Questions
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M4-2

Reduction Formulae and Curve Tracing

Q.7 Ifmand nare any positive integers and m, n > 0,
the value of the integral

n

2
= _.w.s._. x cos” x dx, is calculated by using

(a) [{m- i:aim: =5).x201] [{n-1){n-3}{n-5)... xuo:_

(m+nj(men-2)(men-4)._ 2or1

Where k = /2 if m and n both are even = 1 for all
other values of m and n

) Lm{m-1)m-3).x200 1] [(n) {n=1)(n-3) ..x20r1 mx

(m+n)(m+n-1)(m+n-2)..20r1 k

Where k = /2 if m and n both are even = 1 for all
other values of m and n

(© meni)mens _:s; YT B xk
Where k=72 if mand n both are even
=1 _.o;mo_._._o:ﬁ:om of mand n

+n+4).
@ -9 2ol s sz Xk

Where k=m/2 if mand n both are even
=1 for all other values of m and n

% if both m and n are even

k= Ans. : (a)
1, if otherwise

I
2
Q.8 The value of integral I,= ...m:._uxaa is equal to

0

8 4n

2
@3 O (© 5 @m Ans. : (b)

b4
2
Q.9 The value of integral I,= _.E; dx is equal to

0
2 3 3
@3 ®F ©OF OF Am:@
I
2
Q.10  The value of integral I,= .—oomsax is equal to
0
2 3
@5 ®F  ©F OF  Aw:@

n

Q.11 The value of integral 1,= ._.no%u dx isequal to
0
2 3 35n 35
@35 7 (¢)55¢ (d13g Ans.:(0)
n
2
Q.12 The value of integral 1, = Tgu Bcos' 0dB s
0
equal to
5 3 S5n 2
@z O3 (O hry D33 Ans. : (d)

E
[
Q.13 The value of integral I, = T_% 38d0 s equal

0
o
8 4 7
@i OF Ol OF As:@

I
4
Q.14 The value of integral I, = ?a 20 d8 is equal to

0

35 8 16
@% ()35 (©) 35 a:lmm Ans. : (b)

n
6
Q.15  The value of integral I,= — cos” 38 d is equal to

0
5 7 5
@ OIM. (b) a8 (c) .mw ::M Ans. : (a)
X
2
Q.16  The value of integral _. sin’ x dx is equal to
z
R
8 32
@z MmO ©3 @ mwm Ans. : (b)
b

2
Q.17 The value of integral ._. sin’ x cos” x dx is equal to

52

1
@7 ®0 ©% @3%  Ans:@
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Q.18
3
(a) 8

Q.19

(@ 0
Q.21
(a) 0
Q.22
(@ 2
Q.23
(a) 0
Q.24
E.w.
Q.25

@ 2=

n

The value of integral ._. sin®x cos® a dx is equal to
0

e

15
(b) 1280 (c) 16 Ans. : (d)

3n
@ 128
In
The value of integral ._. sin’ x cos® x dx is equal to
0
4
) 0 d) 35

(b) W Ans. : (c)

n

The value of integral ._. sin’ x cos’ x dx is equal
-n
to
8 3
®) 15 @3

(c) ._.o_u Ans. : (a)

T
The value of integral ._._ucmU x dx is equal to
0

2

®:  ©f ©F Asw

n

The value of integral _'nomm x dx is equal to
0

5
®0 ©F OF  Ams:@

n

The value of integral .—wm_ﬂ x dx is equal to
0

4

®) 3 (c) W A&w Ans. : (c)

The value of integral .-.mw__ x dx is equal to

1]
4 8
®) 3 (c)0 @3 Ans. : (b)
n
The value of integral _, sin® x dx is equal to
]
®F ©0 OF Aw:@

M4-3 Reduciion Formulae and Curve Tracing
L]
3 1
Q.26 If c._n.—_wn x dx, and U, = T -U,_,. Then
Ug is equal to
2.x JERg3
@ -3+3 &) =13
2 n 13 n )
3m+w (d) 157 Ans. : (a
n
z l n
Q27 It I,= .-.uooa xdx,and [ = |ﬂ e
0
Then I; is equal to
P 1 =n
(@) -3+3 ®) -3+ 3
13 .
ﬁ&mlum (d) q*.w Ans. : (b}
n
3 1 2n-1
Q.28 :ru._.w:._u__ana.pum rnlnn_:_._, 20 h- -
0
Then Lis equal to
2 n 3 5n
(@) -3+73 () -§+ %
1 3 .
© wLIu @ -4+33 Aus.: (@

n

(@ U,=x"e" -nU,_

1

Q29 1f1,= [0sin'0dband 1, =501, 425 Then

0
value of L.
149 = 64 n
@ -225+% ® Ti+%

149 64 .
(c) MMm (d) 11 Ans. : (c)
: (V3)

4 2)

Q.3 q_._u_.sn,m%.gn_,- ] + _
0
I
4
Then msn,m%wﬂés
0
7 28 5
@3 ®FE ¢ A3 Ans. : (b)
Q.31 If U,=/x"¢" then which of the following is true
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(b) xisan odd function of t and y is an even function of t
(c) both x and y are an odd function of t

(d) both x and y are an even function of t Ans. : (¢)

Q.62 By putting t = 1t — t, the Cartesian parametric curve
x=f(t)and y = g (1), is symmeltric about Y-axis if
(a) xis an even function of t and y is an odd function of t
(h) xis an odd function of t and y is an even function of t
(c) both x and y are an odd function of t
(d) both x and y are an even function of t

Q.63

Ans. : (b)

In Cartesian parametric curve x = f (1) and
y =g (1), if for some value of t, both x and y are
zero at the same time, then always the curve

(a) does not passes through origin
(b) xisan even function of t and y is an odd function of t
(c) passes through origin.

(d) is symmetric about opposite quadrant Ans. : (c)

Q.64 In Cartesian parametric curve x = f (t) and
wuwi.;ﬁmmu. .nc“:ﬁam:uﬁ the curve
have tangent.

(a) perpendicular to X-axisatt=a.

(b) perpendicular to Y-x line at t = a.

(c) parallel to Y-axis att = a.

(d) parallel to X-axisatt=a, Ans. : (d)

Q.65 In Cartesian parametric curve x = f (1) and
y=g.if (&) =withenatt=b, the curve
t=b
have tangent.
(a) perpendicular to X-x line t=b.
(b) perpendicular to Y-axis t =b.
(c) parallel to Y-axis t =b.

(d) parallel to X-axis t=b. Ans. : (¢)

Q.66 If the polar equation of curve r = f(0) remains
unchanged by replacing 8 by - 0 then the curve is
symmetric about

(a) initialline®=0 (b) B=mM

(c) O=m2 (d) pole Ans. : (a)

Q.67 If the polar equation of curve r = f(8) remains
unchanged by replacing r by —r (or powers of r are
even) then the curve is symmetric about

(a) initial line®=0 (b) pole

(c) B=m2 (d 6=m4 Ans. : (b)

Q.68 If the polar equation of curve r = f(8) remains
unchanged by replacing r by ~rand @ hy -8 a
the same time then the curve is symmetric about

(a) initial line®=0  (b) pole

(c) 6=m2 (d) 8=mnM4 Ans.:(c)

Q.69 If the polar equation of curve r = f(8) remains
unchanged by replacing 8 by - 0 then the curve

is symmetric about
(a) initial line®=0 (b) pole
(c) 8=m2 (d) opposite quadrant

Ans. : (c)
Q.70 If the polar equation of curve r = f(0) remains
unchanged by replacing r by —r and 8 by t — 8
then the curve is symmetric about
(a) initial lineB=0 (b) B=m4
(c) O=m/2 (d) opposite quadrant Ans, : (d )
Q.71 If the polar equation of curve r = f(8) remains
unchanged by replacing 6 = 12 - 0, then the
curve is symmetric about
(a) initialline®=0 (b) O=mw4
(c) 6=m2 (d) opposite quadrant
Ans.:(b)
Q.72 In the polar equation of curve r = f(8), pole will lie
on the curve if for some value of 8
(@ r=0() r>0 (c) r<0 (d) none of the above
Ans.:(a)
Q.73  In the polar equation of curve r = f(8) , equation of
tangents at pole, if exist can be obtained by puiting
(a) 0=m/4 (b) r=0

(c) B=m2 (d) r>0 Ans.:(b)

Q.74  For the polar equation of curve r = f(0), the angle ¢
between radius vector and tangent line is obtained

by the formula
(a) s_;n% ® cotp=52
© Eeu% ) nsen% Ans.: (c)

Q.75 In the polar equation of curve r = f(@), if
rdd

tan ¢ ==3= =0 for 8 =0, then at 6 = 0, the curve
have a tangent

(a) parallel to radius vector r.

(b) perpendicular to radius vector ..

(c) parallel to § = n/2.
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(d) perpendicular to 6 = /2. Ans. : (a)

Q.76 In the polar equation of curve r = f(8) , if

Bbou.qmu_.b = oo for 6 = 0, then at O = 8, the curve

have a tangent
(a) parallel to radius vector r.
(b) perpendicular to radius vectorr.
(c) parallel to 8 = /2.
(d) perpendicular to 8 = /2. Ans.: (b)

dr
Q.77 In the polar equation of curve r = f(8) , if ke 0,

then
(a) rincreases as 0 increases
(b) rdecreases as 6 increasing
(c) the tangent is parallel to radius vector r.
(d) the tangent is perpendicular to radius vector r.
Ans. : (a)

Q.78 In the polar equation of curve r = £(8) , if % <0,

then
(a) rincreases as 6 increases
(b) rdecreases as 8 increasing
(c) the tangent is parallel to radius vector r.
(d) the tangent is perpendicular to radius vector r.

Ans. : (b)

Q.79 Fortherose curver=asinn® or r=acosnf ifn

is an odd then the curve consists of
(&) (=n-1)similar loops
(c) 2n similar loops .

(b) (n+1)simiiar ioops
(d) nsimilar loops
Ans. : (d)
Q.80 Fortherosecurver=asinn® or r=acosnd ifn
isaneven then the curve consists of
(b) (n+1)similar loops
(d) n similar loops

(a) (n-1)similar loops
(c) 2n similar loops

Ans.: (c)
Q.81 Forn =1 ,the rose curve r = a sin 0@  or
r=acosnf becomes
(a) Ellipse (b) Parabola (c) circle. (d) Hyperbola
Ans. : (c)

Q.82 For the rose curve r = a sin n first loop is drawn
along

(2) 8=0 (b) 6=m4 (c) =120 (d)8=n Ans.:(c)

Q.83 For the rose curve r = a cos nf first loop is drawn
along

(a) 8=0 (b) B=mw4 (c) =20 (d)B=7n Ans.:(a)

Q.84 The curve represented by the
uwnn.«m:mlt is symmetric about

equation

(a) X-axis. (b) Y-axis.

(c) both X and Y-axis (d) Y=Xline Ans.:(a)

Q.85 The curve represented by the equation
.a.u ua»~ﬁu|£.£_._uan§.h_ (a,0), curve have
a tangent

(a) parallel to X-axis.

(b) parallel to both X and Y-axis.

(c) parallel to Y-axis.

(d) parallel to Y =X line. Ans. : (b)

Q.86 The curve represented by the equation
xy’=4a’(a-x) have an asymptote
(a) parallel to X-axis. (b)  parallel to Y = X line.
(c) Y-axis. (d)  Does not exist.
Ans. : (c)

Q.87 The asymptote of the curve represented by the
equation x___unamw (a-x), is

(a) Does not exist. (b)x=0.
(c) y=x. (d) y=0 Ans. : (b)
Q.88 The «curve represented by the equation
xwu = anwﬁm - x) does exists in the range
(a) 0<x<a b)x>a (c) x<0. (d) y=0
Ans. : (a)

Q.89  The curve represented by the equation
a_.nn auu? -x) is
(a) symmetric about X-axis and passes through origin
(b) symmetric about X-axis and does not passes through
origin
(c) symmetric about Y-axis and passes through origin
(d) symmetric about Y-axis and does not passes through

origin Ans. : (b)
Q.90 The curve represented by the equation
H_.u (a-x)=x"is symmetric about
(a) X-axis. (b) Y-axis.
(c) both X and Y-axis (d) Y =X line Ans. : (a)
Q.91 The curve represented by the equation
y(2a-x)= x’, at the point (0,0), curve have a
tangent
(a) parallel to X-axis.
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Q. 120 The tangent of the curve x = a [cos L + log (tan U/2))]
dy
3 wu»i:.iamwuzsﬂ at t=m3,3n2is

(a) parallel to X-axis. (b) parallelto both X and Y-axis.

(c) parallel to Y-axis. (d) parallel to Y = X line.

Ans. : (c)
Q. 121 The curve represented by the equation x = &
o y
y=1-7 is symmetric about
(a) X-axis. (b) Y -axis.

(c) both X and Y-axis (d) Y =X line Ans.:(a)

Q. 122 The curve represented by the equation x= ¢
X
y= _nw. is
(a) symmetric about X-axis and passes through origin
(b) symmetric about X-axis and does not passes through
origin
{c) symmetric about Y-axis and passes through origin
(d) symmetric about Y-axis and does not passes through
origin Ans. : (a)

3
Q.123 The tangent of the curve x = y = t - 5 with

(a) parallel to X-axis.
(b) parallel to both X and Y -axis.
(c) parallel to Y-axis.
(d) parallel to Y = X line. Ans. : (c)

3
L

Q. 124 Egmna.om%osonum;n.|w with

dy
MHOE_Hﬁ is

(a) parallel to X-axis (b) parallel to both X and Y-axis.
(c) parallel to Y-axis (d) paralleltoY =X line.

Ans. : (a)
Q.125 The curve represented by the equation
x=a(t+sint);y=a(l +cost) is symmetric
about
(a) X-axis. (b) Y-axis.
(c) both X and Y-axis (d) Y = X line Ans. : (b)

Q.126 The curve represented by the equation x = ' ;
wnTw. is

(a) passes through origin

(b) does not passes through origin

(c) symmetric about Y-axis and passes through origin

(d) symmetric about Y-axis and does not passes through
origin Ans. : (a)

Q. 127 The curve represented by the equation
x=af(t+sint) ; y=a(l-cost) issymmetric

about
(a) X-axis. (b) Y-axis.
(c) both X and Y-axis (d) Y = X line Ans. : (b)
Q.128 The curve represented by the equation
X+ qu =3 axy is symmetric about
(a) X-axis. (b) Y-axis.
(c) both X and Y-axis (d) Y =X line Ans. : (d)

Q. 129 The tangents of the curve X+ u._ =3 axy at origin
(a) parallel to X-axis only .

(b) parallel to both X and Y-axis.

(c) parallel to Y-axis only.

(d) parallel to Y = X line. Ans. : (b)

Q.130 The curve represented by
X+ v.un 3 axy have an asymptote

(a) parallel to X-axis. (b)

(c) Y-axis. (d)

the  equation

parallel to Y = X line.
oblique asymptote.
Ans. : (d)

Q. 131 The equation of asymptote of the curve X+ u_m
=3axy having m=landc=-a is

(a) y=x+a. (b) y=-a.

(€) y=x-a. (d) x+a=0 Ans. : (d)

Q.132 The curve represented by the equation
X+ wm -5d aw, =0 is symmetric about

(a) Opposite quadrant. (b) Y-axis.

(c) both X and Y-axis (d) Y =X line Ans. : (a)

Q.133 The curve represented by the equation

uu+wu|m=u uuu.uc is
(a) symmetric about X-axis and passes through origin
(b) symmetric in opposite quadrant and does not passes
through origin
(c) symmetric about
through origin

in opposite quadrant. and passes

(d) symmetric about Y-axis and does not passes through
origin Ans. : (c)

[ ok

e
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Q. 134 At origin (the point of intersection) the tangents of
%nc?ouu+w“|muux~qnc are real and
different from each others ,then at this point the

curve have
(a) node (b) cusp
(c) asymptote  (d) conjugate point Ans. : (a)
Q. 135 The equation of asymptote of the curve

X +y -5a°x’y=0having m=-landc=0 is

(a) y= -1 (b) y==x,
(c) y=x (d) x =0 Ans. : (b)
Q. 136 The curve represented by the equation

y =c cosh w is
(a) symmetric about X-axis and passes through origin
(b) symmetric in opposite quadrant and does not passes

through origin
(c}) symmetric about in opposite quadrant. and passes
through origin
(d) symmetric about Y-axis and does not passes through
origin Ans. : (d)
Q.137 The curve represented by the equation
r=acos20is

(a) symmetric about the initial line (6 = 0) and the line
8=n2

(b) symmetric about the initial line (8 = 0) only

(c) symmetric about the line 8 = n/2 only

(d) symmetric in opposite quadrant

Q.138 The curve represented by the

r=acos 20 have a tangent at pole, at

(a) B=0andthe line B =1/2 (b) 8=m4

(c) the line 8 = 2 only (d) 6=mn/6
Ans. : (b)

Ans. : (a)

equation

=1

Q139 If tan ¢ = 5 cot O for the curve

r = a cos 26 then the tangents are perpendicular to
radius vector at

(a) W3 (b) B=mw4d (c) B6=0,12 (d) w6
Ans. : (c)
Q. 140 The curve represented by the equation r = a cos 20
have
(a) 2loops (b one loop
(c) 5 loops (d) 4 loops Ans. : (d)

Q. 141 The curve represented by the equation
r=2sin30is

(a) symmetric about the initial line (8 = 0)
(b) symmetric about the line 8 = w2

(c) symmetric about both the initial line and the line
0=n12

(d) symmetric in opposite quadrant Ans. : (b)
Q.142 The curve represented by the equation
r=2sin 30 have a tangent at origin at
(a) B=m2 (b) B=m4
(c) theline®=n2only (d) 0,3, 213,71
Ans. : (b)

1
Q.143 Iftan umgwacmﬁnnaonnnanmm,&gna

tangents are perpendicular to radius vector at
(a w3 (b) 6=mMd (c) 6=m6, (d) 6=0
Ans. : (¢)

1
Q.144 Iftan ¢ =7 tan 30 of the curve r= 2 sin 36, then

the tangents are parallel to radius vector at
(@ ™2 (b) 8=0 (c) 8=w6, (d) B=m4
Ans, : (b)

Q.145 The curve represented by the equation
r=2sin 36 have

(2) 3loops (b) oneloop (c)5loops (d) 4 loops

Ans. : (d)
Q.146 The curve represented by the equation r=a cos 30
is
(a) symmetric about the initial line (8 = 0) and passes
through pole
(b) symmetric about the line 8 = /2 and passes through
pole
(c) symmetric about the initial line (6 = 0) and does not
passes through pole
(d) symmetric about the line 6 = 7/2 and does not passes
through pole Anms. : (a)
Q.147 The curve represented by the
=4’ cos 20 is
(a) -symmetric about the initial line (8 = 0) and the line
0=m/2, does not passes through pole
(b) symmetric about the initial line (8 = 0) and the line
8 =n/2, passes through pole
(c) symmetric in opposite quadrant and passes through
pole

equation
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© \a Multiple Integrals and
their Application

UNITV [ S

Syllabus

Double integration in Cartesian and polar co-ordinates; Evaluation of double integrals by changing the
order of integration and changing to polar form; Triple integral.

8.1 Introduction

Integration is very important tool due to its large
number of applications in different branches. The students
are very much familiar w

the integration of single
variable. When the function contains several variables, then
we need multiple integration. Multiple integration can be
used to find area of the curve, volume, mass of lamina,
moment of inertia, centre of gravity etc. In this topic, we
will see the double and triple integration and evaluation of it
by different methods.

8.2 Double Integration

b
Since, we know, .?cc dx has been

a

defined as the limit of sum as,
b lim n
T.E dx = n—e fix,) Ox,
4 %, =0 r=1

This concept has been extended 1o define double and
triple integration.

Let, f(x, y) be any continuous and single valued
function defined in the region R, where x and y are
independent variables.

Fig. 8.2.1

Divide the region R into n sub regions
(into rectangles) by drawing lines parallel to coordinate
dXES.

Let, R, RyRy . \R, be the subregions and
Ay, A, ..., A, are the areas respectively.

The limit of sum of
[xpy) A+ (g ) A+ L (XL Y ) A

n

= 2 f(x¥)A
r=1
as number of sub region (n) — o=, area (8x, &y, =)
A, — 0is called double integral of f(x, y) over the region R.
(Region of integration)
lim n

[[ey axdy = n—= T fix,y) o,
m}-.lv 0=t




